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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+c=0,

~b++/b% —4ac

2a

X =

Binomial expansion

(a+b)"=a" +(Tja”_lb+(2ja“_2b2 +...+(:ja”_rbr +.+b",

) . n n! nin—-1)..n—r+1)
where n is a positive integer and = =
r) ri(n-r)! r

2. TRIGONOMETRY

Identities
sin? A+cos® A=1
sec2 A=1+tan’ A

cosec>A=1+cot’ A
sin(A+ B) = sin Acos B & cos Asin B
cos( A £ B)=cos Acos B Fsin Asin B
tan A+ tan B
1Ftan Atan B
sin 2A = 2sin Acos A

cos2A=cos?> A—sin> A=2cos> A—1=1-2sin’ A

tan(Ax B) =

tan2A = %
1—tan“ A
Formulae for AABC
a b c

sin A B sin B B sinC
a’ =b? +c? —2bccos A

Area of A = %ab sinC
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Answer ALL questions

1.  The product of the two positive numbers, X and y, where X >, is 24. The difference

between their squares is 14. Form two equations, and hence, find the exact values of the

two numbers.

2 18
——— _ =c+d+/7 where candd are integers.

3-47

2.  Show that (2 + \/7)

3. (a) (i) Sketch the two curves y=0.5 3/; and Yy :g on the same axes for X > 0.

(i) Find the coordinates of the intersection point.

(b) Solve the equation2 = ‘e’x - 3‘ .

4 (1  Given that the line y = 2 intersects the graph of Y =log, X at the point P,
5
find the coordinates of P.

(i)  Sketch the graph of y=1log 1 X

5

(iii)  State the range of values of x for which y < 0.

5 ()  Sketch the graph of y* =169x .

(i)  Express 4x? —181x = -9 in the form (px+ q)2 =169x, where p and  are

constants.

(iii) A suitable straight line can be drawn on the graph in (i) to solve the equation
4x* —181x=-9.

(a) State the equation of this straight line.

(b) On the same axes, sketch the straight line and state the number of
solutions of the equation4x® —181x = —9.

[5]

[4]

[3]

[2]

[3]

[2]

(2]

[1]

[2]

(2]

[1]

[2]

[Turn over
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6.
A /\ D
C
E
B F

The diagram shows a circle passing through points A, B, C and D. The tangents from E

meets the circle at B and D. Given that AD = BF and triangle ABD is isosceles, where

AB = BD. Prove that

(i) ABFD is a parallelogram. [3]

(ii) triangle BCD is similar to triangle DFE. [3]

(iii) BD x EF = CD x DE. [1]
7. (a) Sketch the graph of y =2cos (g} —1 , for the interval 0 <X <27, [2]

(b) In the diagram, triangle ABC is a right-angle triangle, where ZABC =90°.

D is a point of AB such that AD is 7 cm and BD is 2 cm.

C
A 7 cm D 2cm B
. 1
Given that cos ZADC = -3
(i) Find the exact length of BC. [1]

(ii) Find the value of tan ZACD in the form avb , where a and b are integers.
[2]

Anglican High School 2018 Sec 4 Prel AM Paper 1
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The minute hand of a clock is 50 cm, measured from the centre of the clock, O, to the
tip of the minute hand, M. The displacement, d cm, of M from the vertical line
through O is given by d = asin bt , where t is the time in minutes past the hour.

(i) Find the exact value of a and of b. [3]
(ii) Find the duration, in each hour, where |d| >25. [3]

4 . 4
9. (@) Prove that <2 29 SH; 0 =4cot 260 cosec26 . [3]
sin“ @ cos” @

(ii)  Hence, or otherwise, solve

cos* @—sin* @

~— —— = 4cosec26 for 0°<6<180°. [3]
sin” @cos“ @

2
10. A curve is such that d z =6X—2 and P(2, — 8) is a point on the curve. The gradient of
X
the normal at P is —% . Find the equation of the curve. [7]

11.  Find and simplify % for the following:
X

(i) y =In cos X

(i) y=e xe* [4]

[Turn over

Anglican High School 2018 Sec 4 Prel AM Paper 1



AM-2018-AHS-EQY-P1

12. In the diagram, the curve X = (y — 1)> + 4 and the line y + X = 7 intersect at A and B.

(i) Find the coordinates of A and of B. [3]
(ii) Calculate the area of the shaded region. [4]
y

13. A particle moves in a straight line so that its acceleration, a ms™, is given by a=2t—13,
where t is the time in seconds after passing a fixed point O. The particle first comes to

instantancous rest at t = 5s . Find,

i) the velocity when the particle passes through O. [2]
(ii)  the total distance travelled by the particle when it next comes to rest. [5]
(iii)  the minimum velocity of the particle. [2]

*#* End of Paper ***
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1l x=42 y=3J2 2 | —16-5V7
3| (a)i). (ii) (8, 1) 4 | (i) (0.04, 2) (i) x >1
4
B
I . _| I\\"\_ S— »
................. H 0| 1‘\ x
| N
(b) X ==1.610r0 '
5 (i) 7 | (a)
y=2x-3 M S
y - | !
T D | F
50 ////:// 0251 05n & l:h 125 1.5 175 iln ’
T . | ;
o . S S~
’/ Y 5 10 15 0 30 40 50 |
\\\ = i i
-50 R | |
\\_\_\\\Rﬁ‘&_ b _|+ _________________ |
¥ =169x ) B 14\/5
(i) (2x—=3)* = 169x (b) () 42 em (i) =
(ii1) () y=2x—-3 (b) 2 solutions
8 9 i =22.5° .5°
() a=50 b =% (if) 40 mins (ify §=22.5% or 112.5
10 | y=x> - 2x*— 6X. 111 G) —tanx (i) (2x+1)e™
121 ) a(s, 2), B(8,-1) (i) 4% units? B3 (i) 40 ms™ (i) 83§m (iif) —Z%ms_l
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1. The product of the two positive numbers, X and y, where X >V, is 24. The difference between
their squares is 14. Form two equations, and hence, find the exact values of the two numbers.

[5]

Solutions Marks
1 Xy =24 Ml
24
y=— ..(1)
X
X’ —y’=14 ..(2) Ml

Sub. (1) into (2):

2
X’ —(ﬁj =14
X

xz—ﬁzm
X

X' —14x* -576=0 Ml
(X* =32)(x* +18)=0
x* =32 or x> =-18 (rejected)

X =~/32 (—\/3_2 is rejected) Al
=42
Ly N2
RN ING) Al
=32
> 18
2. Show that 2+\/7 - =C+d\/7 where € and d are integers. [4]
(2+47) 3-47 ¢
2 > 18
2447) -
(2447) 3-47
18(3+~/7)
—44+47+7-
(=13 +7) MI, Ml
54+18J7
=7 -= M
14+ 44T -2 (54 +1847)
2 Al
=-16-5V7
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8
3. (@) (i)  Sketch the two curves Yy = 0.53/; and Y =— on the same axes for X>0. [3]
X

(i1))  Find the coordinates of the intersection point. [2]
(b) Solve the equation 2 = ‘efx -3|. [3]
3(a) =
(1) : Bl
) Bl
(for each curve)
. — ONLY forx>0
- Bl(label)

W1 osyx=2
X
M1

Al
(8, 1)

®) | 2=|e™-3]

e¥-3=2 or e*-3==22 M1

Al, Al
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4 (1)  Given that the liney =2 intersects the graph of Y =log, X at the [2]
5
point P, find the coordinates of P.
(i)  Sketch the graph of y =log, X. [2]
(ii1)  State the range of values of X for which y < 0. [1]
[Solution]
(1) log, Xx=2
5 M1
x=0.2’ Al
=0.04
Coordinates of P are (0.04, 2)
(i1) * Shape — 1 mark
4 * X-intercept — 1 mark
Y
0 1
(iii) |y<0 = log, x<0
5 B1
= x>1
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5 (1)  Sketch the graph of y*> =169x . (2]

(i) Express 4x* —181x=-9 in the form (px+ q)2 =169x, where p and

g are constants. 2]

(ii1)) A suitable straight line can be drawn on the graph in (i) to solve the
equation4x> —181x=-9.

(a) State the equation of this straight line. [1]

(b) On the same axes, sketch the straight line and state the

number of solutions of the equation 4x> —181x=-9. [2]
Solution
5(i) y=2X-3 | * upper portion — 1 mark
t * lower portion — 1 mark
* graph of y =2x -3
y* =169x
(ii) 4%* ~181x=-9
4%* —181X+169x = -9 +169x
4x> —12X+9 =169x 1;1[11
(2x—3)* =169x
(111) (a)y=2x-3 B1
2 solutions Al
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E

B F
The diagram shows a circle passing through points A, B, C and D. The tangents from E meets the
circle at B and D. Given that AD = BF and triangle ABD is isosceles, where AB = BD . Prove
that

1) ABFD is a parallelogram. [3]
11) triangle BCD is similar to triangle DFE. [3]
iii) BDxEF =CDxDE. [1]
Solution
/DBF = ZBAD (alt. seg. thm) M1
= ZADB (AABD is isosceles)
By alternate angles, AD//BF M1
Since AD = BF , ABFD is a parallelogram. MI1

/EDF = ZDBC (alt. seg. thm) Ml
/DFE =180°—- £ZBFD (adj £ on a str. line)

=180°— ZBAD (opp. £ in parallelogram)
=180°—(180°—~DCB) (£ in opp. seg) | Ml
=/DCB

Ml

iii) | By AA, ABCD is similar to ADFE . M1

BD _CD
DE EF
BDxEF =CD xDE
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7. (a) Sketch the graph of Yy =2 cos (gj —1 , for the interval 0 <X <27, [2]
(b) In the diagram, triangle ABC is a right-angle triangle, where ZABC =90° .
D is a point of AB such that AD is 7 cm and BD is 2 cm.
C
A
A - D , B
Given that cos ZADC = —% ,
(1) Find the exact length of BC. [1]
(i))  Find the value of tan ZACD in the form a+/b , where a and b are
integers. [2]
Solution
(a) G1: Correct shape.
E E G1: Label all key points and
0 ! L3 | axes clearly
0257 0.5m ST l%‘[ 125m 1.5m 1.75m T’[
| :
e E _______________________ +
!
- |
|
I
o !
e b TTTee
(bi)
c0s Z/BDC = -cos ZADC
BD __ (_lj
CD 3
2 1
Ch 3
CD=6 cm Al
BC =+/6"-2°
=442 cm
(bii)

Al
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tan ZACD = tan (£ZACB - ZBCD)
__ tan ZACB —tan ZBCD S
1+ (tan ZACB)(tan ZBCD) M1
9 2
I N NA
(e o)
42 \ a2
7
_ 42
25
16
_142
25
8.
The minute hand of a clock is 50 cm, measured from the centre of the clock, O, to the tip of
the minute hand, M. The displacement, d cm, of M from the vertical line through O is given
by d = asinbt, where t is the time in minutes past the hour.
1) Find the exact value of a and of b. [3]
i1) Find the duration, in each hour, where |d| >25. [3]
Solution
i) a=50 Bl --fora
Period = 60 M1 -- for period = 60
2
=T 60
b
T
b= % Al —forb
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|d|>25
| |whend =25

50sin(£tj =25
30

50sin (%tj = 425 Mi

basic angle = sin”! (%) =30

r., w5z 1z 1z

2 2 b

30 6 6 6 6
t=5,25,35,55
Al
For |d| >25
Duration = (25 — 2) + (55— 35) Al
=40 mins

Alternative Solution :

Observe that at the first instance when d = 25 at the point A,

cosé’=§=l —0==Z.
50 2 6

This happened again at the point B.

Between points A and B, |d|> 25.
I
Time taken from A to B = Z— 20 x30= 3 %30= %x 30 = 20 minutes.
r T

By symmetry, the time for |d|> 25 in the other half of the clock face would be 20

minutes as well.
Hence total time for |d| > 25is 20 + 20 = 40 minutes.
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4 . 4
9. 1) Prove that cos 20 sn; 0 =4cot20cosec2d . [3]
sin” @cos” @
ii)) Hence, or otherwise, solve

4 .4
cos @ —sin” 0

— -— = 4cosec 26 for 0°< 6 <180°. [3]
sin” @ cos 0
Solution
1) 4,5 4
LHs = o8 29 sn; 0
sin“ #cos” @
2 -2 2 -2
_ (COS f—sin 9)(COS f+sin 0) M1: factorise
(sin 0 cos 9)2
_ cos20
= ﬁ
(Zsin 29) M1: double angle formulae
_ cos20
lsin2 20
4 M1: getting expression
B 4(005249}[ 1 j
sin268 )\ sin 26
=4cot20cosec2d (RHS)
i1) 49 _cind
o5 20 sn; g =4cosec2d
sin” @ cos” @
4cot26cosec2d =4cosec2d M1
4cosec26(cot20—-1)=0
cosecd =0 = =0 (no solution) OR
sin @ ( ) Ml
cot260 =1
tan 260 =1
basic angle = tan"'1
=45°
0°<H<180° = 0°<£260<360°
260 =45° or 180°+45° Al
0=22.5°or 112.5°
2
10. A curve is such that ccij 2/ =6x — 2 and P(2, — 8) is a point on the curve. The gradient
X
1
of the normal at P is 5 Find the equation of the curve. [7]
Solution:
'y
Given =6X—2
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dy
ol I(6x —2)dx

=3x>—2X+C

1
Gradient of normal at (2, — 8) = _E

Gradient of tangent at P = —;1
2
Yy _,
dx
Subx=2, 3(2)*-22)+c=2
c=-6
Y3 _ox—6

dx

y:'[(3x2 —2X—-6)dx

=X =X —6X+¢,

Sub (2, 8), —8=(2)—(2)*—6(2)+ci

c1=0
Hence,

the equation of the curve is y = x> — 2x>—

6X.

M[1] — no mk if there is no ‘C’

B[1] —grad. of tangent at P

M]1] —substitution

A[1] - for 1* derivative

A[1] — no mk if there is no ‘cy’

M]1] —substitution

All]-eqn
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d
11.  Find and simplify d_y for the following:
X

(1) y =In cos X
(i) y=e xe* [4]

Solution:

(1) y =In cos X

ﬂ_—sinx M[1]
dx cosX All]
=—tan X

(11) y = ex2 x ¥

y=e" M[1] - Simplification

dy 2

—Z =(2x+1)e* ™"

i ( ) A[1]
OR oR ]
dy -2 X2 X X2 X

&—( xe" )(e")+(e" )e") M[1]

= (2x+1)xe’e*

A[1] - Simplification

= (2X+1)eX
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12. In the diagram, the curve X = (y — 1)2 + 4 and the line y + x = 7 intersect at A and B.

@) Find the coordinates of A and of B. [3]
(ii) Calculate the area of the shaded region. [4]

y1 y+x=7 )

. X=-1)"+4
A
0 \ X
B
Solution:

6] given y+x=7
=-X+7 ... ©)
sub@intox=(y—1)2—l—4
X=(-x+7-1)% +4
=X - 12x+ 36 +4

X2 - 13x+40=0 M[1]any QE [x> — 13x +40=0
(X—5)(x—8)=0 or V¥ —y-2=0]

X=5 or X=8 A[1] for 1% set of ans [both X or both y]
sub X into @,

y=-5+7 or y=-8+7

=2 =1

- AG, 2),B(8, -1)
A[1] ans in coordinates form

Area of shaded region

=%(2—(—1))(5+8)—j_21((y—1)2+4) dy

3 2
BECMR [Chl) +4>J
-1

2 3

- M]2]—1mk for each integration
_» ([ +4(2) (1-1) +4(-1)
2 3 3 M[1]

- Substitution
= 19l -15

2
All]

= 4l units?
2
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A particle moves in a straight line so that its acceleration, a ms?, is given by a =2t —13,
where t is the time in seconds after passing a fixed point O. The particle first comes to
instantaneous rest at t = 5s . Find,

1) the velocity when the particle passes through O. [2]

i1) the total distance travelled by the particle when it next comes to rest. [5]

iii) the minimum velocity of the particle. [2]

Solution
1) a=2t-13
v=[2t-13dt
5 M1

=t"-13t+c

Whent=35, v=0.
0=5%-13(5)+c

c=40
Velocity when passes through O = 40 ms! Al
i) |42 -13t+40=0
(t-5)(t-8)=0
t=5 or t=8 M1
v=t%-13t+40

s:j(t2 —13t+40) dt

3 2
_U DY sotec Ml
3 2
Whent=0,c=0,
3 2
t7 13t
S=————+40t
3 2 Al
Whent=>5,
3 2
13(5
SZS__L+4()(5):791
3 2 6 M1
Whent =8,
g 13(8)° 2
S=—-————+40(8)=74=
3 2 3
] > ] |
t=0 t=8 t=5
s=0 1 Al

52?42 s=79—
3 6
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Total distance = 79l+ 791_742
6 6 3
=83gm
3
i) a=2t-13
2t-13=0 i
=2
2
2
V:(Ej —13(£j+40
2 2
Al
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax? +bx +¢ =0,

_ —b++/b*-4ac

X =
2a

Binomial expansion

n n n
(a+b)" =a" +(Ja”_lb+(2Ja”_2b2 +...+(rja”_rbr +..+b",

. L n n! n(n—1)....n—=r+1)
where n is a positive integer and = =
r) ri(n-r)! r!

2. TRIGONOMETRY

Identities
sin? A+cos? A=1
sec?A=1+tan’ A
cosec’A=1+cot? A
sin(Ax B) =sin AcosB £ cosAsinB
cos(Ax£B)=cosAcosBFsinAsinB
tan A=+ tan B

1F tan Atan B
sin 2A = 2sin Acos A

cos2A=cos’ A—sin> A=2cos’> A—1=1-2sin’ A

tan(A£ B) =

tan2A = Zta—nzA
1—tan” A
Formulae for AABC
a b c

sinA: sin B B sinC
a? =b?+c?-2bccos A

Area of A = %ab sin C

Anglican High School Sec 4 Prelim 2018 AM Paper 2
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Answer all questions.

1 (a) Given that the curve Yy = X% + (3k —=1)x +(2k +10) has a minimum value
greater than 0, calculate the range of values of k. [4]

(b) Find the range of values of x for which (X+4)(X—-1)-6>0. [2]

(¢) The equation 2x? — x+18 = 0 has roots ¢ and /3. Find the quadratic equation

1 1

whose roots are (%]2 and (ﬁjz (4]

o

25 xqottP

b) Given that n is a positive integer, show that 8" + 8"*2 + 8"**is always divisible
p g y

by 24. (2]
(¢) Solve 2—2% =23+3 _4a+1 [4]
2%} —3x -1
3 (a) Express m as partial fractions. [5]
+ —

(b) The polynomial P(X)= 2x> —hx? —48x — 20 leaves a remainder of 11 when
divided by x + 1.

(i) Show thath=15. 2]

(ii) Factorise P(x) completely. [3]

4 (@) (i) Write down, and simplify, the first 3 terms in the expansion of (2— X)8

in ascending powers of X. [1]

(ii) Hence, determine the coefficient of y2 in the expansion of 256 (1- y)8 . [3]

(b) () Write down the general term in the expansion of (3X - #jn . [1]
(ii) Hence, explain why the term in x> does not exist. [2]

Anglican High School Sec 4 Prelim 2018 AM Paper 2
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5 Solutions to this question by accurate drawing will not be accepted.

A(-1.4)

yl

B(p,6)

C4.-1)

The diagram shows a parallelogram with vertices A(—1, 4), B(p, 6), C(4, —1) and D.

(i) Given that AC is perpendicular to BD, show that p = 6.

(ii) Find the coordinates of D.

(iii) Find the area of the parallelogram ABCD.

[4]
[2]
[2]

6 A container in the shape of a pyramid has a volume of V cm?, given by

Y, =§x(ax2+b),

where X is the height of the container in cm, and (ax? + b) is the area of the rectangular
base, of which a and b are unknown constants.
Corresponding values of X and V are shown in the table below.

X (cm) 5 10 15 20
V (cm®) 150 600 1650 3600
(i) Using suitable variables, draw on graph paper, a straight line graph. [4]

(ii) Use your graph to estimate the value of a and of b.

[4]

(iii) Explain how another straight line drawn on your graph can lead to an estimate
of the value of X when the base area of the pyramid is three times the square of its
height. Draw this line and find an estimate for the value of x. [3]

Anglican High School

Sec 4 Prelim 2018 AM Paper 2
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7 A circle has a diameter AB. The point A has coordinates (1, — 6) and the equation of
the tangent to the circle at B is 3X+4y =k .

(i) Show that the equation of the normal to the circle at the point A is 4X—-3y=22.  [3]

Given also that the line x = —1 touches the circle at the point (-1, —2).
(ii) Find the coordinates of the centre and the radius of the circle. [4]

(iii) Find the value of k. [3]

8 The diagram shows a lawn made up of two triangles, ABC and CDE. Triangle ABC is
an isosceles triangle where AB = AC = 6 m. DE =7 m, AE = 3 m, and BA produced is
perpendicular to DE. Angle BAC is ¢ and the area of the lawn is S m?.

D

7m

E
(i) Showthat S =18sin@+31.5c0s8. [3]
(ii) Hence, express S as a single trigonometric term. [4]

(iii) Given that & can vary, find the maximum area of the lawn and the corresponding
value of @ . [2]

9 A curve has the equation y = (1—x)v/1+2x.

(i) Find %in its simplest form. [3]
X

Hence,

(ii) determine the interval where Y is increasing, [3]

(iii) find the rate of change of X when x = 4, given that y is decreasing at a constant
rate of 2 units per second, [2]

X

4
(iv) evaluate j
1 J1+42x

dx. (2]

Anglican High School Sec 4 Prelim 2018 AM Paper 2
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10

A piece of wire of length 180 cm is bent into the shape PQRST shown in the diagram.

P
y y
R 24x S

Show that the area, A cm?, enclosed by the wire is given by

A=2160-540x>.

Find the value of X and of y for which A is a maximum.

[8]
11 (a) Find the following indefinite integrals.
e2X

i —dx

W[5

. 4 1

W | (;+X—2jdx (3]
=

(b) Evaluate I 6 5— dx, leaving your answer in terms of 7. [5]

% 2cosec™X

END OF PAPER.
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ANSWER KEY
1 (a)—§<k<3 (b) X<-5or x> 2 2 (a)%
(©) X —Lx+1=0 or 6X—Xx+6=0 (b) 24x1387x8™
6 Since n>1, 8""' >1 , hence
8" +8"*2 4+ 8"*4 is divisible by 24.
3 23 1
(a) 2x—4+ — (c)a=-2 ora=1
2(x+3) 2(x-1)
(b)(ii) (X+2)(2x+1)(x—10)
4 (a)(i) 256 — 1024x + 1792x>+ ... 5 (i1) (-3, -3)
(ii) coefficient of y*> = 7168 (iii) 45 units?
: _(1 - Ly 7 ii) centre is (4, —2) radius = 5 unit
(b)(i) Tre1 = B (—— (11) centre 1s (4, —2) radius units
( r ) ( 2x2) (iii) k=29
@a)r= g . Asris a not a whole number,
the term in x> does not exist. 8 (i) 36.3sin (6) + 60.3°)
(iii) Max S ~36.3 m? 0 ~29.7°
9 (i)d_y:_ 3x 10 | Xx=2cmandy =40 cm when Ais a
dx  1+2x maximum.
(i1) y in increasing when -0.5 < x <0.
Lo dxo 1
(111) — = —units/sec
di=>2
(iv) 3
11 2x 11

- e2x e
(a) (i) J.de: 2 +C

(ii) j(%%j dx :41nx—§+c

V4 \/5 27z—3\/§
b) ——— or —
12 8 24
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Solutions

1(a)

X+ 3k —1)x+(2k +10)>0
b* —4ac <0

Bk —1)* —4(1)(2k +10) < 0 9k*> —6k +1 -8k —40 < 0

9k* —14k —39<0
9k +13)(k-3)<0

+\ /+=k
G

—E<k<3
9

(b)

(x+4)(x-1)-6=>0
X*+3x—4-6>0
x> +3x-10>0
(X+5)(x—-2)=0

+\ St
5

X<=5o0or x=>2

(©)

2x* = x+18=0

1
a+pf==
p 2

! 1 !
a)y, (ﬁ)z _(B}
B a po

=1
Required equation is

xz—éx+1:0 or 6X>—X+6=0
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2(a)

25P x10"P 57 x(2x5)"P
2p—l ><52+3p - 2p—1 ><52+3p
52p X21+p X51+p

2 p-1 % 52+3 p
— 21+p—( p-1) % 52 p+1+p—(2+3p)

=2"x5"

(b)

8" +8M* +8™* =8" +8"x8” +8"x 8"
= 8"(1+ 64 + 4096)
=8"(4161)
=8'x8"" x3x1387
=24x1387x8""

Since N>1,8"" >1and24x1387x8""
0.€C.

is divisible by 24.

(c)

2 _ Za — 2a+3 _4a+1

7 _9a :23(2a)_22(a+1)
2-2% =8(2%)-27(2%)
2-2% =8(2*)—4(2*)
Let u be 2°.
2—u=8u-—4u’

40 -9u+2=0

(4u-DHu-2)=0
u:l or u=2
4

28 =270r 2°=2
a=-2 or a=1

3(a)

2x°=3x-1 2%’ -3x-1

(X+3)(x—1) x*+2x-3
2X—4

x2+2x—3>2x3—0x2—3x—1

— (2% +4Xx> —6X)
—4x* +3x -1
—(~4x> —8x +12)
11x-13

2x°-3x—-1
(X+3)(x-1)

11x-13
+—
(X+3)(x-1)
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lix-13 P . Q
(x+3)(x-1) x+3 x-1
_P(x=-1)+Q(x+3)
T (x+3)(x-1)
= 11x-13=Px-P+Qx+3Q
=(P+Q)x+(-P+3Q)
P+Q=11 ..(1)
-P+3Q=-13 ..(2)

(D)+Q2): 4Q=-2 :>Q=—%

Pl o p2
2 2

2x* -3x -1 s 23 1

(x+3)(x—1) T2x+3) 20x—1)

(b)
(i)

P(x) =2x> —hx* —48x —20
P(-1)=11
2(=1) —h(=1)* —48(~1)~20=11
-2-h+48-20=11
h=15 (shown)

(i)

P(X) =2Xx> —15x* —48x —20
By trial and error, X + 2 is a factor.
2% —15x* —48x 20
= (x+2)(ax’> +bx +¢)
= ax’ +bx” +cx +2ax’ + 2bx +2¢
=ax’ +(b+2a)x” +(c+2b)x+2c
By comparing coefficients of
x:a=2
xX*:b+2(2)=-15
b=-19
constant: 2¢ =-20
c=-10
S P(X) = (x+2)(2x* =19x —10)
=(X+2)2x+1)(x-10)

4(a)
(1)

8 8 8
(2-x)=2%+ (1) 27(=x) + (2) 26(—x)% +...
=256 — 1024x + 1792x*>+ ...

(i)

256(1-y)'=28(1 — y)®

=21 -y)°

=(2-2y)°
Taking x = 2y,
(2 — 2y)8 = 256 — 1024(2y) + 1792(2y)% +...
Hence, coefficient of y* = 1792 x 22 = 7168,
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(b) (11 1-r (_ 1)
(i) e ( r ) (3x) ( ZxZ)
(i1) Fortermin X*, 11-r —2r=3
3r=8=r=2
As r is a not a whole number, the term in x* does not exist.  o.e.
2) Grad AC="20 = —1
1 . : _ [(-1+4 4-1\ _ (3 3
Mid-point of AC = ( > 'T) = (E‘E)
As BD and AC share the same mid-point (property of parallelogram),
3
gradient of BD = 6—§ =2
p—3 2p-3
(=) v -1
2p—3 B
2p-3=9=2p=12 = p =6 (shown)
(i1) Let D be (a, b).
(a+6 b+6>_<3 3)
2 2 ) \272
Comparing coordinates, aT% = Z
a+6=3= a=-3. Similarly,b=-3.
Therefore, coordinates of D are (-3, —3).
(1i1) Area of the parallelogram ABCD
_1]-3 4 6-1-3
2l1-3-16 4 -3
1
=3 {[(=3)(=1) +4(6) + 6(4) + (=1)(-3)]
—[4(=3) + 6(=1) + (=1)(6) + (=3)(D]}
= 45 units?
7 The normal to the circle at point A
(1) will pass through the centre of the
circle, and point B also, and is
perpendicular to the tangent to the
circle at B.
; 3x+4y=k:>y=—%x+%
Grad of tangent at B = —z
Grad of normal at A = g
Equation of normal at A:
4
y—(=6) =2 -1)
_ 4 22
Y=3% 73
= 4x — 3y = 22. (shown)
(1) Since the line X = —1 touches the circle at the point (-1, —2), so the equation of the

normal at (—1, -2)is y=-2.
Solving the equations 4x — 3y = 22 and
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=-2,

er—S(—Z) =22=4x=16=>x=4.

Thus the centre is (4, —2).

Radius = /(4 — 1)2 + [(—2) — (—6)]?
=9 +16

= 5 units

(iii)

Let the coordinates of B be (p, Q).
(5 5) =02
p=24)-1=7andq=2(-2)+6=2
Therefore, B is (7, 2).

Sub. (7, 2) into 3x + 4y =K,
k=3(7)+4(2)=29

(1)

Area AABC = %(6)2 sin @
=18sinéd
Area ACDE = %(7 x9)sin (90°-6)

=31.5cosd
S =18sind+31.5cos @ (shown)

(i)

S=18sin@+31.5cos &
R =418 +31.5>

=36.28016

31.5
tanag = ——
18

4(31.5)
o = tan —_—
18

=60.2551187°
S =36.28016sin (6 +60.2551187°)

~36.3sin (60 +60.3°)

(iii)

S= 36.28016sin(9+ 60.2551 1870)
Max S ~36.3 m*

sin(6 +60.2551187°) =1
0°< 6 <90°
60.2551187° < 0 +60.2551187° < 150.2551187°
6+ 60.2551187°=90°
6 =29.7448813°
~ 29.7°
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(1)

y=(1—=x)V1+2x
Wyt = 2 (-
=0 x)(zj(1+2X) (2)+(1+2x)2 (-1)

—(1+2%) 2 (1-x-1-2x)
3x

V142X

(i)

For ﬂ> 0,
dx

3Xx

V142X

= 1+2x>0 and -3x>0
Xx>-0.5 X<0
". Yy in increasing when -0.5 <x <0.

>0

(iii)

dy dy dx

dt dx dt
When x =4, ﬂ:—Z,
dt
3(4) dx

N “dt
dx

1 .
— = —units/sec
2

dt

(iv)

4 X
dx
‘[1 V1+2x

(1-x)/1+2x }
(1- (4)),/1+2(4j
(1- 1)~/1+2(1j

W/—\/ﬁ\l—l

10

13X + 13X +y + 24x +y =180

50x +2y =180
y =90 —25x
P

3x T 13

~ h
Q'_-;":,,,__,,,,__,,J ,,,,,,,,,,,,,,,,, T
y ‘ y
R 24x S
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Let h cm be the perpendicular distance from P to QT.

h? = (13x)> - (%)2
=25x?
h = 5x

Area = y(24x) + % (24%)(5%)

A = (90 — 25x)(24x) + 60x?
=2160x — 600x> + 60X
= 2160x — 540x* (shown)

% = 2160 — 1080x
dx
When %: 0, 2160—1080x=0
X
X=2160+ 1080
=2
Sub x =2, into y = 90 — 25x
y=90-25(2)
=40
2
(;X? =—1080, .. Aisa maximum.

X=2cm and y = 40 cm when A is a maximum.

11(a)() J- R

X X X

(i)
J.(iJrizj dx =41nx—l+c
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(b)

z

6
_Z
6

z
—[s

.

T

. N

Z 1

1

—  dx
2 cosec’X

sin’ X

i dx
T 2

T

Ex%(l—cos2x) dx

”i(l —cos2x) dx

6

= lX—lsin2x ‘
4 8 oz
6

T

.oz B

Y

T

12

16 24 16

\/3 27r—3\/§
or ————

8 24
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1. ALGEBRA
Quadratic Equation

For the equation ax? + bx + ¢ =0,

_—btvb®-4ac

2a

X

Binomial expansion

(a+b)"=a"+ (Da" b+ (})a™2b? + -+ (1)a™"b" + -

| — —
where N is a positive integer and (?) = (:;r)' = o D';fn r+l)

2. TRIGONOMETRY
Identities

sin? A+cos2A=1
sec2A =1+ tan %A
cosec 2A =1+ cot ?A
sin(AtB)=sinAcosB tcosAsinB
cos(4 + B) = cosAcosB F sin AsinB

tanA + B
1 ¥ tanAtanB
sin 2A=2sin Acos A

cos2A=cos2A—-sin?A=2cos?A—-1=1-2sin2A

tan(4 + B) =

tan 24— 2204
1-tan“A

Formulae for AABC
a b C

sin A B sin B - sinC
a’=b?+c?>-2bc cos A

A=Z1absinC

+ b,



Answer ALL the questions.

I(a)

1(b)

2(a)

2(b)

3(a)

3(b)

Given that (\/§ + l)x = /3 — 1, find the value of x +% without using a calculator.

[4]

hokv2 find the values of h and k.

Given that 22 — 3 = A [3]

Show that for all real values of pand of g, y = —(1 4+ p?)x? + 2pqx — (2¢* + 1) is
always negative for all real values of X. [4]

-4

Find the range of values of m for which ———
me+3m+2

2]

(1) For the function y = sinx, where —1 <y < 1, state the principal values of X, in
radians. [1]

(1) For the function y = cosx, where —1 <y < 1, state the principal values of X, in
radians. [1]

(ii1) For the function y = tanx, state the principal values of X, in radians. [1]

The diagram shows part of the graph for the function y = a cos bx + c.

Y
&

i t : —>
\/ T \/ :'_‘.
14

(1) Find the values of a, b and c. [3]

(i1)) Copy the diagram and draw the line y = % — 1 on the same diagram. Hence state

the number of solutions when a cos bx + ¢ = % - 1. (2]



7(a)

7(b)

4

2
(1) Sketch the graph of y = x3 for x = 0. [1]

(i1) Find the equation of the line that must be inserted in the graph above in order to

2

solve the equation 3x3 + 9x = 6. [2]

4x542x*4+3x3—x%2—x+1

Express in partial fractions. [6]

x3+x
(i) Sketch the graphs of y = |x — 2| + 1 and y = x? + 3 on the same diagram. For
each graph, indicate the coordinates of the minimum point on the diagram.  [4]

(i1) Find the coordinates of the point of intersection. [4]

. ,3x+1 . d N
Given that y = In P find an expression for d—z and simplify your answer as a

single fraction. [3]

x243

Given that y = 2e , find the coordinates of the stationary point, leaving your

answer in exact form. Determine the nature of the stationary point. [5]

The diagram shows two lines PR and QS which are perpendicular to each other. RS =9
cm, PQ=16 cmand 2PQT = 4SRT = 6 radians.

P
16 cm
6 T
Q [] s
P 9cm
M\

R
(i) Show that QS = 16cos6 + 9sinf. [1]
(i) Express QS in the form of Rsin(6 + a). (3]
(ii1) Find the value of 8 for which QS =12 cm. [3]

288+337sin260 2
—— m

(iv) Show that the area of the quadrilateral PQRS is [4]



10.

11.

(i) Differentiate (x —5)V2x — 1 with respect to X and simplify your answer as a

single fraction. [2]
. 2 3x-9 . .
(i) Hence evaluate | 1 \/% dx, leaving your answer in exact form. [4]
(1) Given that L~ _ 5 _ Findthe equation of the curve if the curve passes through
dx 1+cos2x
they —axisat y = 1. [4]
(i) Find the equation of the normal to the curve at x = %. [3]

Solutions to this question by accurate drawing will not be accepted.

The following diagram shows an isosceles triangle PQR, where PR = QR. It is given that
M (2, 0) is the midpoint of PQ. The line QR intersects the X - axis at point A such that
LAMQ = 45°.

Y
A
R
P
& 7
M(2,0) 45° A
Q

(1) Show that the gradient of the line MR 1is 1. [1]
(i1) Find the equation of the line PQ. [2]
(ii1) Find the coordinates of Q. [2]
(iv) Given that the area of APQR 1is 20 units?, find the coordinates of R. [5]

END OF PAPER
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ANSWERS (SEC 4 EXP /5 NA AM PAPER 1 - PRELIM 2018)

I(a)
1(b)
2(b)
3(a)(i)
3(a)(ii)
3(a)(iii)
3(b)(1)
3(b)(i)
4(i1)

3.

6(ii)
6(iii)
7(a)
7(b)
8(ii)
8(iii)
9(1)
9(it)
10(i)
10(ii)
11(ii)
11(iii)
11(iv)

4
h=3, k=2
m<-—2or m>-1

—Z<x<?
2 2

0<x<m
A

—Z<x<i
2 2

a=2, b=2 c=1

4

y=-3x+2

4% 4 2x —1+=— ==
x  xe+1

(2, 1) and (0, 3)
(0,3) and (-1,4)

-3 3
(B3x+1)(3x-1) or (143x)(1-3x)

(0, 2e3) minimum point
V337 sin(6 + 1.06) or 18.4sin(0 + 1.06)

1.37 radians
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+c =0,

r -b+t Vb2—4ac

2a
Binomial Expansion
n n n
n_ n n-—1 n—2p2 n—rhnr n
(a+b)"=a +(1)a b+(2)a b= + +(r)a b" +--+b
. .. ny _ n! __ n(n-1)..(n-r+1)
where 7 is a positive integer and (r) = e -

2. TRIGONOMETRY

Identities
sin® A+cos’A4=1
sec’ A=1+tan’ 4
cosec *A=1+cot’ 4

sin(A + B) = sinA cosB + cosA sinB

cos(A + B) = cosA cosB F sinA sinB

tanA + tanB

tan(d+B)= ————
( ) 1+ tanA tanB

sin2A4 =2sin Acos A
cos2A=cos’ A—sin* A=2cos’ A—1=1-2sin’ 4

tan 24 =%
1-tan” 4

Formulae for AABC
a b c

sin 4 B sin B B sinC
a’=b>+c¢*—2bccos A

A= labsinC
2



3

Expand (1 +a x)*(1—4x)? in ascending powers of x up to and including the term
containing x°.

Given that the first two terms in the above expansion are p + qxz, where p and g are
constants, find the value of p and of g.

(i)  Given that u =4, express 4*—3(4!"*)=11 as an equation in u.

(11)) Hence find the value(s) of x for which 4*— 3(41_x) =11.

(i11)) Given that p > 0, determine the number of real roots in the equation
4*—3(4'"%)=p . Show your working clearly.

. 1 1
(i)  Show that — = 2 tan’x .
cosec x—1 cosec x+1

.. 1 1
(1)) Hence solve — = 4 +secx for 0°<x<360°.
cosecx—1 cosec x+1

2x—=7
x—1

A curve has the equation y = —20x .

. . . a
(i)  Obtain an expression for d—i: .

(1)) Determine the values of x for which y is a decreasing function.

[4]

[3]

[2]
[4]

[3]

[3]

[4]

[3]

[3]

The variables are such that, when x =2, y is decreasing at the rate of 1.5 units per second.

(ii1) Find the rate of change of x when x = 2.

It is given further that the variable z is such that z = % .

(iv) Find the rate of change of z when x = 2.

It is given that f{x) = (kx + 1)(x* — 3x + k).
(a) (i) Find the value(s) of k if 3 —x is a factor of f{x).

(i))  For the values(s) of k£ found in (i), write down an expression for f{x) with
(3 —x) as a factor.

(b) Find the smallest integer value of & such that there is only one real solution for
(kx + 1)(x* = 3x + k) = 0.

[2]

[3]

(2]

[2]

[3]
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The table below shows values of the variables x and y which are related by the equation
ay = x (1 — bx ) where a and b are constants. One of the values of y is believed to be
inaccurate.

X 2 3.5 4.5 6 7

y 5.0 9.1 14.0 21.0 26.3
(i) Plot % against x and draw a straight line graph. [3]
(i1)) Determine which value of y is inaccurate and estimate its correct value. [2]
(ii1)) Estimate the value of @ and b. [4]

An alternative method for obtaining straight line graph for the equation ay = x (1 — bx )

is to plot x on the vertical axis and % on the horizontal axis.

(iv) Without drawing a second graph, use your values of a and b to estimate the gradient

and intercept on the vertical axis of the graph of x plotted against % . [3]

The roots of the quadratic equation x*> — 4x + 2 = 0 are o and .
(i)  Find the exact value of o — P if o <. [4]

pf-1

-1
(1)) Form a quadratic equation with roots a? and — [5]

The diagram shows the curve y = (5 — 2x)’ and the tangent to the curve at the
point P(1,27).

(1)  Find the equation of the tangent to the curve at P. [4]

(i) Find the area of the shaded region. [5]
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11

5

A particle moves in a straight line so that 7 seconds after leaving a fixed point O, its velocity,
vms | is givenby v = 2 (3 — e_t/z) .

(1) Find the initial velocity of the particle. [1]
(i1)) Find the acceleration of the particle when v =>5. [3]
(ii1) Calculate the displacement of the particle from O when ¢ = 10. [3]
(iv) Does the particle reverses its direction of motion? Justify your answer with working
clearly shown. [2]

The diagram shows a point C on a circle and line ACB is a tangent to the circle.
Points F, G and H lie on the circle such that FH is parallel to AB. The lines GC and FH
intersect at E.

(1)  Prove that triangles ECF and FCG are similar.

Hence show that (EC) (CG) = (CF)* . [4]
(i1)) By using similar triangles, show that (FE) (EH) = CF 2_EC?. [5]
%G
F i H
A C B

The equation of a circle, Ci , with centre 4, is given by x> +1? + 4x + 6y — 12 = 0.
(1)  Find the coordinates of 4 and the radius of C;. [2]

Given that the circle passes through a point P (— 5, —7) and a point Q such that PQ is the
diameter of the circle

(i) write down the coordinates of Q. [2]

The tangent to the circle at point Q intersects the x-axis at point R.
A second circle, C2 , centre B, is drawn passing through 4, O and R.

(ii1)) Find the coordinates of R. [3]
(iv) Determine the coordinates of the centre, B and the radius of (>, [4]

—END —
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BPGH Preliminary Examination 2019 (Sec 4E/5N)
Additional Mathematics Paper 2 (Answers)

1

2

3

(1+a0)*(1 —4x)* =1+ 4da—12)x +
p=1 a=3 ¢g=-42
. 12 ..
(1) u—;—ll (i1)

(i) u——=p

u?—pu—12=0

(48 — 48a + 6a%) x*

x=1.79, 4* = —1 (no real solution)

P+ JpTTA8  p—[pT T 4B
u = or

2 2
p ++/p?+48 p—+/p?+48
4* = — 5, or 4% = —
Since WP ‘1;2+48 > 0, 4" > 0 and there is real solution for x.
Since pypitis < 0, 4* <0 and there is NO real solution for x.

Number of real solutions = 1

() LHS=—————1

cosec x—1

cosecx+1

__cosecx + 1— (cosec x—1)

cosec?x-1

LF 2
cosec?x-1

2
cotzxgl
=2 tan“x

. dy 5 .
) 2% = Gz 20

(iif) > = 0.1 units/s

(iV) dz _ _ 2
ay  »?
Whenx=2,y=-43
dz
dt  dy ~ dt

1

@ () k=0,k=—3

(i) Whenk=0,fix)=—x (3

(i)

1 3
xX<-orx>-
2 2

(i)

=2 ¥ =162 x 1073 units/s

_X)

When k= —1+ fx) = %(3—x)(x2—3x—§)

3

(b) x>-3x+k=0

No real solution when b*— 4ac <0, k> 2 % . Smallest integer value of £ is 3.

x=30°,131.8°,228.2°,300°



10

11

(i1) Inaccurate value of y =9.1
Correct value of % =2.9. Whenx=3.5, correct value of y =2.9 x 3.5 =10.15

. .Y l . 2
(ii1) Equation is xl— p 1
From graph, -= 2,a= 3

—gz 0.25 , b=—0.125

; ion i —1_a(y
(iv) Equationis x = - (x)

Gradient = —% =4

Intercept on vertical axis = % = -8

(i) «—B=—/8 (given o < f3)

0 S () -

« B «

Equation is x2—4x—§=0 or 2x2—8x—-1=0

(1) Z—i = —6(5 — 2x)? , equation of tangentis y=— 54x + 81

1 1
(i) Shaded area= [(5-2x)dx—[(~54x+81) dx=68—54 =14 units’

0 0

i) v=4ms' (i) aZ% ms?  (ii) s=6t+4e"t? —4=56.0m (whent=105s)
(iv) When v =0, t = —2.20 s. Since time cannot have a negative value, the particle did not
reverse its direction of motion.

(i) ZACF = ZFGC (alternate segment theorem/tangent-chord theorem)
ZACF = ZEFC (alternate angles)
- ZFGC = ZEFC

ZEFC = ZFCG (common angle)

AECF and AFCG are similar triangles (AA similarity test)
EC _ CF

FC _ CG

(EC)(CG) = (CF)?

(1)) ZGEF = ZHEC (vertically opposite angles)
/FGE = ZCHE (angles in same segment)
AFGE and ACHE are similar triangles (AA similarity test)
FE _ EG
EC _ EH
(FE)(EH) = (EG)(EC)
=(CG-EC)(EC)
= (CG)(EC) — (EC)?
= CF? - EC? [(EC)(CG) = (CF)?in (i)]

(1) Centre, A=(—2,-3),radius=5units (i) Q(1,1)
(i) R(Z ,0) (iv) B(3,=2) . radius =2.64 units
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2
Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax*+bx+c=0,

_ —b++/b*—4ac

2a

X

Binomial expansion

(a+h)"=a" +Gja”1b+[gj a"%ph? + ... +(:Ja”rbr +..+b",

n I _ _
where n is a positive integer and ( j nt__n(=d..(n-r+l) .

r :r!(n—r)!_ r!

2. TRIGONOMETRY
ldentities

sin® A+cos* A=1

sec’ A=1+tan” A

cosec’A =1+cot’ A
sin(A+B) =sin Acos B +cos Asin B
cos(A+B) =cos Acos BFsin Asin B

tan A+tan B

tan(A+tB)=———
lxtan Atan B

sin2A = 2sin Acos A

cos2A=cos? A—sin® A=2cos* A—1=1-2sin* A

tan2A = ﬂ
1-tan” A
Formulae for AABC
a b C

sinA:sinB :sinC
a’=b%+c*—2bccos A

A:labsinC
2

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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dvy

1 A curve is such that Fvl =ax—2, where a is a constant. The curve has a minimum gradient
X

at x:l.
3

(i) Showthat a=6.
The tangent to the curve at (1, 4) is y=2x+2.

(i)  Find the equation of the curve.

2 The roots of the quadratic equation 3x*+2x+4=0 are ¢ and S.

(i) Show that o + ° = —%.

aZ ﬂZ
(i)  Find a quadratic equation with roots — and —.
o

3 ltisgiventhat f(x)=(x+ h)2 (x—1)+k , where h and k are constants and h <k . When
f(x) isdivided by x+h, the remainder is 6. It is given that f(x) is exactly divisible by
X+5.
(i)  State the value of k and show that h=4.

(i)  Find the range of values of the constant b for which the graph of y=f (x)+bx isan
increasing function for all values of x.

4 Giventhat tan(x+y)= —% and cosx = % , where x and y are acute angles, show that

X =y without finding the values of x and y.

5 The variables x and y are such that when X are plotted against x, a straight line |, of
y

gradient 2 is obtained. It is given that y :% when x=3.

(i) Expressy in terms of x.

(i)  When the graph of x =2y is plotted on the same axes as the line |,, the two lines
intersect at one point. Find the coordinates of the point of intersection.

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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6 The figure shows a semicircle of radius 5 cm and centre, O. A rectangle ABCD is inscribed in
the semicircle such that the four vertices A, B, C and D touch the edge of the semicircle. The
length of AB =x cm.

D p A
5cm

A

(1)  Show that the perimeter, P cm, of rectangle ABCD is given by

P=2x+425-x* [2]

(i)  Given that x can vary, find the value of X when the perimeter is stationary. [4]

7 In the diagram below, PQRST is a trapezium where angle QRS = angle TPR = 30°. SQ is the

height of the trapezium and the length of SQ is \@4 1cm. The length of TS is 2/3 cm.
+
By rationalising L find the area of trapezium PQRST in the form (a\/§—12) cm?,
J3+1
where a is an integer. [5]
T 2/3cm s

8 A particle moving in a straight line passes a fixed point A with a velocity of -8 cms™. The

acceleration, a cms™ of the particle, t seconds after passing A is given by a=10—kt , where
k is a constant. The particle first comes to instantaneous rest at t =1 and reaches maximum
speed at T seconds (The particle does not come instantaneously to restat 1<t <T).

(1)  Find the value of k. [3]
(i)  Find the total distance travelled by the particle when t=T . [5]

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1



9 It is given that y =1—3sin2x for —%g X< 7.

(i)  State the period of y. [1]
(if)  Sketch the graph of y =1-3sin2x. [3]
(iii) By drawing a straight line on the same diagram as in part (ii), find the number of
solutions to the equation 3sin 2x +1% = 3 for —% <X<rx. [3]
VA
10
A Y y= 421
A2, 4)
—1
0 B X

The diagram shows part of the curve y =4e®**. The normal to the curve at point A(2, 4)
cuts the x-axis at point B.

Find
(i)  the coordinates of B, [4]
(if)  the area of the shaded region. [3]

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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12

F D G

In the diagram, BD and AC are chords of the circle. FD is a tangent to the circle at D.
AC and FD are produced to meet at G such that CG = CD. E is a point along BD.
Triangle BAE is similar to triangle ADE.

(i) By showing that triangle BAD and triangle AED are similar, prove that AB is
perpendicular to AD. [4]

(i)  Show that angle ADB =90° — 2 x (angle CGD) . [4]

. 3 1. : . .
The line y = ——x+1QZ is a tangent to the circle, centre C. Another line, |, is tangent to

the circle at point P(l%, 12%). The two tangents intersect at point R, which is directly

above the centre of the circle.

9] X
(i)  Show that the coordinates of R are (5, 15%j . [4]
(i)  Find the equation of the circle. [4]

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1



Answer Key

1 (i) | Show question

(i) | y=x*-x*+x+3

2 (i) | Show question

i 1 4 : :
(i X2 —36 X +§ =0 or any other equivalent equation

3 (i) | k=6;h=4 (show question)

(i1 b> 81
3
4 Show question
5 (i) X
2X+9

(ii) (_3 1 2)
>

6 (i) | Show question

(i) | x=+/5 or2.24 (3s.f)

7 (12J§—12) cm?
8 |() |k=4
1
iy | % M
9 | () |«
(il

y=2—-- y=1-3sin2x

(iii) | 3 solutions
10 | () | B(10,0)

ii
(i (24—3 units® or 21.1units’> (3s.f)

11 | (i), | Show question
(ii)

121 (i1) | (x-5)°+(y—-8)° =36

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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2
Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax® +bx+c=0,

_ —b++b®-4ac

2a

X

Binomial expansion

(a+b)"=a" +(2Ja”‘1b+{2j a"ph? + ... +(:Ja“‘rbr +..+b",

n] n'  n(n-1)..(n-r+l)

where n is a positive integer and [r =

_r!(n—r)!_ r!

2. TRIGONOMETRY
Identities

sin®> A+cos” A=1

sec’ A=1+tan’ A

cosec’A=1+cot’ A
sin(A+ B) =sin Acos B +cos Asin B
cos(A+B) =cos Acos BFsin Asin B

tan A+tan B

tan(AtB)=————
l1xtan Atan B

Sin2A =2sin Acos A

cos2A =cos’ A—sin® A=2cos* A—1=1-2sin’ A

tan2A= ﬂ
1-tan“ A
Formulae for AABC
a b c

sinAzsinB =sinC
a’=b*+c*—2bccos A

A=1absinC
2
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1. Acurveissuch that 3—32/ =ax—2, where a is a constant. The curve has a minimum gradient
X
at x=1.
3
(i) Showthat a=6. [1]
The tangent to the curve at (1, 4) is y =2x+2.
(i)  Find the equation of the curve. [6]
Marking Scheme

2

(i) At minimum gradient, 3—Z=0
X

{82

L owlw

=6

Loody B
(i) &—I(Gx 2) dx

=3x*—2x+Cc where c is an arbitrary constant

y=2X+2

Gradient of tangent =2

sub. (1, 4)
4=1-1+1+¢
c,=3

Equation of curve is y =x*—x*+x+3

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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2. The roots of the quadratic equation 3x* +2x+4=0 are ¢ and 3.

(i) Show that a®+ ° _—% [3]
(i) Find a quadratic equation with roots <~ and ﬂ [4]
(24
Marking Scheme
(i) a+ﬂ:—2 (if)  Sum of roots =%+%
_f ~ 0(3+,33
=3 Y
o+ =(a+p) —2ap _(0{+,B)(a2—aﬂ+ﬂz)
(2 l op
w5 2[3) (2)-2-9)
4 8 _\ 3 9 3
"9 3 _4
3
:—% (shown) 16

2 2
Product of roots= [a—j [ﬂ—j
)\ «a

I I
wlhd~
he)

. L. 16 4
The quadratic equation is X —gXtgT 0

OR 9x*-16x+12=0

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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3. Itisgiventhat f(x)=(x+ h)2 (x—1)+k , where h and k are constants and h <k . When
f(x) is divided by x+h, the remainder is 6. It is given that f (x) is exactly divisible by
X+5.
(i) State the value of k and show that h=4. [4]
(i)  Find the range of values of the constant b for which the graph of y =f (x)+bx is an
increasing function for all values of x. [4]

Marking Scheme

(i) k=6 | Bl (i) y=(x+4)"(x-1)+6+bx
dy 2

£(-5)=0 &:2(x+4)(x—1)+(x+4) +b
(-5+h)}(-5-1)+6=0 = (x+4)[2(x-1)+(x+4)]+b
(h—5)2(—6)=—6 =(x+4)(3x+2)+b
(h-5)" =1 _ _ oy
h—-5=—1 or 1 For increasing function, &>O
h=4 or 6 (rejected ash<Kk) (x+4)(3x+2)+b>0

3x?+14x+8+b>0
Discriminant <0
(14)° —4(3)(8+b)<0
196-96-12b <0

12b >100

b>81
3

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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4. Giventhat tan(x+y)= —ﬁ and cos X =% , Where x and y are acute angles, show that

X =Yy without finding the values of x and y.

Marking Scheme

120

119
tanx+tany 120

l-tanxtany 119

tan(x+y)=—

12 tanx=—
X 5
5
12 +tan
5 Y120
1—Etan y =
5
12 120 288
—+tany=——-+——tany
5 119 119
2028 169
——=——tan
595 119
tany = E
5

Since tanx=tany and x and y are both acute, x=y.

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1

[4]



5. The variables x and y are such that when X are plotted against x, a straight line |, of
y

gradient 2 is obtained. It is given that yzé when x=3.

(i)  Expressy in terms of x. [3]
(i)  When the graph of x =2y is plotted on the same axes as the line |, the two lines
intersect at one point. Find the coordinates of the point of intersection. [2]

Marking Scheme

(i) X=2x+c
y
%:2(3)+c
5
c=9
X 2x+9
y
y 1
X 2X+9

_ X
y_2x+9

(i) x=2y=2X=-2
y

The point of intersection is (—3%, 2).

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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6.  The figure shows a semicircle of radius 5 cm and centre, O. A rectangle ABCD is inscribed in
the semicircle such that the four vertices A, B, C and D touch the edge of the semicircle. The

length of AB =x cm.

o N\

-—
D O A

5cm

A

(1)  Show that the perimeter, P cm, of rectangle ABCD is given by

P =2x+4+425- X%

(i)  Given that x can vary, find the value of X when the perimeter is stationary.

Marking Scheme

(i) OB =5 cm (radius of circle) (i) P=2x+425-x°
7 il 2 2 1
OB =TS d—P=2+4(EJ(25—x2) 2 (~2x)
25=0A? + x* dx 2
OA=+25-X _g__ X
25— x°

P=AB+CD+AD+BC
=2AB +40A

=2X+4/25—x* (shown)

At stationary P, dp =0
dx

g
25— x°
_ax
25— x?
16x° -

25— x°
4x* = 25— x?

5x* =25

x> =5

x=+/6 or —+/5 (rejected)

=2

or 2.24 (3s.f)

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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In the diagram below, PQRST is a trapezium where angle QRS = angle TPR = 30°. SQ is the

height of the trapezium and the length of SQ is \/54 1cm. The length of TS is 243 cm.
+

By rationalising f%l find the area of trapezium PQRST in the form (ax/§—12) cm’
+

where a is an integer. [5]

T 2J/3cm s

Marking Scheme

4 4 3-1
B+l B+l B-1
43 -4
- 341

—2/3-2
24/3-2

QR
1 243-2
3 @R
QR=2(3)-243

:(6—2J§) cm

tan30° =

|2(6-243)+2(243) |(2v3-2)
(12-4V3+43)(23-2)
(

12)( -2)

_2)
= (12\/5—12) cm?

Area of trapezium =

NI, NP~ r\>||—\

(D
/—\

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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8. A particle moving in a straight line passes a fixed point A with a velocity of -8 cms™. The
acceleration, a cms™ of the particle, t seconds after passing A is given by a=10-kt , where
k is a constant. The particle first comes to instantaneous rest at t =1 and reaches maximum
speed at T seconds (The particle does not comes instantaneous to restat 1<t <T).

(1)  Find the value of k. [3]
(i)  Find the total distance travelled by the particle when t =T . [5]

Marking Scheme

(i) a=10-kt
v=[(10-kt) dt

kt? . :
=10t —%-F ¢ where c is an arbitary constant

Whent=0, v=-8

-8=c
2
.'.v:10t—ki—8
2
Whent=1 v=0
0:10—5—8
2
k=4
(i) a=10-4t
At maximum speed, a=0
10-4t=0
t=21
2

s=j(10t—2t2—8) dt

2t? : :
=5t — 3 —8t+c, where c, is an arbitary constant

Whent=0,s=0, ¢c,=0

3
.-.s=5t2—2i—8t
3

Whent=0,s=0

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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Whent=1, s=—1—1
3
When t=21, s:E
2 6
Total distance travelled = (1—31 x2+ %
=81 m
6

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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Itis given that y =1—3sin2x for —%s X<71.

(i)  State the period of y. [1]
(i) Sketch the graph of y =1-3sin2x. [3]

(iii) By drawing a straight line on the same diagram as in part (ii), find the number of

solutions to the equation 3sin 2x +1% = 3 for —% <X<r. [3]

T

Marking Scheme

(i)
(i)

180 or «

y =1-3sin 2x

>

3x
T

3sin 2x+l1 =
2

3sin 2X:§—ll
T 2
3sin 2x—1:3—x—2l
T 2
1-3sin 2x:2£—3—x
2

Draw the line of y:2l—3—x.
2

From the graph, there are 3 points of intersections, thus there are 3 solutions

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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10.

0.5x-1

4 Y y=4e

A(2, 4)

The diagram shows part of the curve y =4e°>". The normal to the curve at point A(2, 4)
cuts the x-axis at point B.

Find
(i)  the coordinates of B,
(if) the area of the shaded region.

Marking Scheme

(I) y — 480.5)(71

dy 0.5x-1
—=4(0.5
5 = 4(05)e

— 2e0.5xfl

When x = 2, d—y=2
dx

Gradient of normal = —%

Let B(x,0).
4-0_ 1
2—X 2
8=-2+X

X =10

- B(10,0)

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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(i)  Area of shaded region= .[02 4e%¥ dx + %(10 -2)(4)

05x-1 2
= {46 } +16
0.5 0

=8e°-8e1+16

:(24—§j units® or 21.1units* (3s.f)
e

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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In the diagram, BD and AC are chords of the circle. FD is a tangent to the circle at D.
AC and FD are produced to meet at G such that CG = CD. E is a point along BD.
Triangle BAE is similar to triangle ADE.

(1) By showing that triangle BAD and triangle AED are similar, prove that AB is
perpendicular to AD. [4]

(i)  Show that angle ADB = 90° — 2 x (angle CGD) [4]

Marking Scheme

(i)

/ABE = ZDAE (corresponding angles of similar triangles BAE and ADE)
/ADE = ZBDA (common angle)
By AA similarity rule, triangles BAD and AED are similar.

/BEA = ZAED (corresponding angles of similar triangles BAE and ADE)
=90" (adjacent £s on straight line)

.. ZBAD = ZAED (corresponding angles of similar triangles BAD and AED)
=90

AB L AD (shown)

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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(i) Let LCGD=a.
ZCDG = ZCGD (base s of isosceles A)
=a
BD is a diameter (right-angle in a semicircle)

.. ZEDG =90° (tangent L radius)

/DAC = ZCDG (Zs in alternate segment)
=a

Consider AADG,

Z/ADB =180"—- ZDAC — ZCGD — ZEDG (sum of Zsin A)
=180"-a—-a—-90°
=90"-2a
=90"-2x ZCGD (shown)

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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. 3 1. . . .
12. Theline y= —Zx+1QZ is a tangent to the circle, centre C. Another line, |, is tangent to

the circle at point P(l%, 12%). The two tangents intersect at point R, which is directly

above the centre of the circle.

0 X
(i)  Show that the coordinates of R are (5, 15%) : [4]
(i)  Find the equation of the circle. [4]

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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Marking Scheme

y-coordinate of S =12%

122 - 3y 10t
5 4 4

- R (5,15%) (shown)

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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Alternative Method

Gradient of |, =%

. . 4 3 2
Equation of |, is y—12—==| x—-1=| --------- 1
q e A 4( 5] ()
3 1
=——X+19=" - 2
y=-1 2 @)

Sub. (2) into (1),

—§x+19l—12ﬂ:§(x—lgj
4 4 5 4 5

3129 3. 21

4720 47 20

3,15

2 2
X=5 sub. into (2)

1
=15=
Y=

R(S,lS%) (shown)

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1



20

(i)  Gradient of normal at S :%

Equation of normal is y—12ﬂ = 4 x—8§
5 3 5

When x =5,

y—12é = E(S—ng
5 3 3)

y=8
~.C(5,8)

2 2
Radius = (5—8% +(8—12ﬂ
5 5

=6 units

Equation of circle is (x—5)° +(y—8)" =36.

Alternative Method

Gradient of normal at P = —%

Gradient of normal at P is y—12% = —g[x—léj

Sub. x =5,
y=28

Centre of circle is (5,8)

2 2 4 2
Radius of circle=\/(5—1gj +(8—125J

= 6 units

Equation of circle is (x—5)2 +(y—8)2 =36

2018 Preliminary Examination/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 1
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2
Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax®+bx+c=0,

_ —b++/b?*—4ac

2a

X

Binomial expansion

(a+b)"=a" +(D a”‘1b+(g a"?p? + ... +(:]a”‘rbr +..+b",

n I _ _
where n is a positive integer and - (-1 ..(n-r+l) .
r) ri(n-r)! r!

2. TRIGONOMETRY
ldentities

sin? A+cos® A=1

sec’ A=1+tan® A

cosec’A=1+cot’ A
sin(A+B) =sin AcosB £ cos Asin B
cos(A+B) =cos AcosBFsin Asin B

tan At+tan B

tan(A+B)=———
1xtan Atan B

sin2A=2sin Acos A

cos2A=cos®’ A—sin? A=2cos®* A—1=1-2sin* A

tan2A = ﬂ
1-tan” A
Formulae for AABC
a b C

sinA:sinB :sinC
a’=b?+c®>—2bccos A

A=£absinC
2

2018 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 2
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1 An empty, inverted cone has a height of 600 cm. The radius of the top of the cone is 200 cm.
Water is poured into the cone at a constant rate.

(i)  When the depth of the water in the cone is hcm, find the volume of the water in the
cone interms of = and h. [4]

The water level is rising at a rate of 3cm per minute when the depth of the water is 120cm.

(i)  Find the rate at which water is being poured into the cone, leaving your answer in terms
of «. [3]

2 ltisgiventhat y=x-In(secx+tanx), 0<x<g.

(i)  Show that di (secx)=secxtanx. [3]
X
(i)  Hence, express g—i in the form a+bsecx, where a and b are integers. [3]
(iii) Deduce that vy is a decreasing function. [2]
3 (@) Prove that 1+sm2x+_cost =2C0SX. [3]
COS X +Sin X
: sec’ x 3 : .
(b) Giventhat ————=—, where 180° < x < 270°, find the exact value of sinx.  [5]
2tan“ x+1 4

4 (@) Solve, for x and y, the simultaneous equations
2" =8(2),

[4]
lg(2x+y)=1g63-Ig3.
(b) Express log ; y =3-log, (y—6) as a cubic equation. [4]
2 pa—

5 i Express in partial fractions. 4
® P (x+1)(x2—x—6) P 4]

. ) 5 8x?-28
ii) Hence, find dx . 4
i '[4(x+1)(x2—x—6) 4]

2018 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 2
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6 (@ ()  Sketchthe graphof y=|(x-1)(x-5). [3]

(i) Determine the set of values of a for which the line y =a intersects the graph of
y =|(x—=1)(x—5)| at four points, [2]

(b) Find the range of values of k for which the line y = kx —3 does not intersect the curve
y =2X°—6X+5. [4]

d (In3x 1 In3x
7 i Show that — = - . 3
® dx( 2x° j 2x2 X 3]
.. . In3x .
(i)  Hence, integrate 3 with respect to x. [3]

(iii) Given that the curve y =f(x) passes through the point (%%j and is such that

f(x) ="% ,find f(x). [2]

8 (i) Find the coefficient of x* in the expansion of (6_ x2)5 (sz +%) . [4]

(ii) I the expansion of (2+x)", the ratio of the coefficients of x and x* is 2:3. Find the
value of n. [5]

2018 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 2
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10

5

In the diagram, triangle ABC is a right angle triangle where angle ACB =6 and AC =6cm.
R isapointon AB and T is the mid-point of AC. RT is parallel to BC and AR is a line of
symmetry of triangle AST .

B C
(a) Show that the perimeter, P cm, of the above diagram is P =9cosé&+3sin8+9. [2]

(b) (i) By expressing P inthe form m+ncos(6—«), find the value of @ for which
P=15. [6]

(ii)  Hence, state the maximum value of P and find the corresponding value of 6. [3]

The diagram shows a quadrilateral ABCD where the coordinates of vertices Aand B are
(7,9) and (8,6) respectively. Both vertices C and D lie on the line x=4. AC passes
through M , the midpoint of BD.

Y
A4(7,9)
x=4
D
B (8,6)
C
X
0

(i) Giventhat AB = AD, find the coordinates of C and D. [7]
(i)  Hence or otherwise, prove that quadrilateral ABCD is a kite. [2]
(iii) Find the area of the kite ABCD. [2]

2018 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 2
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11 (a) The amount of caffeine, C mg, left in the body t hours after drinking a certain cup of
coffee is represented by C =100e ™.

Q) Given that the amount of caffeine left in the body is 20 mg after 2.5 hours, find
the value of k. [2]

(i) Find the number of hours, correct to 3 significant figures, for half the initial
amount of caffeine to be left in the body. [3]

(b) Thecurve y=ax*+bx>+7,where a and b are constants, has a minimum point

at (1,6).
Find
(i)  thevalue of a andof b, [4]

(i) the coordinates of the other stationary point on the curve and determine the nature
of this stationary point. [4]

2018 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 2



Answer Key
_ B nh®
1|0 | VEo7
(i) | 48007 cm®/min
2 (i) | 1—secx
. V3
Sinx=——
3| () 3
4 (@ |x=8,y=5
(b) | y*-6y*-8=0
5 10 x'-7 5 .1 1
(x+1)(x*-x-6) 4(x+1) 20(x-3) 5(x+2)
(i) | 2.56
6 |[(ai) |
(aii) | 0<a<4
(b) | -14<k<2
7 (i) 1 2In3x
T Tz tC
4x X
(iii) In3x 1
f(x)= -—
(%) —2x*  4x°
8 | (i) |-12440
(i) | n=7
9 (b)) | P=9++/90cos(6-18.43495°); 6 =69.2°
(bii) | maximum value of P =9++/90, corresponding value of x =18.4°
10 | () | D(48),C(4,3)
(if) | Since M,.+M,, =—1, diagonals AC and BD are perpendicular to
each other. AC bisects BD.
.. quadrilateral ABCD is a kite.
(i) | 15 units?
11 | (ai) | k=0.644
(aii) | t=1.08 hours
(bi) | a=3andb=-4
(bii) | (0,7), point of inflexion

2018 Preliminary Exam/CCHMS/Secondary 4/Additional Mathematics/4047/Paper 2
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Marking Scheme

Common Issues

Working
® ho_r (ratio of corresponding sides are equal)
600 200 PonEing |
h
r=—
3
2
\Y —Eﬂ[hj h
3 (3
27

(i1 @ =3cm/s
dt

av 7w/,

=)
_ah?
9

dv _dv dh

dt  dnh  dt
2

:ﬂx\?)

= 48001 cm®/min
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Marking Scheme

Working

Common Issues

(i) y =x—In(secx+tanx)

d d 1
—(secx) = —(—j
dx dx \ cos x

(cosx)(0)—(1)(—sinx)

cos? x

_sinx
cos” X
=sec x tan x

(i) ﬂzl_;(secxtan X+sec’ X)
dx sec X +tan x

sec x tan X + sec? x
Sec X + tan x
sec x(tan X +secx)

Sec X +tan x
=1-secx

=1

(iii) | dy

Numerator: 0 <cosx <1
.. cos x—1 will always be negative.

Denominator: 0 <cosx <1
.. cos x will always be positive.

% <0, y is a decreasing function.
X
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Marking Scheme

Working

Common Issues

(@) LHS 1+sin 2x+.c032x
COS X +in X
1+(2sin xcos X)+(2COSZ x—l)

COS X +Sin X
~2¢0s® X+ 2sin X €S X
B COS X +Sin X
_ 2cosx(cosx+sinx)
~ cosX+sinXx
=2C0S X
= RHS (proven)

(b) se¢’x 3
2tan® x+1 4

=6tan’® x+3

cos? x
4 6sin®x 3cos? x
20 o T 2
cos’x cos’x  cos® X
4 =6sin® x +3c0s? X

e (3sin2 X +3¢0s> x)+35in2 X

4 =3+3sinx

sin? x:1
3

sinx = \E (reject as 180° < x < 270°) or sinx = —?

Alternative:
1+tan’x 3
2tan?x+1 4
4+4tan? x =6tan® x+3

N

,_,
Qo
5
b
I

sinx

cos’x
sin® x

(l—sin2 x) 2

2sin? x=1-sin?x

I~ N~ N~

sin? x:1
3

N

sinx:\g (reject as 180° < x < 270°) or sinx:—?
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Marking Scheme

log , y=3-log,(y—6)
22

lgy _, lo(y-6)
[ _
Ig22 lg2

lgy  l9(y-6)_,

1 Ig 2
=lg2
2 g

Working Common lIssues
4 (a) 2=8(2) - (1)
lg(2x+y)=1g63-1Ig3 - (2)
From (1),
2* =23%2Y
X=3+y - (3)
From (2),
lg(2x+y)= Ig(%)
2x+y=21 - 4)
Sub (3) into (4),
2(3+y)+y=21
y=5
x=8
4 (b) log , y =3—log, (y—6)
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Working Common lIssues
(i) 2 -7 2x2 7
(x+1)(x2—x—6)_(x+1)(x—3)(x+2)
A B C
= + +
X+l X-3 X+2
A(x=3)(x+2)+B(x+1)(x+2)+C(x+1)(x-3)=2x*-7
When x =1,
A(-4)(1)=2(-1)" -7
A2
4
When x =-2
C(-1)(-5)=2(-2)" -7
_1
5
When x = 3,
B(4)(5)=2(3)" -7
g1l
20
2x2 -7 5 ., n 1
(x+1)(x2—x—6) 4(x+1) 20(x-3) 5(x+2)
(i)

IS 8x'-28
4(x+1)(x2—x—6)

o) R SN Y
x+1 20(x—3) 5(x+2)
11 1 5
[ In(x+1)+2—OIn(x—3)+4—5In(x+2)}4
{5In6+—|n2+—ln7} (5In5+1—lln1+ﬂln6ﬂ
5 5 5

=2.56 (3sf)
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Working

Common Issues

6

(@i

(aii)

(b)

T Ay
_5 ]

B34

| y=[(x-1)(x-5)

O<a<4

2x* —6x+5=kx—3
2x* —(6+k)x+8=0

b>—4ac <0 - no intersection

[-(6+k)] —4(2)(8) <0
36+12k +k*—64<0
k?+12k —28<0
(k+14)(k-2)<0

“14<k<?2
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Marking Scheme

Working

Common Issues

(i) i(lnij_li(lanJ
dx | 2x2 2dx\ x°

3
X

L X2 (3)—(2x)(ln 3x)

Gi) | 1 In3x
J.2x3’_ x3 dx = 2x2

In3x

=

1(x?%) In3x
|y +c
20 =2 ) 2x°
1 2In3x
= el +c

In

dx = %J. x*dx —

(iii) f,(X):lne,x

In3x
= +C

4

x—2x(In

3x)}

3X

2x°
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Marking Scheme

Working

Common Issues

= 7776 —6480x° +2160x* +....

Coefficient of x* = (—6480)(2)+ (2160)(%}

=-12960+720
=-12240

(i) For x term, r =1

T, :@(znl)x

_2"(n)

For x° term, r =

e
(

X

N

Coefficient of x__ 2
Coefficient of x*  2"(n)(n-1)

8
2"(3n) _2"(n)(n-1)

2

(
(

2" =0 (reject as 2" > 0)
n=0 (reject as n = 0)
n="7

U ey ey (o eere 5
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Marking Scheme

Working

Common Issues

()

(bi)

(bii)

AB =6sin X
BC =6cos x

RB — 6sin x

SR RT - 6cos X

P=6+6Cc0sx+3sinX+3Cc0sx+3
=9+9c0s x+3sin x (shown)

P=9+9cosd+3sind
=9+ncos(0-a)
=9+n(cosgcosa +sindsina)

Comparing coefficients,

ncosa =9, nsina =3

1
tana =—

1
a=tan*=

—18.43495°
n*=9°+3
n=+/90
<. P =9+/90 cos(6 -18.43495°)

9++/90 cos (6 —18.43495°) = 15
cos(0-18.43495°) = 22

J90

Basic angle = cos™ (ij =50.7685°

J90

6 —18.43495°=50.7685° or
6 —18.43495° = 360° —50.7685° (reject)
6 =69.2°

Maximum value of P is when cos(x—18.43495°) =1

. maximum value of P = 9+\/%
corresponding value of x =18.4°

= 3sin x (ratio of corresponding sides are equal)

=3cos x (ratio of corresponding sides are equal)
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Marking Scheme

Working

Common Issues

10 ()

(i)

(iii)

2

Length of AD = (y—9)° +(4-7)

Length of AB = /(6 -9’ +(8-7)’
(y-9) +9=9+1
(y—9)2:1
y-9=1 or y-9=-1
y =10 (reject) or y=8
. coordinates of D(4,8).

8+4 6+8
)
6,7

9-7
7—

Coordinates of M

Gradient of AM = —6

Equation of AC: 9=2(7)+c
c=-5
y=2x-5
Whenx=4,y=3
. coordinates of C(4,3).

M, =M,, =2

6-8 1
My =——=—=
B0 T g4

Since M .M, =—1, diagonals AC and BD are perpendicular to
each other. .. quadrilateral ABCD is a kite.

117 4 4 8 7
Area of ABCD =

209 8369
:%{[(7><8)+(4><3)+(4><6)+(8><9)]—[(9><4)+(8><4)+(3><8)+(6><7)]}
Z%XSO

=15 units?
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Marking Scheme

Common Issues

Working
11 (ai) | 20=100e*2»
In l =-2.5k
5
k =0.644
(a”) 100e—0.643775t — %10090
1
—-0.643775t =In >
t =1.08 hours
(bi) y=ax*+bx*+7

dy = 4ax® + 3bx*
dx

Sub x =1into d—
dx

4a+3p=0 (1)

Sub (1,6) into curvey,
6=a+b+7
a=-b-1 - @)

Sub (2) into (1),
4(-b-1)+3b=0
b=-4, a=3

(bii) dy NNy
dx_4(3)x +3(—4)x

=12x3 —12x°

When ﬂ =0,
dx

12x° -12x* =0
12x*(x-1)=0
x=0 or x=1
Whenx=0, y=7
. the other stationary point is (0,7).
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Marking Scheme

Working

Common Issues

d’y

v 36x% —24x
X

2

When x =0, 3 2/ =0 (not conclusive)
X

x=-0.1 x=0 x=0.1

dy
dx
Using the first derivative test, the gradient changes from negative to

negative, thus (0,7)is a point of inflexion.

negative 0 negative

End of Paper
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2
Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equationax” +bx+c¢=0,

_ —b++yb® —4ac

2a

X

Binomial expansion
n
(a+b)"=a" +(Ja”‘1b+(g a"?b? + ... +(:j a” b  + .. +b"

. T n n! nn-1)..(n-r+1
where n is a positive integer and = = (=D..( )
r) ri(n-r r!

2. TRIGONOMETRY
Identities
sin> A+cos* A=1

sec’ A=1+tan’ A
cosec’A=1+cot* A
sin(A£ B) =sin Acos B = cos Asin B
cos(A£ B) =cos Acos B ¥sin Asin B

tan A+ tan B

tan(AxB)=————
1¥tan Atan B

sin2A = 2sin Acos A

cos2A=cos’ A—sin’ A=2cos’> A—1=1-2sin’ A

tan2A = %
l-tan” A
Formulae for AABC
a b c

sinA sinB sinC

a’=b”*+c*-2bccos A

AzlabsinC
2
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Answer all the questions.

A cone has curved surface area 7 (1 7-3 ) cm? and slant height (7 ~33 ) cm.

Without using a calculator, find the diameter of the base of the cone, in cm, in the
form of a+b+/3, where a and b are integers. [4]

1
The roots of the quadratic equation 5x* —3x+1=0 are — and —.

a
Find a quadratic equation with roots o’ and . [6]
(i)  Show that 2x* +1 is a factor of 2Xx° —4x* +x—2. (2]
.. 1Ix-5x*-11 . . .
(ii) Express in partial fractions.
e S 4 +x—2 P [5]

(i) Sketch the graph of y = 4 for x>0.

I [2]

(i)  Find the coordinates of the point(s) of intersection of y = and y* =81x. [4]

4
Jx

The diagram shows a cylinder of height h cm and base radius r cm inscribed
in a sphere of radius 35 cm.

h
, -~ -TTTTTTTE T ~
(i)  Show that the height of the cylinder, h cm, is given by h =24/1225-r" . [2]
(ii)  Given that r can vary, find the maximum volume of the cylinder. [4]

[Turn over



2 .
6 (i) Show that 2 —sec X2 _ CosX s%n X . 3]
2tan X+sec” X  cos X+sin X
2
(ii) Hence find, for 0 < x <27, the values of X for which L@c)i = 3 . [3]
2tan X+sec” X 2
. dy 2 . .
7 A curve is such that o = —, and the point P(1.5, 2) lies on the curve.
X €

The gradient of the normal to the curve at P is 10. Find the equation of the curve. [6]

3

8 The diagram shows the graph of y = x> —4x which passes through the origin O and

cuts the x-axis at the point A(16, 0). Tangents to the curve at O and A meet at the
point B.

>~

(i) Show that B is the point (5%, —21%) . [3]

(ii) Find the area of the shaded region bounded by the curve and the lines OB
and AB. [4]
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9 A tram, moving along a straight road, passes station O with a velocity of 975 m/min.
Its acceleration, @ m/min?, t mins after passing through station O, is given by
a=2t-80.

The tram comes to instantaneous rest, first at station A and later at station B.
Find

(i) the acceleration of the tram at station A and at station B,
(ii) the greatest speed of the tram as it travels from station A to station B,

(iii)  the distance between station A to station B.

6
10 (i) By considering the general term in the binomial expansion of (X“ —%j ,
X

where K is a positive constant, explain why there are only even powers of X
in this expansion.

(ii)  Given that the term independent of X in this binomial expansion is % , find

the value of k.

(iii)  Using the value of k found in part (ii), hence obtain the coefficient of x'®

1 6
in (2—3x")(x4 _Wj )

11 M and N are two points on the circumference of a circle, where M is the point (6, 8)
and N is the point (10, 16). The centre of the circle lies on the line y =2Xx+1.

(i) Find the equation of the circle in the form X* +y* +ax+by+c =0, where
a, b and ¢ are constants.

(ii) Explain whether the point (9, 10) lie inside the circle. Justify your answer
with mathematical calculations.

[3]

[2]

[2]

2]

[2]

[4]

[6]

[2]

[Turn over



12

In the diagram, two circles intersect at B and F. BC is the diameter of the larger
circle and is the tangent to the smaller circle at B.
Point A lies on the smaller circle such that AFEC is a straight line.
Point D lies on the larger circle such that BHED is a straight line.
Prove that
(i) CD is parallel to AH,

(ii) AB is a diameter of the smaller circle,

(iii) triangles ABC and BFC are similar,

(ivy AC’>-AB>=CFxAC.

End of Paper

[3]
[2]
[2]
[2]



CEDAR GIRLS’ SECONDARY SCHOOL
SECONDARY 4 ADDITIONAL MATHEMATICS
Answer Key for 2018 Preliminary Examination

PAPER 4047/1
1| (10+43)em 10ii | k=3
2 x> +18X+125=0 10iii | Coefficient of X‘8=2(—2) +(-3) (%j =-9
3 2X7 —4X +x-2=(2X* +1)(x-2) i | X’ +y>—12x-26y+180=0
l . . . . . .
It is divisible by 2x* +1 with no remainder. Length of point to centre of circle = 4.24 < 5.
3 =52 +11x-11 1 N 5-3x ii Yes, the point lies inside the circle as its length
21— AP +X=2  Xx=2 2x*+1 from the centre of the circle is less than the
radius.
Y a
12i | ZAHD = ZHDC (alternate angles)
i AB is a diameter of the smaller circle
| (£ in semicircle) .
12iii Triangle ABC is similar to triangle BFC as all
m corresponding angles are equal.
BC AC . . :
—— =—— (ratio of similar triangles)
4i FC
12iv | BC?=CF xAC
BC*> = AC’ — AB* (Pythagoras' Theorem)
. .. AC? — AB” = CF x AC (shown)
5 >
4
4ii | [2.6
i | [3.6]
Using Pythagoras’ Theorem:
. 2
S (Dj +r? =35’
2
Sii | 104 000 cm® (3 s.f)
6ii | x=0.3220r x=3.46 (3s.f)
7 Ly Llen 9,3
2 10 20
8ii | 68.3 units® (3s.f)
oj | AccelerationatA=—50 m/min?
' | Acceleration at B = 50 m/min?
9ii | Greatest speed = 625 m/min
9iii | 20.8 km (3 s.f)
General term=[ j(x)24 ’ (—lj
10i r k

Since 6r is an even number, 24 —6r will be
even.




Cedar Girls’ Secondary School

2018 Preliminary Examination 2
Additional Mathematics 4047 Paper 1
Solutions

Mathematics Department

Qn

Working

1

7rrI:7z(17—\/§)
(17—@)
7-3J3
(17_\/5)>< 7+3\3
7-33  7+33
. _110+44y3
22
r=5+2J3
Diameter = = 10+4\/§ cm

r=

r =

1 1 -3
=
a f 5
3
5

11
aﬂ_S
aff =5
l+l:a+ﬁ
a B of
a+p 3

5 5
a+p=3

@+ =(a+ e’ ~ap+ )
=3{(a+ B -3

=3[(3)* -3(5)]
=-18

o' =(ap)
=125

Equation: x> +18x+125=0

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions

Page 1
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Mathematics Department

Qn

Working

3i

3ii

22X —4XP +X=2=(2X +1)(Xx=2)
It is divisible by 2x* +1 with no remainder.

=5x*+11x-11 A Bx+C
2 —4x* +x-2 x-=2 2x°+1

—5X* +11x—11= A2x> +1)+ (Bx+C)(x—2)

When x =2,

A=-1

Comparing X*: -5=2A+B

-5=-2+B

B=-3

Comparing constant: —11=A-2C

-11=-1-2C

C=5

=5x% +11x—11 1 5-3x
3 2 =T T2
2X —=4X"+X-2 X=2 2x"+1

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions

Page 2
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4ii

2
4

— | =81x
&
E:81x

X
81x* =16
xosd

9

4
X=—

9
y==6

Point of intersection = [g, 6)

Mathematics Department

Si

Sii

2
(gj +r* =357 (Pythagoras’ Theorem)

2
h—21225—r2
4

h? =4(1225-r?)

h=2+1225-r2

(shown)

V =72r’(241225-r%)

1
V =272r*(1225-r%)>
v ) 1 . .
d—=27rl’ (E(—Zr)(1225—r ) 2)+(1225-r*)2(4zr)
r

1 1
=271’ (1225-1%) 2 +47r(1225-r7%)?
1 1

2713 (1225-r1%) 2 +47r(1225-r*)2 =0
r’=2r(1225-r?)

3r’ =2450r

r=28.577 (reject r =0 and -ve r)

Using First Derivative Test,

X 28.577 (-) 28.577 28.577 (1)

. dv +ve 0 -ve
Sign of —
dr

slope / - \

V 1s maximum at r = 28.577

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions
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Maximum volume:
V = 7(28.577)* (21225 (28.577)*)
=103 688

=104 000
=104 000 cm® (3 s.f.)

Mathematics Department

Working

61

6ii

LHS: 2—seczx2 _ 2—(tan2X2+1)
2tan X+sec” X 2tan X+ (tan” X +1)

B 1—tan’® X

 2tan X+ tan’ X +1

_ (I-tanx)(1+ tan X)

~ (tanx+1)

_l-tanXx

 1+tan X

_sinX

1
___cosX

sin X
1+

Cos X
€Os X —=sin X cos X
= X

cos X €OS X + sin X
_ cosX—sin X
oS X+sin X
(shown)

cosXx—sinX 3
IX————— ==
cosX+sinXx 2

cosX—sinX 1

cosX+sinXx 2
2cos X—2sin X = cos X+ sin X

cos X =3sin X
1
tan X = —

X =0.3220r X=3.46 (3 s.f.

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions
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Mathematics Department

Qn | Working
2
7 | LY e
dx
_ 2[—le“X] +C
dx 2
W_ e
dx

Gradient at tangent at P = —%

—e372X+C=—L
10
when x=1.5
9
C=—
10
ﬂ: 3-2x 2
dx 10
y_le3’2x+ X+C
2 10
2 le3‘2“'5’+2(l.5)+c
2 10
3
C=—
20

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions
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Mathematics Department

Qn | Working
1 1
8t 1dy 35
dx 2

ii

AL, x=0, ¥ _ 4
dx
Equation OB: y=—-4x...(1)

At A, x=16, ﬂ:2
dx

y=2X+C
0=2(16)+c

c=-32
Equation AB: y=2x-32

2X—32=-4x
x:Sl

3
Sub into (1),

1
- 21—
Y 3

B= (51,—211j (shown)
3 .

3
16 =
Area of curve = ‘J.O X2 —4x dx

=102.4 units?

Area of triangle OAB = %x 16 % 21%

= 170% units?

Area of shaded region = 170% -102.4
= 68.3 units® (3 s.f)

5
= ‘F x> —2x2}
5

16

0

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions
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Mathematics Department

Qn | Working

9i | a=2t—80
v=t>—-80t+c
t=0,v=975

975 = (0)* —80(0) +¢
c=975
v=t>-80t+975

When v =0,
t* —80t+975=0
(t—15)(t-65)=0
t=15,t=65

Acceleration at a =2(15) — 80
=— 50 m/min?

Acceleration at a = 2(65) — 80
= 50 m/min?

9ii | Whena =0,
. 15+ 65
2
t=40
V = (40)* —80(40) +975
V=—625 m/min
Greatest speed = 625 m/min

Jiii Distance AB = U:tz —80t+975 dt‘

t3 65
{3—40? +975t}

15

= 20833lm
3

=20800m (3 s.f)
=20.8 km

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions
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Mathematics Department

Qn | Working

10(i) | General Term = (6j ( x* )6_r (_l X j

r

{Gor-t]

Since 6r is an even number, 24 —6r will be even.

(ii) | For independent term, 24—-6r=0=r =4

-2

15 5

k' 27
k:+4,/27;<15 =3 (as k>0)

(i) (2—3X6)( ..+ Termin x*+ Termin x> +...)

For term in X°, 24—-6r=18=r=1
1

6
Therefore, term in X* Z[J(—gj x'® = —2x'®

For term in X°, 24—-6r=12=r=2

6 2
Therefore, term in X*= (—lj x'? :éx12
2 3 3

Coefficient of X*=2(-2)+(-3) (gj -9

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions
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Mathematics Department

Qn

Working

11i

11ii

Let MN be a chord of circle.

Midpoint of MN = (1024—6 , 16;8J

=(8,12)
Gradient of MN = ig—_g

=2
Gradient of perpendicular bisector = —%
Equation of perpendicular bisector of MN:
1
-12=——(x-8
y 5 (X=8)

1
=——X+16
y 2

—lx+16=2x+1
2

X=6
y=13
Centre of circle = (6, 13)

Radius =13 -8
= 5 units

Equation of circle:
(X—6)" +(y—13)* =5
x> +y>—12x—-26y+180=0

Length of point to centre of circle
=J(9-6)* +(10-13)’

_Ji8

=4.24 units
< 5 (radius)

Yes, the point lies inside the circle as its length from
the centre of the circle is less than the radius.

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions
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Mathematics Department

Qn | Working

12i | £BDC =90° (£ in semicircle)

/BFC =90° (£ in same segment) or (£ in semicircle)
/BFA=180°-90° (adj Zs on straight line)

=90°

/BHA = ZBFA =90° (£ in same segment)

ZAHD =180°-90° (adj Zs on straight line)

=90°
ZAHD = ZBDC = ZHDC (alternate angles)
..CD// AH

12ii | £BHA=2/ZBFA=90° (£ in same segment)
AB is a diameter of the smaller circle (£ in semicircle).

12iii | Since AB and BC are tangents to the smaller and bigger circle
respectively, ZABC =90° (tan L rad)

ZABC = ZBFC
/BCA = ZFCB (common X)

Triangle ABC is similar to triangle BFC as all corresponding angles are

equal.

12iv | B¢ _AC (ratio of similar triangles)

FC CB

BC’=CFxAC

BC* = AC’ — AB* (Pythagoras' Theorem)

~. AC? — AB? = CF x AC (shown)

Cedar Girls’ Sec School - 2018 Prelim 4047 P1 Solutions
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equation ax’ +bx+¢c=0,

—b++b*-4ac

2a

X =

Binomial expansion
n n n
(@a+b)"=a" +[Ja“‘1b+(2Ja”‘2b2 + .. +(rJa”‘rbr 4. +b",

. . n n! nn-=1..n-r+1
where n is a positive integer and = = ( ) - ( )
r) ri(n-rn)! r!

2. TRIGONOMETRY

Identities
sin? A+cos’ A=1

sec’ A=1+tan’ A
cosec’A=1+cot’> A
sin(A£ B) =sin Acos B + cos Asin B
cos(A=x B) =cos Acos B Fsin Asin B

J’_
tan(A+ B) = tan A+ tan B
l1Ftan Atan B
sin2A =2sin Acos A
cos2A=cos’ A—sin® A=2cos> A—1=1-2sin’ A

tan2A = %

sin A+sin B =2sin1(A+B)cos$(A—-B)
sin A—sinB =2cos+(A+ B)sin{(A—-B)
cosA+cosB =2cos1(A+B)cosi(A-B)

cos A—cosB =-2sin4(A+ B)sin{(A—-B)

Formulae for AABC
a b c

sinA sinB sinC

a’=b*+c?>-2bccos A

AzlabsinC
2



(@)

(b)

(@

(i)

Answer all the questions.

Given that 3 lg(xi/g ) =2+2lgx—Igy, where x and y are positive numbers,

express, in its simplest form, y in terms of X.

Given that p =log, g, express, in terms of p,

1
. 1 =1
W e (qj

(i) log, 4q.

Show that di(sin Xcos X)=2cos’ Xx—1.
X

Hence, without using a calculator, find the value of each of the constants a
and b for which

Vi

jozcoszx dx=a+br.

The variables x and y are such that when values of 1 + 1 are plotted against 1 ,
X

y X

a straight line with gradient m is obtained. It is given that y = 1 when x =1

and that y=l when X=%.

(@)

(i)

(iii)

Find the value of m.

Find the value of X when i + i =3.
y X

Express y in terms of X.

[3]

[2]

2]

[4]

[2]

Cedar Girls’ Secondary School 4047/02/S4/Prelim 2018 [Turn over



4

4  The equation of a curve is Y = X’ + px*, where p is a positive constant.

(@) Show that the origin is a stationary point on the curve and find the
X-coordinate of the other stationary point in terms of p.

(ii) Find the nature of each of the stationary points.
Another curve has equation y = X’ + px* + pX.

(iii)  Find the set of values of p for which this curve has no stationary points.

5 A quadratic function f(X) is given by f(X) =k(x—2)* —(x—3)(x+2), where k is a
constant and K #1.

(i) Find the value of k such that the graph of y =f(X) touches the X-axis at one
point.

(ii) Find the range of values of k for which the function possesses a maximum
point.

(iii)  Find the range of values of k for which the value of the function never
exceeds 18.

6 (a) A substance is decaying in such a way that its mass, m kg, at a time t years
from now is given by the formula

m = 240e"*".
(@) Find the time taken for the substance to halve its mass.

(ii)  Find the value of t for which the mass is decreasing at a rate of 2.1 kg
per year.

(b) The noise rating, N and its intensity, | are connected by the formula

N = IO(Ig %) , where K is a constant.

A hot water pump has a noise rating of 50 decibels.
A dishwasher, however, has a noise rating of 62 decibels.

Find the value of Intensity of the noise from the dishwasher

Intensity of the noise from the hot water pump

Cedar Girls’ Secondary School 4047/02/S4 Prelim /2018

[3]
[3]

[3]

[3]

[1]

[3]

[3]

[3]



7
1
3 y=(6x+2)3
A, 2)
B
/
E
C
> X
o) \ -

1
The diagram shows the curve y =(6x+2)3 and the point A (1, 2) which lies on the

curve. The tangent to the curve at A cuts the y-axis at B and the normal to the curve
at A cuts the x-axis at C.

(@) Find the equation of the tangent AB and the equation of the normal AC. [4]
(ii)  Find the length of BC. [2]
(iii)  Find the coordinates of the point of intersection, E, of OA and BC. [4]

8 Itisgiventhat y, =tanXx and y, =2cos2X+1.
>i) State the period, in radians, of y, and the amplitude of y, . 2]

For the interval 0< x <27,

(ii) sketch, on the same diagram, the graphs of y, and v,, [3]
(iii)  state the number of roots of the equation |tan X|—2cos2x =1, (1]

(iv)  find the range(s) of values of X for which y, and y, are both increasing as X
increases. [2]

Cedar Girls’ Secondary School 4047/02/S4/Prelim 2018 [Turn over



X
o \
The diagram shows part of the curve,
y = tan X cos 2X,
and its maximum point M.
: dy > >
(i) Show that ™ =4cos” X—sec” X—2. [5]
X
(ii) Hence find the X-coordinate of M. [3]

(b) A particle moves along the line y=1In, / 5X2 in such a way that the
X —

X-coordinate is increasing at a constant rate of 0.4 units per second.
Find the rate at which the y-coordinate of the particle is increasing at the
instant when X =2.5. [3]

Cedar Girls’ Secondary School 4047/02/S4 Prelim /2018



7
10 (@)  The function fis defined for all real values of X by f(x) =e> —3e~*.

(i) Show that f'(x) >0 for all values of x. 2]
(ii) Show that f"(x) = hf(x), where h is an integer. [2]

(iii) Find the value of X for which " (X) =0 in the form x= plnq,

where p and q are rational numbers. [2]

=2X

(b)  The function g is defined for all real values of X by g(x)=e>* +3e

The curve y = g(x) and the line X = lln 3 intersect at point Q.

Show that the y-coordinate of Q is k3, where k is an integer. [2]

11  Solutions to this question by accurate drawing will not be accepted.

. A(2,7)

C(6,5)

O B0 X

The diagram, which is not drawn to scale, shows a triangle ABC with vertices
A2, 7), B(1, 0)and C (6, 5)respectively. E and F are points on BC and AC
respectively for which AE is perpendicular to BC and BF bisects AC.

G is the point of intersection of lines AE and BF.

Find

(i) the coordinates of G, [4]
(ii)  the coordinates of the point D such that ABCD is a parallelogram, [2]
(iii)  the area of ABCD. [2]

Cedar Girls’ Secondary School 4047/02/S4/Prelim 2018 [Turn over
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@) P

The diagram above shows a quadrilateral in which PX=a m and QX =b m.
Angle OQX = Angle OPX = #°and OQ is perpendicular to OP.

@) Show that OP =acos@+bsin6. [3]

(ii) It is given that the maximum length of OP is V5 m and the corresponding

value of 6 15 63.43°.
By using OP = Rcos(€—«), where R >0 and @ is acute, find the value

of a and of b. [5]

(iii) Given that OP = 2.15 m, find the value of & . [2]

End of Paper

Cedar Girls’ Secondary School 4047/02/S4 Prelim /2018
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PAPER 4047/02

10
la = ﬁ 8(i) Period of Y, = 77 radians
1bi -p Amplitude of Y, =2
bii 2+3p 8(ii) y? | |
1 -
2ii a:—,b:l 3 : y = 2cos2X+1 1
4 8 !
3(i) m=-3 -1 LN SR W
1 1
3 . X —— T
W) 3 41\
i) X : |
iii = I
Y 10x—4 ! !
2 p 1 |
4(i X=——
(i) 3
4(ii) (0, 0) is a minimum point. 8(iii) 4
maximum point at X = _23_p 8(iv) % <X<r, 377[ <X<2mw
4(iii) | {p:0<p<3} 9a(ii) 0.452 or 25.9°
5(i) Kk = 25 9b —0.32 units per second
16
5i) | k<l 10a(iii) | y - %m 3
5Gii) | k< Ll 10b 23
56
6ai 17.3 years 11@) G(3%,54)
6aii t=38.0 11(ii) (7,12)
6b 15.8 11(iii) 30 sq units
7(3i) Eqnof AB: y=1x+2 12 (ii)) | a=1.00, b=2.00
Eqn of AC: y=-2x+4 12(iii) | =79.4 or47.5
7(ii) 2.5 units
7(iii Coordinates of E = o ll
(i) 1 11




Cedar Girls’ Secondary School

2018 Preliminary Examination 2
Additional Mathematics 4047/2
Solutions

Mathematics Department

Qn | Working

Marks

Total

Remarks

la 31g(x{/§)=2+2lgx—lgy
3lgx+Igy=2+2Igx-Igy
lgx+2Igy=2
lg(%*) =
xy> =10° =100

100 10 104/x

X X X

b(i) loggéz log,1-1log, q

b(ii) | log,4q=1og,4+log,q
| logy g

log, 2
=24+3p

Total

[3]

[2]

[2]
[7]

; d, .
2(i) —(sinXxcos x)
dx
= sin X (—sin X) + cos X (cos X)
=cos® X —sin* X
=cos’ X—(l—cos2 x)
=2cos’ x—1

(iii) _[OZ(ZCOSZ x—l)dX =[sin xcos x]z

IOZ(ZCOS X)dx — Jozldx s1anosX]0%

2 2

1
22 2

SN

2.[5(2 cos’ X)dX :%+[X]

J'Oz(cos2 X)dX:i—i-% = a:i, b:é

Total

[2]

[4]
[6]

Cedar Girls’ Sec School - 2018 Prelim 2 4047 Paper 2 Mark Scheme
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Qn | Working Marks Total Remarks

3() | The linear equation is 1 + 1 =m [1] +C
y X

Subst y:% and x=1,

6+l=m+c=>m+c=7

Subst y:land le
2 2

2+2=2m+c=2m+c=4

m=-3 and c=10 [4]
(ii) Since§+§:3:>l+l:1,
y X y X
1= 410> x=1 [2]
X 3

(i) l+l:—3(lj+1o
y X X
X+y —3+10x

Xy X
X
T 10x—4 [2]

y

Total [8]

Cedar Girls’ Sec School - 2018 Prelim 2 4047 Paper 2 Mark Scheme Page 2
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Mathematics Department

Qn

Working

Marks

Total

Remarks

4(1)

(i)

(iii)

y:X3+ sz
%=3x2+2pX=X(3X+2p)
X

dy

For stationary point, i =0
X

.'.X:00rX=—2—p
3

When x=0, y=0.

Therefore, (0, 0)is a stationary point.

The other x-coordinate of stationary point is
2p

3

X =

d’y
S _6x+2
dx? P
d’y
When x=0, 4 =2p>0asp>0
X

=

Therefore, (0, 0)is a minimum point.

When X:_sz’

d’y 2p
W:6(_T)+2p:—2p<0as p>0

Therefore, there is a maximum point at X = ——

y =X+ pXx’ + px

ﬂ:3x2+2px+ P
dx

Since ﬂio, b* —4ac <0
dx

(2p)* -4(3)(p) <0
4p*-12p<0
4p(p-3)<0

The setis {p:0< p<3}

Total

[3]

[3]

[3]
[9]
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Cedar Girls’ Secondary School Mathematics Department

Qn | Working Marks Total Remarks

5() | fix)=k(x=2)" = (x=3)(x+2)
=K(X> —4x+4)—(X* —x—6)
=kx* —4kx +4k — x>+ X+6
=(k=1D)x*+(1-4k)x+4k +6

Since it touches the x-axis at one point, b*> —4ac =0
(1-4k)* —4(k —1)(4k +6)=0

25-16k =0
_2 [3]
16
(i) | k<1 [1]

(i) | (k—1)x*+(1-4k)x+4k +6<18
(k—1)x* +(1-4k)x+4k -12<0
b*-4ac<0 and k <1

(1-4k)* —4(k—1)(4k -12) <0 and k <1
56k —-47<0 and k <1

kﬁﬂ and k <1
56

The solution is k < 47 [3]
56

Total [7]
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Cedar Girls’ Secondary School

Mathematics Department

Qn | Working Marks Total Remarks
6a(i) | Whent=0, m=240
When 240e"*" =120
e =0.5
t— In0.5
—0.04
t=17.3
No. of years = 17.3 [2]
a(ii) C;—T = 240(=0.04)e ™ = 9,6 "
—9.6e" =21
2.1
™96 3]
t= —~=38.0
—0.04
b IOIg(I—P]=50:>(I—Pj=105
k k
where |, = intensity of pump
lgI—D i 62 7 6.2= b 10%?
k 10 k
where |, = intensity of dishwasher
I 62 3]
I, 10 : K =15.8
I, 107k
Total [8]
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Cedar Girls’ Secondary School

Mathematics Department

Qn | Working Marks | Total Remarks
1
(M) | y=(6x+2)3
dy 1 2 2
&:§(6X+2) 306 = 2 Use of chain rule
(6x+2)3
dy 2 1
When x=1, —== 2= 5 Correct substitution
(6(1)+2)3
Eqnof AB: y—2=1(x-1)=>y=1x+3
Eqn of AC: y—2=—2(x—1):> y=-2X+4 [4]
7ii | When x=0, y=1.5
Coordinates of B = (0,1.5)
When y=0, 2x+4=0=x=2
Coordinates of C = (2, 0)
BC =+/1.5* +2° = 2.5units [2]
il | Gradient of OA = ?—_8 =2
Therefore, eqn of OA : y =2X
Gradient of BC _1S = 3
-2 4
3 3
Therefore, eqn of BC: y = 2 X +5
At E,
2X=——X+—
11x 6
— == X=—
4 11
6 12 1
y (1 IJ 11 11 [4]
) 6 .1
Coordinates of E=| —,1—
11 11
Total [10]
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Cedar Girls’ Secondary School

Mathematics Department

Qn | Working Marks | Total Remarks
8i | Period of y, = rradians
Amplitude of y, =2 [2]
ii
............. y A } N
3 [ y = 2cos2x+1
_1_____ ___/-_. H X
\S A 7 T
— I - lr'
|
[}
|
V4 kY4
. —<X<7m —<X<2r7
Vo2 2 121
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Cedar Girls’ Secondary School

Mathematics Department

Qn

Working

Marks

Total

Remarks

9a(i)

(i)

y = tan X cos 2X

dy .
o tan X (—2sin 2X) + cos 2X(sec2 X)

sin X

(—2><2sin X Cos X)+(2cos2 X—l)(
cos X

=—4sin® X+2—sec’ X

=—4(1-cos” X)+2 —sec’ X

=4cos’ Xx—sec’ X—2

When ﬂ =0,
dx

4cos’ X—sec’ x—2=0
4¢cos* x—2cos’ x—1=0
2+ JA—4(4)(—1)

8

cos’ X =

=0.80902

cos X =0.89945

X=0.452 or 25.9°

The x-coordinate of M is 0.452.

y:%[lnSX—ln(X—2)]
CITEARTEE
dx 2\5x) 2\x-2
1

2x  2(x-2)

& _dy &
dt dx dt

When x=2.5, ﬂ= (l—;jx0.4 =——=-0.32

dt |5 2(0.5)
The rate is —0.32 units per second.

1

COS2 X

8
25

J

Total

[5]

[3]

[3]
[11]
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Cedar Girls’ Secondary School

Mathematics Department

Qn

Working

Marks

Total

Remarks

10(a)(@)

(i)

(iii)

(b)

f(x)=e> -3¢
f'(x) =2e™ + 66
Since € >0 and e >0, f'(X)>0

f"(x)=4e” —12e =4(e™ -3¢ ™)
Therefore f" (X) =4f(X)

eZX _3972X — 0

4xlne=1In3

X=—1In3

g(x)=e> +3e7,

When X:%ln3,

g)=¢e * tke

3
=3+-—=23
NE]

=e? +ke?

Therefore the y-coordinate is 243,

Lin3) —2(%ln3) Lins Lin3

Total

[2]

[2]

[2]

[2]

8]
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Cedar Girls’ Secondary School Mathematics Department

Qn | Working Marks Total Remarks
11i NﬁdpmeﬁAC,ingié, Ziij:(¢6)
2 2
Gradient of BF _670 =2

EgqnofBF: y—-0=2(x-1)= y=2x-2

Gradient of BC = 56;(1) =1

Gradient of AE = -1
Eqnof AE: y—7=-1(X-2)= y=-X+9

—X+9=2x-2
Xx=32

L y=-33+9=51
G(32,51) [4]

(ii) | Let (x, y) be coordinates of D.

I+x 0+y
—2 1 1=(4,6
( 2 ’ 2 j ( 2 )

=>x=7,y=12
Coordinates of D = (7,12) [2]

2 1 6 7 2 2
(i) | Area of ABCD = — =30 5q units [2]
2 0o 5 12 7

Total [8]
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Cedar Girls’ Secondary School Mathematics Department

Qn | Working Marks | Total Remarks

12 Q

0]

[ @ ]

B | cos0=F = 5P —acosd
a

sinﬁz%:OS =bsin@

OP =SP +0S
OP =acos@ +bsiné. [3]

(i | VR=va’+b’=a’+b’=5

Max. value of OP occurs at @ = 63.43°.

cos(@—a)=1=20-a=0=>a=0=63.43

tana = E = E =1tan63.43=1.9996 = b =1.9996a
a a

Subst b=1.9996a in a’+b* =5

a’+(1.9996a)’ =5=a=1.00

~b=2.00 [5]

(iii) | cos@+2sind=2.15
J3 cos(0 - 63.43) =2.15

(60—-63.43)=cos™ (gj

V5

0=79.4 or47.5 [2]

Total [10]
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2

Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+¢=0,

_ —b++b’—4ac

2a

X

Binomial expansion

(a+b)" =a" +(Tja“b+(;ja“b2 +...+(:ja“br +...+b",

. o n n! nn-1...n—r+1)
where N is a positive integer and = =
r) ri(n-r! r

2. TRIGONOMETRY

Identities
sin® A+cos> A=1
sec> A=1+tan”> A
cosec’A=1+cot’ A
sin(A+ B) =sin Acos B £ cos Asin B
cos(A+ B) =cos Acos B ¥sin Asin B
tan A+ tanB
lF¥tan AtanB
sin2A=2sinAcosA
cos2A=cos’ A—sin’ A=2cos’ A—1=1-2sin’ A

tan(A+B) =

tan2A=ﬂ
1—tan” A

Formulae for AABC
a b c

sin A B sin B B sinC
a’=b?+c?—2bccosA

= labsinC
2
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2
1 The straight line y—1=2m does not intersect the curve y = x + m
X

Find the largest integer value of m. [5]

Solutions

y=2m+1 ——(1)

2
y =X+ mo_ -(2)
X
m2
(1) =(2): x+—=2m+1 [M1]
X
X* —2mx—x+m’* =0
X* —2m+1)x+m’ =0 [M1] -- simplification
Line does not intersect curve, b> —4ac < 0
[-2m+1)]* —=4(1)(m*) < 0 [M1]
2m+1+2m)2m+1-2m)<0
4m+1<0
m < 1 [A1]
The largest integer value of mis —1. [A1]

2 Theline 2y +x =5 intersects the curve y*> = 6—xy at the points P and Q.
Determine, with explanation, if the point (1, 2) lies on the line joining the midpoint of PQ and 5]
(3,1).

Solutions

X=5-2y -—--(1)
Sub (1) into y* =6— Xy

y* =6-(5-2y)y [M1] - Substitution
y:-5y+6=0
(y=3)(y-2)=0
Hencey=3 or y=2 [A1]
Correspondingly, x=5-2(3) or x=5-2(2)

X=-1 or Xx=1

The coordinates of P and Q are (-1, 3) and (1, 2).

Midpoint of PQ = (‘12” , %} = (0,2.5) [A1]
. C e . y—-1 x-3
Equation of line joining midpoint of PQ and (3, 1) is TR [M1]

2 2

1 5
Whenx=1, y=—0D+= =2
y 2() >
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4
Therefore, the point (1, 2) lies on the line joining midpoint of PQ and (3, 1) [A1] — conclusion

Alternative method

Let R be the coordinates of the midpoint of PQ, S be the point (3, 1) and T be the point (1, 2).
Find gradient of RT and gradient of RS and conclude that point T lies on RS due to
collinearity.

3 (i) Sketch on the same graph y =|3cos2x| and y+3ix=2 for 0<x<r.
VA

[3]
(ii) Hence, showing your working clearly, deduce the number of solutions in
|c052x|—3+8—X=0 in the interval 0 < x< 7. [2]
3 3z
Solutions
(1)
. . . Ly =[3cos2x|
%\ o
\ "»M‘.‘\
2> B 8 =
H"M_H_‘_a‘y - ; X=2
H\x
. B
\\-\"‘-.
“‘a\x
=

Correct shape and amplitude (B

Correct period and X-intercepts [B1]

Straight line drawn correctly [B1]

Minus 1m if eqn of graphs and/or axes are not labelled.
(i1)) |cos2X| —£+8—X =0
3 3z

|3c0s2x|=2—§x
V4

y=2- 8 X (y-intercept = 2; X-intercept = 2 + 8 =%) [M1] —stiine NOT required
7T 7T

There is one solution. [Al]
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4 (i) Find the value of @ and of b if the curve f(x)=ax+ b where X # 0 has a stationary
X

point at (-2, —8). (4]
(ii) By considering the sign of f '(X), determine the nature of the stationary point. [2]
Solutions
(1) f(x)=ax+ b Sub x =-2, f(x) =8
X
-8=-2a- b
2
4a+b=16 ---- (1) [B1]
f'(x)=a—£2. When x=-2,f'(x) =0 [MI1]—for f'(x)
X
0= a—% = b=4a----(2)
Sub (2) into (1): 4a+4a=16 [M1] — solve simultaneous equations
a=2
Hence b =2(4) =8 [A1] — both correct
i)  f=2-2
X
X -2- -2 -2"
Sign of f'(X) + 0 —
Sketch of / — \
tangent

[M1] — First derivative test
(—2, — 8) 1S a maximum point. [A 1] — Awarded only with correct first derivative test

5  Itis given that I f ' (x)dx =§ — sn;kx +C where ¢ is a constant of integration, and that
2 7 1
S (X dx=—-——.
J-O *) 16 8
i) Show that k=4.
(i) Hence find f '(X), expressing your answer in sin’ px , where p is a constant. [2]

(iii) Find the equation of the curve y = f(X) given that the point (% , Oj lies on the curve. [2]
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Solutions
z T 1
) [PF'(X)dx=——-—
() [ froodk=omg
% sink(”j
8 _ 8) = 1 [M1]
2 8 16 8
sin(k—ﬁjzl
8
ke x
oL Al
8 2 (ALl
k=4 (shown)
(i) [ 1 o dy =2 S
2
fr'(x)= %—é(4 cos 4X) [M1] -- Differentiation
Zl—lcos4x
2 2
= l—1(1—2s,inzzx)
2 2
= Sil’l2 2X [Al] — Upon correct application of double angle formula
X sin4x
(i) [ froodx=f(0=>-
2
At[ﬁ,o], 0=2—0+c [M1]
4 8
T
C:__
8
X sindXx o«
fX)=———--— Al
(%) SR - [AT]

6 (3 The length of each side of a square of area (49+20\/g ) m? can be expressed in the

form (\/E +/d ) m where C and d are integers and ¢ <d .
Find the value of ¢ and of d. [3]

(b) A parallelogram with base equals to (4 -J12 ) m has an area of (22 —J48 ) m?.
Find, without using a calculator, the height of the parallelogram in the form
(p+av3) m 3]
Solutions

(a) (JE+JE)2 = 49+ 2046

c+d +2+/cd =49+206 [M1] — correct expansion
c+d =49
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d=49-c---- (1)
2@ = 20\/6 = cd =600 ---- (2) [Ml] — compare rational and irrational terms
Sub (1) into (2),

c(49 —c) = 600

¢’ —49¢c+600=0

(C—25)(c—24)=0

Since c<d, c=24,d=25 [A1] — Both correct
(b)  Height= 22-4V3 . 4+2V3 [M1] — Rationalise denominator
4-23 4+23

_ (22-43)(4+243)
4’ —4(3)

= %(88 + 44\/5 —16\/5 - 24) [M1] — correct expansion

1

- Z(64 +2843)

=(16+73)m [Al]

7  The diagram shows part of the graph y=a|x+b|+c. The graph cuts the x-axis at
A (p, 0) and at B (0.5, 0). The graph has a vertex point at V (-2, 5) and y-intercept, d.

y

A

V(=2, 5)

y=alx+b|+c

d

\ B(O0.5,0)
/A(p, 0) \

(i) Explain why p=-4.5.

[1]
[4]

(ii) Determine the value of each of a, b and c.

(iii) State the set of values of k for which the line y = kx + d intersects the graph at two
distinct points.

[2]
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Solutions
. p+0.5
1 =-2
(i) 5
p=-4.5
(1))  y-coordinate of vertex point, c =5
b=2
y=a|x+b|+c
y=a|X+2|+5
AtB, 0=a|0.5+2]+5
a=-2
. _ 5-0
(ii1))  Gradient of AV = =2
-2+45

Gradient of VB = -2
Hence —2<k <2

(i) Differentiate X’ Inx with respect to X.

[B1]

[B1]
[B1]

[Ml]
[A]

[B1]— Any one
[B1]

2]

2
(ii) Hence find J. X ;nx dx. [4]
Solutions
) i(x3 Inx)=x (lj +(In X)(3x%) [M1] — Product Rule
dx X
= x> +3x’Inx [Al]
(i) i(x3 Inx)=X"+3%" InX
dx
2 2
XX _19 ommy-X [M1]
2 6 dx 6
2
IX InX dx = Ly lnx—lj.xzdx
2 6 6
[M1] [M1]
le3lnX—LX3+C [Al]
6 18
(@)  If 32Y x5% =2%*" x5! determine the value of 10Y. 3]
(b) (i) Sketch on the same axes, the graphs of y=x" and y = J3x. [2]

(ii) Find the point of intersection between the graphs.

2018 Prelim S4 AMath P1
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Solutions
32 x 5% =V i 53!

2% x 5% =2%(2*)x 5% (%) [M1] -- splitting

27 5V 1
T (2% x [g) [M1] — using Laws of Indices
2 x5 =10 =22 [Al]
[B1][B1] — axes and eqns must be labelled.
Graph does not level off for Y = \/& .
y=+3x
> X
@)
F =+/3X
1 .
& =3X [M1] — square both sides
1
X=§/;=0.80274 [A1]
y= _ L 1.55
0.80274>
The point of intersection is (0.803, 1.55). [A1] -3 s.f.
10 (i) Express X+l in partial fractions
P X(X+3)* — (X +3) P ' [5]
.. 3 X+1 . .
(ii) Hence find the value of .[ > -~ dx giving your answer to 2 decimal
2 X(X+3)" —(x+3)
places. (3]
Solutions
Q) x2+1 - X+1 - A+ B N C : [M1]
X(X+3)"—(x+3)" (X-D(x+3)" x-1 x+3 (x+3)

X+1=A(X+3)" +B(x=1)(x+3)+C(x-1)
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10

Sub x=-3: -2=C(+4) = C:% [A1]
Sub x=1: 2=A(6) = A:% [A1]
Sub x=0: 1—( j(9)+B( 1)(3)+( j( D) = B——% [A1]
x2+1 - X+1 - 11 N 1 : [AI]
X(X+3)"=(x+3)" (X=-D(x+3)" 8(x-1) 8(x+3) 2(x+3)
(i1) r X2+1 > dx= r L1 + ! - dx
2X(X+3)"—(x+3) 28(x—1) 8(x+3) 2(x+3)
= D ingx- 1)——1n(x 3)+ 1(X+3) }
8 -1 ],
[Ml]—Any [M1]
11 !
8 x+3 2 (x+3)
1
= In-—-—(“ln-——-—
8 3 12 (8 5 10)
=0.08 (to 2 d.p.) [A1]
11 (a) Show that i(coté’) 2 =
dé ~ sin?@’ 2]

(b) In the diagram below, a straight wooden plank PQ, of length 12.5 m is supported at an
angle @ to a vertical wall XY by a taut rope fixed to a hook at H.
The length of the rope BH from the wall is 2.7 m. The end P of the plank is at a vertical
height h m above H.

l 1 27m
----- E:::::E: H

12.5m
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2.7cos@

(i) Show that h=12.5cosf ——
sin @

(i) Using part (a), determine the value of sin& for which % =0.

(iii) Hence or otherwise, show that as € varies, h attains a maximum value and find

this value.
Solutions
d d (cos@
—(cotld)=—
@ 5(t0) de(smej
_ sin&(=sin#) —cos f(cos &)
sin” @
_ —(sin’ @+cos’ 0)
sin® @
1
= - g (shown)
Method 2

dig(cot 0) = dig(tan 6’)71

= (=1)(tan @) (sec’ )

_ o [cos’o 1
= ( l)[sinzé’](coszﬁj

: 1
sin’ @

(b)(1) cos@ = % = XY =12.5cos @

tan @ _27 gy 27 _ 2.7.cos¢9
BY tan @ sin @
h= XY -BY
=12.5cos@— 2'7.0050
sin &
(i) N o5sing-27 1(0959]
deo dé\ sin@
= —12.5sin 0 +— '2
sin” @
dh 27 _,

—=0= -12.5sin0 +—;
do sin” @

Crescent Girls’ School 2018 Prelim S4 AMath P1
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2]

[3]

[M1] — Quotient Rule

[A1] -- sin*@+cos’ =1

[M1] — Chain Rule

[A]

[M1] -- either XY or BY

[A1] — clear working above

[M1]
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sinf =3 2.7
12.5
=0.6 [AT]
(ii1)
. 3 .. 4
smé’:g giving rise to cosﬁzg [M1]
2
d T:—12.5c050—5'%c?sa
do sin” @

s4( 1)
——= =-30<0

5)

[M1] — verify max

g

Max h=12.5(0.8)~ 278 _ 64 [A1]
(0.6)
Alternative method
6 =36.870°
d’h s
Y =—12.5cos@+2.7(-2)(sin ) (cos )
= —12.5cos @ — 5.‘? CSS 4 [M1] — first or second derivative test
sin” @
When 6 =36.870°,
2 (o}
2 2 — _12.500836.870° — 2% °§’S36'87? —30.0<0  [MI1] - verify max
do sin” 36.870
h is maximum when @1is 36.870°.
Maximum h = 12.5cos 36.870° — 2/<0836-870
sin36.870°
=6.40 m [Al]
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Solutions to this question by accurate drawing will not be accepted.

12 The figure shows a quadrilateral PTSR for which P is (2, 4), T is (-3, 0), S is (-5, @), R is
(—=2k, 12-3k) and angle QPT is a right angle. RQP is a straight line with point Q lying on the

y-axis.

A,
R (<2k, 12-3Kk) |

S(-5,a)

P(2,4)

U T (=3, 0) 0

(i) Find the value of k.

(ii) Given that angle STU = 45° | determine the value of a.

(iii) A line passing through Q and is perpendicular to TS cuts the x-axis at V.

Find the value of VR

Solutions
(1) Gradient of PT =§
Gradient of PR, 12-3k-4 __3 M1
-2k -2 4
4(8-3k) =5(2k +2)
22k =-22
(i)  angle STU =45° = gradient of ST =1 [M1]
a-0
=-1 Al
—5+3 [Al]
a=2

Crescent Girls’ School

2018 Prelim S4 AMath P1

[2]
2]

[5]
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(iii)  Equation of PR is y—4:—%(x—2) [M1]
~4(y—4) =5(x~2)
4y+5x=26
AtQ,x=0
4y =26 = y=6.5

Q(0,6.5) [Al]
Equation of line passing through Q and perpendicular to TS is
y—6.5 :_—1(x—0)

y=X+6.5 [M1]
AtV,y=0. Hence x=-6.5
V(=6.5, 0) [Al]
VR =(-2+6.5)* +9°
=101.25 [Al]

END OF PAPER
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2

Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax”* +bx+c=0,

_ —b£+b’-4ac

2a

X

Binomial expansion

n n n
(a+b)" =a" +(Ja“b+(2Ja“b2 +...+(Ja’”br +...+b",

n n! nn-1)...(n—r+1
where N is a positive integer and = = (n=1)..( )
r) ri(n—-r)! g

2. TRIGONOMETRY

Identities
sin® A+cos> A=1
sec’ A=1+tan” A
coseC’A=1+cot* A
sin(A+ B) =sin Acos B = cos Asin B
cos(A+ B)=cos Acos B Fsin Asin B
tan At tan B
1F¥tan AtanB
sin2A=2sin AcosA
cos2A=cos’ A—sin® A=2cos> A—1=1-2sin* A

tan(A£B) =

tan2A:2ta—nf\
1—tan” A

Formulae for AABC
a b c

sinA sinB sinC
a’=b*+c?—-2bccos A

A= labsinC
2

Crescent Girls’ School 2018 Prelim S4 AMath P1



2

1 The straight line y—1=2m does not intersect the curve y = x+—.
X

Find the largest integer value of m. [5]

2 Theline 2y +x =5 intersects the curve y* =6—xy at the points P and Q.
Determine, with explanation, if the point (1, 2) lies on the line joining the midpoint of PQ and

3,1). 5]

3 (i) Sketch on the same graph y =|3cos2x| and y+3iX=2 for 0<x<rx. 3]
7

(ii) Hence, showing your working clearly, deduce the number of solutions in

|cos2x|—§+§—xzo in the interval 0 < x< 7. [2]
Vs

4 (i) Find the value of @ and of b if the curve f(x)=ax+ b where X # 0 has a stationary
X
point at (-2, —8). [4]

(ii) By considering the sign of f '(x), determine the nature of the stationary point. [2]

5  Itisgiven that J- f ' (x)dx =§ -~ s1r;kx +C where C is a constant of integration, and that
z r 1
SF(x)dx=———.
J-O *) 16 8

(i) Show that k =4. 2]

(i) Hence find f '(X), expressing your answer in sin’ pX , where p is a constant. [2]

iii) Find the equation of the curve y = f(Xx) given that the point z ,0 | lies on the curve. [2
q g p 1 [2]
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6 (a) The length of each side of a square of area (49+ 204/6 ) m? can be expressed in the

form (\/E +/d ) m where € and d are integers and ¢ <d .
Find the value of ¢ and of d. [3]

(b) A parallelogram with base equals to (4 -J12 ) m has an area of (22 ~J48 ) m?.

Find, without using a calculator, the height of the parallelogram in the form

(p+av3) m 3]

7  The diagram shows part of the graph y=a|x+b|+c. The graph cuts the X-axis at
A (p, 0) and at B (0.5, 0). The graph has a vertex point at V (-2, 5) and y-intercept, d.

y

A

V(=2, 5)

y=alx+b|+c

d

\B(O.S, 0
/A(p, 0) \ '

(i) Explain why p=-4.5. (1]

(ii) Determine the value of each of a, b and c. [4]

(iii) State the set of values of k for which the line y = kx+d intersects the graph at two
distinct points.

[2]

8 (i) Differentiate X’ Inx with respect to X. [2]
. x> In X
(i) Hence find J. 5 dx . [4]
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9 (@ If32Yx5Y =2""x5"" determine the value of 10 . 3]
(b) (i) Sketch on the same axes, the graphs of y=X" and y = J3x. [2]
(ii) Find the point of intersection between the graphs. [3]

X+1

10 (i) Express in partial fractions.

X(X+3)> —(X+3) [5]
.. 3 X+1 . .
(ii) Hence find the value of _[ > > dx giving your answer to 2 decimal
2 X(X+3)" —(x+3)
places. [3]
11 (a) Show that i(cot )= L
do sin’ @’ [2]
(b) In the diagram below, a straight wooden plank PQ, of length 12.5 m is supported at an
angle @ to a vertical wall XY by a taut rope fixed to a hook at H.
The length of the rope BH from the wall is 2.7 m. The end P of the plank is at a vertical
height h m above H.
X P
B i H
12.5m
v i
Q™
2.7cos 8
i) Show that h=12.5cos ————.
® in0 2]
. . . . .. dh
(ii) Using part (a), determine the value of sin & for which a0 =0. 2]
(iii) Hence or otherwise, show that as @ varies, h attains a maximum value and find
this value. [3]
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Solutions to this question by accurate drawing will not be accepted.

12 The figure shows a quadrilateral PTSR for which P is (2, 4), T is (-3, 0), S is (-5, @), R is
(—2k, 12-3k) and angle QPT is a right angle. RQP is a straight line with point Q lying on the

y-axis.
AY
R (-2k, 12-3k)
Q
P(2,4)
S (_5’ a)
— X
U T(-3,0) 0

(i) Find the value of k. 2]
(ii) Given that angle STU = 45° | determine the value of a. 2]

(iii) A line passing through Q and is perpendicular to TS cuts the x-axis at V.

Find the value of VR?. [5]

END OF PAPER
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2018 CGS A Math Prelim Paper 1 Answer Key

Qn Ans Key
1 m=-1
Yes
\ v =|3cos2x
3(i) TG
e O
&2 Y E_\ =7
3(ii)) | 1 solution
4(1) a=2;b=8
4(ii)) | Maximum point
5(i1) sin” 2X
X sind4x 7«
5 cee f X L _>2""_~
(iii) (X) > TTs 3
6(a) c=24;d=25
6(b) | h=(16+7/3)m
73Gi) | a=-2;b=2;c=5
73i) | 2<k<2
8() | x*+3x*Inx
8(ii) e x—Lx e
6 18
9(a) |3.2
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y=~3x
9(b)(1)

\ 4
=

(0]
9(b)(ii) | (0.803, 1.55)
o L1
O | 8x=D) 8(x+3)  2(x+3)’
10(ii) | 0.08
NEE
11(b)(ii) | sinf = 3
11(b)Gii) | h=6.4m
12() | k=
12(ii) | a=2
12(iii) | 101.25
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+c =0,

_ —b++b”—4ac

2a

X

Binomial expansion

(a+b)" =a" +[Tja”1b+(2ja“b2 +...+(:ja“br F..4Db",

) L n n! nn-10...n—r+1)
where N is a positive integer and = =
r) ri(n-r! r

2. TRIGONOMETRY

Identities
sin® A+cos® A=1
sec’ A=1+tan” A
cosec’A=1+cot’ A
sin(A+ B) =sin Acos B £+ cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B
tan A+ tanB
l1Ftan Atan B
sin2A=2sin Acos A
cos2A=cos’> A—sin* A=2cos’ A—1=1-2sin* A

tan(A+B) =

tan2A = M
1—tan” A
Formulae for AABC
a b c

sinA sinB sinC
a’=b?+c?—-2bccos A

AzlabsinC
2
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5
1 (i)  Write down and simplify the first four terms in the expansion (2X - —2) in
X

descending powers of X, where p is a non-zero constant. [3]

5
(i) Given that the coefficient of X' in the expansion (4X3 - 1)(2X - %j is —160p°,
X

find the value of p. [4]

2 Variables x and y are related by the equation y = ax” +3 where a and b are constants.
When lg(y —3) is plotted against Ig X, a straight line is obtained. The straight line

passes through (-2.5, 8) and (3.5, —4). Find

(i) the value of a and of b, [5]

(i)  the coordinates of the point on the line when X =10°. [3]
bS

3 (a) Giventhat x=1log,a and y =log, b, express log, Y7ot in terms of X and y. [3]
a

(b) Solve the equation log, (5x+3)" ~log,, 2 =1. [5]

4 () The roots of the equation 2X* + px—8 =0, where p is a constant, are « and f3.

The roots of the equation 4X* — 24X +(q =0, where q is a constant, are o + 23
and 2o + £ . Find the values of p and g. [6]

(ii) Hence form the quadratic equation whose roots are o and /. [3]

5 The equation of a circle C is X* +y* —12x—8y—13=0.
(i) Find the centre and radius of C. [3]

(ii) Find the equation of the line which passes through the centre of C and is
perpendicular to the line 4x+7y =117. [3]

(iii) Show that the line 4x+7y =117 is a tangent to C and state the coordinates of
the point where the line touches C. [5]
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6 (a) A cartravelling on a straight road passes through a traffic light X with speed of
90 m/s . The acceleration, a m/s” of the car, t seconds after passing X, is given
by a =20 —8t. Determine with working whether the car is travelling towards or
away from X when it is travelling at maximum speed. [4]

(b) A particle moving in a straight line such that its displacement, s m, from the
fixed point O is given by S = 7sint —2cos2t, where t is the time in seconds,
after passing through a point A.

(i) Find the value of t when the particle first comes to instantaneous rest. [5]

(ii) Find the total distance travelled by the particle during the first 4 seconds of

its motion. [3]
. d({ x+2 X—4
7 () Show that _( j _ . 3
dx\Vx-1) 2(x-1)
N
12(x—4 x=135
)= (x-4)
Je=1)? M
K > X
0] 4/5\
. ) 12(x—4)
The diagram shows the line X =15 and part of the curve Yy = ——=—==. The curve

Jx=1)>

intersect the x-axis at the point A. The line through A with gradient ry intersects the

curve again at the point B.
. . : . A2
(i) Verify that the y-coordinate of B is 25. (4]

(iii) Determine the area of the region bounded by the curve, the x-axis, the line
X =15 and the line AB. [4]
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4x-3

8 A curve has equation given by y =——.
€

2x-3
€

[2]

(D  Show that dy =
dx

(i)  Given that X is decreasing at a rate of 4e” units per second, find the exact rate
of change of y when X =1 . [3]

(iii) The curve passes through the y-axis at P. Find the equations of the tangent and
normal to the curve at point P. [4]

(iv) The tangent and normal to the curve at point P meets the X-axis at Q and R
6

respectively. Show that the area of the triangle PQR is e(j units” . [3]
9 (a) Prove that cosec*x—cot* x=2cosec’x—1. [3]
(b) Solve the equation 6tan2x+1 = cot2x , for the interval 0 < x <180°. [5]
(©
D —
X

An object is connected to the wall with a spring that has a original horizontal
length of 20 cm. The object is pulled back 8 cm past the original length and
released. The object completes 4 cycles per second.

() Given that the function X =8cos(azt)+b , where x is the horizontal

distance, in centimetres, of the object from the wall and t is the time in
seconds after releasing the object, find the values of a and b. [2]

(ii) Find the duration of time for each cycle such that the object is more than
27 cm from the wall. [3]
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10 B

Y

Given that AD and BC are straight lines, AC bisects angle DAY and AB bisects angle
DAX, show that

(i) AC’=ECxBC, [3]

(ii) BC is a diameter of the circle, [3]

(iii) AD and BC are perpendicular to each other. [3]
END OF PAPER

Crescent Girls’ School 2018 Prelim S4 AMath P2



Answer Key for Paper 2

2 3
1G) | 325 —8opx? + S0P~ 40P,
X X
Gi) | p=05
2G) | a=1000, b=—2
() | (6,-9)
5

3a) | Sy-4x-3

(b) | x=-0.459 or —0.2

440 | p=-4,q9=16

(i) | x> -32x-64=0

51) | Centre =(6, 4), Radius = /65 units

(i) | 4y=7x-26

(i) | (10, 11)

6(a) | Travelling away from X

T

CONES

(b)(ii) | 25.0 m

7(iit) | 21.0 units?

8 (i1) | —€ units/s

(iii) x 1 .1
=" 4+ — y=—4e’x+—
y 4¢° 8¢’ y 8¢’

9(b) | x=9.2° 76.7°, 99.2°, 166.7°

©)(i) | a=8, b=20

(c)(ii) | 0.0402's
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+¢=0,

_ —b++b*—4ac

2a

X

Binomial expansion

(a+b)" =a" +[Tja”1b+(2ja“b2 +...+(:ja“br F.4Db",

. e n n! nn-10...n—r+1)
where N is a positive integer and = =
r) ri(n-r! r

2. TRIGONOMETRY

Identities
sin® A+cos®* A=1
sec’ A=1+tan’ A
cosec’A=1+cot’ A
sin(A£ B) =sin Acos B £ cos Asin B
cos(Ax B) =cos Acos B Fsin Asin B
tan A+ tan B
1F¥tan Atan B
sin2A=2sin AcosA
cos2A=cos’ A—sin’> A=2cos’ A—1=1-2sin’> A

tan(Ax£B) =

tan2A = ﬂ
l1—tan” A
Formulae for AABC
a b c

sin A B sin B - sinC
a’>=b?+c?—-2bccos A

A= labsinC
2
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5
1 (i) Write down and simplify the first four terms in the expansion (2X - ﬁj in

X2
descending powers of X, where p is a non-zero constant. [3]
5
(i) Given that the coefficient of X' in the expansion (4X3 —1)(2X—£2] is
X
~160p?, find the value of p. [4]
Solution:
D (o) _axr #5020 [~ 10020 (-2 ) 10027 (-2 ) +
NG _( ) ( ) x> ( ) NG ( ) x> [MI]
2 3
—30x" —g0px’ 4+ S0P” 0P [A2]
X X
(i) pY 80p>  40p’
45 —1)| 2x—— | =(4x’ =1)| 32x° —80px* + - +...
( )( ij ( )( P+ = == J [M1]
Coefficient of X' = 4(—40p* ) +(~1)(80p*) [M1]
=-160p° —80p>
~-160p* —80p* =—-160p> [M1]
80p*(2p-1)=0
p=0(NA) or p=0.5 [A1]
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2 Variables x and y are related by the equation y = ax” +3 where a and b are constants.
When Ig(y —3) is plotted against Ig X, a straight line is obtained. The straight line

passes through (-2.5, 8) and (3.5, —4). Find
(i) the value of a and of b,

(i)  the coordinates of the point on the line when X =10°.

Solution:
@  y=ax"+3
y-3=ax’
lg(y-3)=Iga+blgx
8—(—4
Gradient = #
-2.5-35
=2
b=-2

Sub lgx=-2.5, Ig(y-3)=8andb=-2,
§=-2(-2.5)+Iga

lga=3
a=10" =1000
(i) lg(y-3)=-2lgx+3
x=10°
lgx=6

lg(y—3):—2(6)+3:—9
Coordinates = (6, —9)
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5
3 (a) Giventhat x=1log,a and y =log, b, express log, % in terms of X and . [3]
(b)  Solve the equation log, (5x+ 3)2 —log.,.;2=1. [5]
Solution
(a) b’
log, % = log, Jb° - log, 27 - log, a* [MI]
:glog3 b-3-4log, a [M1]
5
_Ey—4x—3 [Al]
(b) log, (5x+3)" ~log,,,,2=1
2og, (5x+3) - — 2822 __ [M1]
log, (5% +3)
2[ log, (5x+ 3)]2 —1=log, (5x+3)
2[log, (5x+3)] ~log, (5x+3)~1=0 [M1]
Lety = log, (5x +3).
2y —y—-1=0
(2y1)(y )70 [M1]
y-= 0.5 or y=1
log, (5x+3)=-0.5 log, (5x+3) =1 (MI1]
5x+3=2" 5X+3=2
X =—0.459 X =-0.2 [Al]
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4 ()  The roots of the equation 2X* + pX—8 =0, where p is a constant, are & and

B. The roots of the equation 4X” —24x+q =0, where q is a constant, are

a+2f and 2« + . Find the values of p and q. [6]
(i)  Hence form the quadratic equation whose roots are & and f°. [3]
Solution:

H 2x°+px-8=0
[BI]
a+ﬂ=—g, aff =4

4x* —24x+q=0
a+2p+2a+ =6 [M1]
3(a+p)=6

__P
Sub a+f = 5 (ALl
—%:2 = p=-4
(a+2ﬂ)(2a+ﬂ)=% [MI]

2(a +ﬁ2)+5aﬂ=%

2[(0{+ﬂ)2 —2aﬂ}+5aﬁ:% [M1]
2(a+p) +aﬂ:%
Sub a+ =2, aff =4,
2(2) —4=%
q=16 [Al]
(i) o+ p° :(a+ﬂ)(a2—aﬂ+ﬂ2) [M1]
=(a+p)|(a+B) ~3ap]
=2[2"-3(-4)]
=32
(ap) =(-4) =64 [M1]
X =32X—64=0 [Al]
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5 The equation of a circle C is X* +Yy* —12Xx—8y—13=0.
(i) Find the centre and radius of C. [3]

(ii) Find the equation of the line which passes through the centre of C and is
perpendicular to the line 4X+ 7y =117. [3]

(iii) Show that the line 4x+ 7y =117 is a tangent to C and state the coordinates of

the point where the line touches C. [5]
Solution:
i x+y —12x-8y-13=0

(x=6)" +(y—4) -36-16-13=0 [MI1]

(x=6)" +(y—4) =65

Centre = (6, 4) [Al]

Radius = /65 units [Al]
(ii) For4x+7y=117,

Gradient of the line = —g

Gradient of the line passing through C = % [M1]

Equation of the line:

7

y=4=-(x-6) [MI]

4y —-16=Tx—-42

4y =T7x-26 [A1]
(iii) 4x+7y=117 ----- (1)

7. 26
4y =T7X-26 = y=—X—— -—-- 2
y y 4 4 (2)
Sub (2) into (1):
4x+7(1x—§j=117 [M1]
4 4

16.25x =162.5

Xx=10 [M1]

y=11

Distance between (10, 11) and centre of circle = \/(10 - 6)2 +(11- 4)2 [M1]

= /65 units
Since distance from the point and the centre of circle equals to the radius, the (Al]

line is a tangent to the circle.

Coordinates of the point = (10, 11) [Al]
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Alternative Solution:
117-7y

Ty =117 = x=—"—= = (1)
X' +y’ —12Xx-8y—13=0 - 2)
Sub (1) into (2):
2

(M2 1o M) gy 130

4 4

_ 2
13689 1638y+49y +y2_351+21y_8y_13=0

16
13689 — 1638y +49y> +16Y> —5616 + 336y — 128y —208 = 0

65y> —1430y + 7865 =0
y> =22y +121=0
b” —dac = (-22)" - 4(1)(121)
=0
Since b*> —4ac = 0, the line is a tangent to C.

y> =22y +121=0

(y-11)" =0

y=11

Xx=10

Coordinate of the point = (10, 11)
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6 (a) A car travelling on a straight road passes through a traffic light X with speed
of 90 m/s . The acceleration, a m/s? of the car, t seconds after passing X, is
given by a = 20— 8t. Determine with working whether the car is travelling
towards or away from X when it is travelling at maximum speed. [4]

(b) A particle moving in a straight line such that its displacement, s m, from the
fixed point O is given by S = 7sint —2cos 2t , where t is the time in seconds,
after passing through at a point A.

(i) Find the value of t when the particle first comes to instantaneous rest. [5]

(ii) Find the total distance travelled by the particle during the first 4
seconds of its motion. [3]

Solution:
(a) a=20-28t

V= J'2O —8t dt = 20t — 4t* + ¢, where C is a constant
When t =0, v=90, c =90.

S V=20t -4t +90

When car is travelling at max speed, a = 0.
a=20-8t = t=25 [M1]
v=20(25)-4(25) +90=115

[M1]

S= IZOt —4t* +90 dt = 10t? —§t3 +90t + d, where d is a constant [MI]
When t=0,5s=0, d =0.

s=10t? —§t3 +90t

When t =2.5,5=10(2.5)’ —%(2.5)3 +90(2.5) = 266%

Al

Since s > 0 and v > 0, the car is travelling away from X at maximum speed. [AL]
Alternative Solution:
When the car is at instantaneous rest, vV = 0.
20t —4t> +90 =0

20+ /(-20)° —4(—4)(90) [M1]
t= =-2.8619 or 7.8619

2(-4)

Since there is no change of direction fromt=0tot=7.86s, [B1]

the car is travelling away from X at maximum speed.

Crescent Girls’ School 2018 Prelim S4 AMath P2 [Turn over
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(b)(i) s=7sint—2cos?2t
V =7 cost +4sin 2t [M1]

When the particle is at instantaneous rest, V = 0.

7cost+4sin2t =0 [M1]

7cost +8sintcost =0

cost(7+8sint) =0 [MI]
cost=0 or sint = —%
(=X 37 t = 4.2069, 5.2177 [A1]
20 2
Time when particle first comes to instantaneous rest = B} S (Al]
(b)(i)) When t=0, s=-2.
When t = %, s=09.
M1
When t =4, s =-5.0066. [M1]
Total distance travelled =2+2(9) +5.0066 [M1]
=250m [AT]

Crescent Girls’ School 2018 Prelim S4 AMath P2
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(i)  Show that i( X+2 j: x4
2

dx X—1 ,(X—l)3 ’
YA
x=15
L 12G-4)
BERV(ESS) B
0 /IA > X
12(x — 4)

The diagram shows the line x =15 and part of the curve y = ———=". The curve
V=1

intersect the x-axis at the point A. The line through A with gradient 9 intersects the

curve again at the point B.
. : . . A2
(ii) Verify that the y-coordinate of B is 25 .

(iii) Determine the area of the region bounded by the curve, the x-axis, the line
X =15 and the line AB.

Solution:

® 1— x+2[
i X+2 _
dx( x—lj

l\)\r—‘
|
N\—

|

[ }[2x 2-x-2]

X—=

X—4

) 2J(x=1)?

Crescent Girls’ School 2018 Prelim S4 AMath P2

[3]

[4]

[4]

[M1]

[M1]

[A1]
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@) A=(4,0)
Equation of AB: y = g(x—4) - (1) [M1]
_12(x-4) @)
V-1
(D) =)
4 « 12(x—4) [M1]

CL i

(x—4)(x—1)2 =27(x—4)

(X—4)[(X—1)2—27:|:0 [Ml]
X=4 or (X—l)%:27
x=10
Subx =10 1in (1):
4 2
y=§(10—4):2§ [A1]

y —coordinate of B = 2% (shown)

(iii) 1(.2 2x-4 4
Area=5(2 J(IO 4)+ j [M1]

J(T

Is [M1]
=8+24
10 ) /( _1
=8+24{ X+2} [M1]
X—11,
17 12
=8+24
(J— \/—]
=21.0 units® [Al]

Crescent Girls’ School 2018 Prelim S4 AMath P2
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4x-3

8 A curve has equation given by y =—-.
€

2x-3
e

@)  Show that % _ 2]

X

(i)  Given that X is decreasing at a rate of 4e” units per second, find the exact rate
of change of y when X =1 . [3]

(iii) The curve passes through the y-axis at P. Find the equations of the tangent and
normal to the curve at point P. [4]

(iv) The tangent and normal to the curve at point P meets the X-axis at Q and R
6

respectively. Show that the area of the triangle PQR is 5 units” . [3]
€
Solution:
(i) eZX—3
y= 2 [M1]
2x-3
dy _e [Al]
dx 4
Gy dy_dy o
dt dx dt
e2x—3
= x (—4e? M1
(ae?) M1)
=—e™! [M1]
When x =1 v _ —€ units/s
T dt [A1]
(itr) Whenx =0, y = %
8e
Gradient of tangent at P = 4—13 [M1]
€
Equation of tangent at P:
oLy sy X L [M1]
ge’  4e’ 4¢’ 8¢’
. — _Ap3
Gradient of normal at P = —4e [M1]
Equation of normal at P:
[ .
y—@——4e (X) => Y= 4e X-|-8e3 [Al]

Crescent Girls’ School 2018 Prelim S4 AMath P2 [Turn over



(iv)

Wheny =0, Xx=-

14

X 1

Equation of tangent at P: y = —+—

4¢* 8¢’

o

Equation of normal at P: y = —4e’x + 8%
e

Wheny =0, X—

1
, 0
(32e6 j

1/ 1 1
Area of triangle POR = —| — ——
gePQ 2(8 ][m (3]

Crescent Girls’ School

" 512¢°

1 (1+16e°
16e 32¢e°

1+16e° .,
units

2018 Prelim S4 AMath P2
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9 (a) Prove that cosec’x —cot* X =2cosec’x —1. [3]
(b) Solve the equation 6tan2X +1 = cot2X , for the interval 0 < x <180°. [5]
(©
<+«
X

An object is connected to the wall with a spring that has a original horizontal
length of 20 cm. The object is pulled back 8 cm past the original length and
released. The object completes 4 cycles per second.

() Given that the function x =8cos(azt)+b, where x is the horizontal

distance, in centimetres, of the object from the wall and t is the time in
seconds after releasing the object, find the values of a and b. [2]

(ii) Find the duration of time for each cycle such that the object is more than

27 cm from the wall. [3]

Solution:
(a) LHS = (cos ec’X — cot’ X)(cos ec’X + cot? X) [B1]
= cosec’ X + cot® X [B1]
=cosec’ X+ cosec’X —1 [B1]

=2cosec’x—1

= RHS
(b) 6tan2X +1=cot 2X

6tan’ 2X +tan2x—1=0
(3tan2x—1)(2tan2x+1) =0 [M1]
0<x<360° = 0<2x<720°

[Ml]

‘[an2X=l or ‘[alr12x=—l

a=18.435° 2=26.565°

2x = 18.435°,198.43° 2% = 153.43°,333.43°

X =9.2°,99.2° (1 dp) X = 76.7°,166.7° (1 dp) [A2]
©G) b=20 [B1]

Period = 2—”

ar

1 27

—=== = a=8 [B1]

4 ar

Crescent Girls’ School 2018 Prelim S4 AMath P2 [Turn over
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(c)(i) 27 =8cos(8xt)+20

cos(87t) :% [MI]
a =0.50536
87t =0.50536 [M1]
t=0.020107
Duration of time = 0.020107 x 2

=0.0402 s [Al]

Crescent Girls’ School 2018 Prelim S4 AMath P2



10 B

Y

Given that AD and BC are straight lines, AC bisect angle DAY and AB bisects angle
DAX, show that

(i) AC’=ECxBC, [3]
(ii) BC is a diameter of the circle, [3]
(iii) AD and BC are perpendicular to each other. [3]
Solution:
(i) «BCA=ZACE (Common angle)
ZABC = ZCAY (Angles in the alternate segments) [B1]
= Z/EAC (AC bisects ZDAY)
.. ABAC and AAEC are similar. [B1]
AC

BC
= —— (corresponding sides of similar triangles
EC ~ ac (coresponding gles) [BI]

AC? = EC x BC (shown)
(ii) ZCAY = ZEAC (AC bisects ZDAY)
/BAX = ZEAB (AB bisects /BAX) [B1]
/BAX + ZEAB + ZEAC + ZCAY =180° (angles on a straight line) [B1]
2/EAB +2/EAC =180°
ZEAB + ZEAC = ZBAC =90°
Since ZBAC =90°, BC is a diameter of the circle.
(iii) ZABE = ZCAY (Angles in the alternate segments)
ZCAY = ZEAC (AC bisects ZBAY))

. Z/ABE = Z/EAC [B1]
ZEAB + ZEAC = ZEAB + ZABE = 90° (from (ii))

ZAEB =90° (sum of Zs in a triangle)
.. AD and BC are perpendicular.

[B1]

END OF PAPER
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax? + bx + ¢ =0,

_ —b++/b* —4ac

2a

X

Binomial expansion

n__ n n n—1 n n-232 n n—rir n
(a+b)—a+1ab+2a b™+....... + a”'b +... +b",
r

where 7 is a positive integer and ( J = =
-

2. TRIGONOMETRY

Identities
sin? 4 +cos’?A4=1
sec?A4=1+tan’> 4
cosec’A=1+cot’ 4
sin(4+ B) =sin Acos B+ cos Asin B
cos(Ax B)=cos Acos BFsin Asin B
tan A +tan B
1¥tan Atan B
sin 24 =2 sin A cos A
cos 24 =cos’ A—sin*A=2cos’A—1=1-2sin* 4
2tan 4
I—tan® 4

tan(A+ B) =

tan2A4 =

Formulae for AABC

a b c

sinA:sinB :sinC
a’ =b*+c*=2bc cos A4

A= lbc sin 4
2




CHIJ Katong Convent Preliminary Exam 2018 (4047/01) Sec 4E/5N

Answer all questions.

Section A

A metal cube with sides 2x mm is heated. The sides are expanding at a rate of 0.05 mm/s.

Calculate the rate of change of the total surface area of the cube when x = 0.57 mm. [3]

Without using a calculator, find the integer value of a and of b for which the solution of the

equation 2x3/5 =xV2 +4/18 is Ja+b . [4]

3
The equation of a curve is y = 3x°
Jax—h
Given that the x-coordinate of the stationary point is 1, find the value of 4. [4]
2
The roots of the quadratic equation 8x” —49x+c =0 are 2@ and —'B
a
(i)  Show that ¢ = 32. [1]

(ii)  Given that ¢ff = 4, find two distinct quadratic equations whose roots are & and . [4]

2
Given that y = w ,
tan” 2x+1
(i) express y in the form cos4x+k, [2]

(ii)  sketch the graph of | y| for —% < x < 7 and state the value of n when | y| =n

has four solutions. [3]

The polynomial f(x)= px’ +3x”> +¢gx—6 is divisible by x> +x—6.
(>i) Find the value of p and of g. [4]

(i)  Find the remainder in terms of x when f(x) is divided by x* —1. [2]

3 [Turn over
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7 Given the equation =5—cot @ where 0° <6 <360°, find

)

sin
(i) the values of 4, [4]
(ii)  the exact values of cos 6. [2]
8 @) Express 22x——1 in partial fractions. (4]
x (x+1)
. 2x -1
i Hence, determine | —— 2
(ii) _[ 2 (x+ 1) [2]

Section B

Begin this section on a new sheet of writing paper.

9 Given the curve y = (m+1)x” —8x+3m has a minimum value, find the range of values of m

(i) for which the line y = m — 4mx meets the curve, [5]
(ii) for which the y-intercept of the curve is greater than —% . [2]
10 () Solve the equation 3log,, [log1000 (x* +9) —10g, 400 x] =-1. [3]
(ii)  (a) On the same axes, sketch the graphs of y =log, x—1 and y =log, x+1. [2]
2
(b) Explain why the two graphs are symmetrical about the x-axis. [2]
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11

12

120° 120°

A piece of wire of length 80 cm is bent into the shape of a trapezium ABCD.
AB = CD =x cm and angle BAD = angle ADC =120°.

(i) Show that the area of the trapezium ABCD is given by gx(% —x) em?’.

(ii)  Given that x can vary, find the value of x for which the area has a stationary value.

(iii)  Determine whether this stationary value is a maximum or a minimum.

18

A particle moves in a straight line so that its velocity, v m/s, is given by v=2— (12
t+

where ¢ is the time in seconds, after leaving a fixed point O.

Its displacement from O is 9 m when it is at instantaneous rest.

Find

(i) the value of t when it is at instantaneous rest,

(ii)  the distance travelled during the first 4 seconds.

At ¢t =7, the particle starts with a new velocity, V' m/s, given by V = —h(t* =7t)+k .

(iii)  Find the value of £.

(iv)  Given that the deceleration is 0.9 m/s* when ¢ = 8, find the value of .

[4]

2]

[2]

[2]
[4]

[1]
2]

5 [Turn over
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13 Solutions to this question by accurate drawing will not be accepted.

S(5,7)

0.4

P(3,2)

In the diagram, PQ is parallel to SR and the coordinates of P, O and § are (3, 2), (9, 4) and
(5, 7) respectively.

The gradient of the line OR is 1.

Find
(i) the coordinates of R, [4]
(ii)  the area of the quadrilateral PORS, [2]

(iii)  the coordinates of the point H on the line y = 1 which is equidistant from P and Q. [4]

End of Paper
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Solutions for students

1 A metal cube with sides 2x mm is heated. The sides are expanding at a rate of 0.05 mm/s.
Calculate the rate of change of the total surface area of the cube when X = 0.57 mm. [3]
Solution OR
Let | =2x . :

Area A 612 Most students appill)((id this method but used
dA _ %xd—l 0.05 wrongly for T
dtdldt Some students used wrong formula for SA.
=121%0.05 chain rule
=12(2(0.57))x0.05 Area A= 6(2x)* = 24X’
=0.684 dA dA dx
Answer: 0.684 mm?/s. It dx dt
=48xx0.025 chain rule
=48(0.57)x0.025
=0.684

Answer: 0.684 mm?/s.




Without using a calculator, find the integer value of a and of b for which the solution of the

equation 2xV5 = xv/2 +4/18 is \/a;b .

Solution OR
A handful used this method but did not
X( ) \/g _ \/5 ) _ \/E reject one answer/ did not know why
one of the answers is not acceptable.
2 2
X= Jis X 2J5+42 conjugate surds (2X\/§) =(X\/§+\/ﬁ)
25-V2 2J5+2 o
250 +6 20x> = 2x% +24/36X +18
- 18 18X2—12X—18=0
610 +6 3x* —2x-3=0
18 X_2+J4—4(2)(—3)
1041 BRES
3 1+ \/E 1- \/E .
a=10,b=1 = or (reject)
3 3
a=10,b=1

3x?

Jax—h

Given that the x-coordinate of the stationary point is 1, find the value of h.

The equation of a curve is y =

Solution

2 1 -
ﬂ_\/4x—h(6x)—3x (2j(4x—h) (4)
dx 4x—h
(4x—h)% [(6x)(4x—h)—6x2]

4x—h
_18x* —6hx

(4x—h)>

quotient OR product rule

At stationary point,  —

18(1)° —6h(1) _

(4)-h)2
h=3

When x =1, 0

[4]

[4]



4 2a 2p

The roots of the quadratic equation 8x* —49X+C=0 are — and ——.

a
(1) Show that ¢ = 32. [1]
(i)  Given that af3 = 4, find two distinct quadratic equations whose roots are @ and £ . [4]
Solution
(1)
2a (%) _¢
f )\ a 8
_c
8
c=32
(i)
2a 26 _4% SOR
g a 8
20° +23° _49
aff 8
20°+2p8° 49
4 8
49
a’+pf=—
p 4
) 49
(a+p) 20 = i apply perfect square
(et B -8=""
4
81
a+pB)y =—
(a+p) 2
9
at+p=x—
p 2

Eqns are 2X° —9x+8=0, 2X+9x+8=0.

both eqns, accept fractional coefficients

5 _ 2
Given that y = —2 32560 2X
tan” 2X+1



(i) expressy inthe form cos4x+k,

(ii) sketch the graph of |y| for —% < x < 7 and state the value of n when |y| =n

has four solutions.

Solution
0 2—3sec’2X _ 2—3sec’ 2X
tan® 2X +1 sec? 2X
=2cos’ 2X—3
=2cos’ 2x—1-2
=cos4x—2
(ii1) graph
n=1

L 3n/4

m

8| |

T | | %

.

The polynomial f(x)= px’ +3x>+gx—6 is divisible by x> +x—6.

(i) Find the value of p and of q.

(2]

[4]



(i)  Find the remainder in terms of X when f(X) is divided by x* —1.

Solution

(i) X +X=6=(Xx-2)(x+3)
By the factor thm, f(2)=0
P(2)’ +3(2)* +q(2)-6=0

8p+20+6=0
4p+q=-3

OR
PX® + 3% +gX—6 = (X—2)(X+3)(px +1)

factor thm

P(=3)’ +3(-3)* +q(-3)-6=0 factor thm

-27p-39+21=0
Op+q=7
Solve (1) and (2); p=2, q=-11

(ii) Using x> =1,
f(x)=2x+3x*-11x-6
=2X*(X)+3x* =11x-6
=2X+3-11x-6
=-9x-3

Given the equation ——;
sin” @

(i) the values of 4.
(ii)  the exact values of cos 4.

Solution
(i) 2cosec’d=5-cotd
2(1+cot’@)—5+cotd=0

2cot’@+cot@—-3=0
(2cot@+3)(cotd—-1)=0

identity
factorisation

c0t<9=—% or cotd =1

tan@z—% ortan =1

Basic angle = 33.69° , 45°
0 =146.3°,326.3",45°,225°

.. 2
1) tanfd=-——
(i1) 3

OR long division (ecf)
Many used this method.
2K F
x2-1]2x3 + 3x2 - 11x - 6
2x3 - 2
3x2 - 9x - 6
3x2 -3

=5—cot@ where 0° <0 <360°, find

OR

5sin* @ —sin@cos@—2=0

which is common to many but at the
same time spells the end of qn 7.

5sin” @ —sin @ cos @ —2(cos’ @ +sin’ #) =0
3sin® @ —sin@cos@—2cos’ =0

(3sin@+2cosB)(sind—cosf) =0

tan@z—g or tan@d =1

(quadrants 2, 4) or tan € =1 (quadrants 1, 3)

[2]

[4]
[2]



3 1
cosd=+—, cosf=+—
J13 V2
@ Express 22)(—_1 in partial fractions. [4]
X“(X+1)
(i) x-1
Hence, determine J. > dx. [2]
X“(x+1)
Solution
(1) 22)(—_1 _A + Ez + < correct factors
X“(x+1) x x° x+1

2X—1= AX(X+1)+B(x+1)+Cx’

Letx=-1, —-3=C(-1)>=>C=-3 or comparing coeff.
Let x =0, B=-1

Letx =1, 1=2A—(2)-3(1)’ ==>A=3

Hence, ﬂ E_L_i

X*(X+1) X X x4l

Lo -1 (3 13
OB et el

Given the curve y = (m+1)x*> —8x +3m has a minimum value, find the range of values of m

(i) for which the line y = m —4mx meets the curve, [5]
(ii) . . . 5
for which y — intercept of the curve is greater than 5 [2]
Solution

(1) (M+Dx*> —8x+3m=m—4mx
(M+1)x> +4mx—8x+2m=0  quadratic eqn

b*>—4ac>0
(4m—=8)" —4(m+1)(2m) =0 discriminant, inequality
(4m=2))> =8m(m+1)>0
2(m*—4m+4)-m’-m>0  expansion, simplify
m’-9m+8>0
(M-1)(M-8)=0 factorisation
m<1 or m=2>8

Since it is a minimum graph, m+ 1> 0, ie m> -1
So-1<m<1 or m=>38



(i1) Aty — intercept, X = 0,
(M+1)x* —8x+3m >—§

5
m>——
6

10 G
Solution

log,gpo——

XX +9 1
10gloooT_3
2 1
X+9 _1000°
X
x> +9=10x
x> —10x+9=0
(X=1)(x=9) =0
X =1lor9

(i)

Solution

Solve the equation 3log,, [logmoo(x2 +9)—10g, 400 X] =-1.

index form

index form

(a) On the same axes, sketch the graphs of y =log, Xx—1 and y =log, X+1

2

(b) Explain why the two graphs are symmetrical about the x-axis.

[3]

[2]
[2]
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log, X

(i) —(log x-1)=- +1

2 log, 5

:_l()g—z)fl+1
log, 2
=log, x+1

The functions are negative of each other. [A1]

A
/ J120°

X

D
120°\ \

~

B

A piece of wire of length 80 c¢m is bent into the shape of a trapezium ABCD.
AB = CD = x cm and angle BAD = angle ADC =120°.

)

(ii)  Given that X can vary, find the value of X for which the area has a stationary value.

Show that the area of the trapezium ABCD is given by g X(40-x) cm?.

(iii)  Determine whether this stationary value is a maximum or a minimum.

A

D

120°

60°

120°

Q

Solution

O

ZABC =180—-120(int./s, AD / /BC)

— 60"
BQ

X

(1) cos ZABC =

X

BO=—

Q 2
Perimeter = BC +2x+ AD

80:§+AD+§+X+AD+X

AD — 80 —-3x

AQ

sin 60° = AQ =

J

Area ——(AD + BC)(

OR (Most used this method)
AD +BC =80-2x

ZABC=180—- ZBAD (int.angles, AD//BC)
=60°"
AQ = height of the trapezium
AQ

X

sin 60 =

AQ=—x

Area :l(ﬁ XJ(AD+ BC)
21 2

:%[gx}(%—zx)

B
2

——x(40-x) (shown)

[4]
2]
[2]



=i(80—3x+x)\/§x

3

=—X(80—-2X
2 ( )

NG

- X(40—-x) (Shown)

(i1) (;—A =0 when the area has a stationary value
X

B3

204/3 - 73(2X) =0 differentiation

X =20
... d*A .. . .
(i11) v ~J3<0. second derivative or using first derivative
X

Area is a maximum

12 A particle moves in a straight line so that its velocity, V m/s, is given by v=2— a 182)2
+

where t is the time in seconds, after leaving a fixed point O.

Its displacement from O is 9 m when it is at instantaneous rest.
(i) the value of t when it is at instantaneous rest,
(ii)  the distance travelled during the first 4 seconds.

At t =7, the particle starts with a new velocity, V ms™!, given by V = —h(t* = 7t) + k .
(iii)  Find the value of k.
(iv)  Given that the deceleration is 1.9 m/s* when t = 8, find the value of h.

Solution
(1) At turning pt,v=20
(t+2)°

t=1 or -5(NA)

(i1)
s:f ydt :2t+£+c
dt t+2

Whent=1,5=9

2(1)+£+c=9
1+2

c=1,so0 S=2t+£+l
t+2

2]
[4]

[1]
2]
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Whent=0,s=10m
Whent=1,5s=9m
Whent=4,s=12m

Total distance travelled= 10-9+12-9=4m

18 16

(ii1)) Whent=7,v=2- —=—
(7+2)° 9

\Y =—h(t—7)+k=%,hence k=%

(iv) V =-h(t*=7t)+k =-ht> +7ht +k

a:d—V:—th+7h
dt

~2h(8)+7h =—0.9
~16h+7h=-0.9

—-9h=-0.9
h=0.1

Solutions to this question by accurate drawing will not be accepted.

AY R

S(5,7)
Q. 4)

P@3.,2)

» X

0]

In the diagram, PQ is parallel to SR and the coordinates of P, Q and S are (3, 2), (9, 4) and
(5, 7) respectively. The gradient of the line OR is 1.

Find
(i) the coordinates of R,

(ii)  the area of the quadrilateral PQRS,

(iii)  the coordinates of the point H on the line y = 1 which is equidistant from P and Q.

Solution

. 1
(i) Mg = g

Since PQ // SR, mg, =%

[4]
2]
[4]



Eqn of SR, (y—7)=%(x—5)

X

16
3

Sub. R(a, a) into y=§+?, a=8 ORuseeqnof ORasy=x

~R=(8, 8)
1‘3 9 8 5 3‘

ii) Arca of PQRS =~
(i) AreaofPQRS=2)) 4 ¢ 7 2

= %(39) =19.5 units®

[M1]

[AT]

(i)  Since the point H lies on the line y =1 and is equidistant from P and Q, H must lie

on the L bisector of PQ.
Mid-point of PQ = (6, 3)

gradient of L bisector= —3.

Equation, (y—3)=-3(x-06)
y=-3x+21
Sincey =1,
1=-3x+21, x=6z
3
2
~H6=, 1
(3 )
OR
PH=QH

J2=1)+(3=x)" =J(4-1) +(9-x)’

1+9-6X+X> =9+81-18x+ X
12x =80

20

EY

20
H =1
(3 )

X

using length

expansion
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax? + bx + ¢ =0,

—b++b* —4ac

2a

x =
Binomial expansion

n __ _n n n-1 n n-272 n n—riyr n
(a+b)—a+1a b+2a b +.. +| |ja""h" +....... +b",
r

. .o, . . n
where 7 is a positive integer and [ ] = =
r

2. TRIGONOMETRY

Identities
sin? A +cos*A=1

sec?A=1+tan’ 4
cosec’ A =1+ cot> 4
sin(4 + B) =sin Acos B £+ cos Asin B
cos(A £ B) =cos Acos B ¥ sin Asin B
tan A+ tan B
l¥tan Atan B
sin 24 =2 sin A cos A
cos24=cos’A—sin?A=2cos’A—1=1-2sin’ 4
2tan 4
1—tan’® 4

tan(4+ B) =

tan2A4 =

Formulae for AABC
a b c

sinA:sinB:sinC
a* =b* +c¢* —2bc cos A

A= lbc sin A
2




CHIJ Katong Convent Prelim Exam 2018 4047/02 Sec 4E/5N

Name: ( ) Class:

1 A rectangular garden, with length x m and breadth y m, has an area of 270 m?. It has a
path of width 2.5 m all round it. Given that the outer perimeter of the path is 87 m, find
the length and breadth of the garden. [5]

2 (@ Solve 2(9"")-5(3")=27. [4]

(b) Given that f(x)=1n(5x-2)’,
(i) State the range of x for f (x) to be defined. [1]

(i) Show that 5f'(x)+(5x—2)f"(x)=0. [4]

3 (@) (i) Write down the first four terms in the expansion of (1+ x)so and (1 —x)50

Hence, write down the first two terms for (1+ x)50 -(1- x)50 . [3]

(i)  Without the use of calculator, deduce if 1.01°° or 1’ +0.99” is larger. [3]

7
(b) The term independent of x in x'' (2x +£2j is 896.
X

Find the two possible values of £. [4]

4 (i) Provethat tan A+cot A=

sin24 "

(ii) Hence, or otherwise, solve tan A+cot A =2.5for 0°< 4<270°. [4]

3 [Turn over



CHIJ Katong Convent Prelim Exam 2018 4047/02 Sec 4E/5N

5 In the diagram, not drawn to scale, P(a, b) is a point on the graph y* =16x,

and Q is a point on the line x=—4. PQ is the perpendicular distance from P to this

line. F(4, 0) is a point on the x-axis.

4

(i) Find the length PF in terms of a.

(ii) Given that the tangent to the curve at P cuts the y-axis at G, find the coordinates

of G in terms of a.
(iii) Show that G is the the mid-point of QF.

(iv) Find the equation of the normal at P in terms of a.

4

6
6 (a) Evaluatej

sin (2x +gj dx, leaving your answer in surd form.
0

() () Find % {ezx [cos 3x+ % sin 3xﬂ .

(i) Hence find jez" cos3x dx.




CHIJ Katong Convent Prelim Exam 2018 4047/02 Sec 4E/5N

Name: ( ) Class:

7  The diagram shows a point P on a circle and PQ is a tangent to the circle. Points 4, B
and C lie on the circle such that P4 bisects angle OPB and QAC is a straight line. The
lines QC and PB intersect at D.

P 0

>

A
o
B
(i) Prove that AP = A4B. [4]
(ii) Prove that CD bisects angle PCB. [4]
(iii) Prove that triangles CDP and CBA are similar. [2]

8 The table below shows experimental values of two variables x and y obtained from an

experiment.
X 1 2 3 4 5 6
% 5.1 17.5 37.5 60.5 98 137

It is also given that x and y are related by the equation y = ax +bx’, where a and b are

constants.

(i) Plot z against x and draw a straight line graph. Use 2 c¢m to represent 1 unit [4]
X

on the horizontal axis and 4 cm to represent 10 units on the vertical axis.
(ii) Use the graph to estimate the value of a and of b. [2]

(iii) By drawing a suitable straight line, estimate the value of x for which

(b+5)x:38—a. [4]

5 [Turn over



CHIJ Katong Convent Prelim Exam 2018 4047/02 Sec 4E/5N

9  The figure below shows two circles, Ci and C2, touching each other in the first
quadrant of the Cartesian plane. Ci has radius 5 and touches the y-axis at D. C> has
radius 4 and touches the x-axis at £. The line AB joining the centre of C1 and (2,

meets the x-axis at F. Angle BFO is 6.

Ci

(i)  Find expressions for OD and OE in terms of #and show that
DE?= 122+90cos8+72sin8. [3]

(ii) Hence express DE? in the form 122 +Rcos(t9—a) ,where R >0 and a is acute. [3]

(iii) Calculate the greatest possible length of DE and state the corresponding value
of 6. [3]




CHIJ Katong Convent Prelim Exam 2018 4047/02 Sec 4E/5N

Name: ( ) Class:

10 The population of a town is estimated to increase by k % per year. The population at

11

the end of 2017 was 20000. The population, y, after x years can be modelled by
y=A(L.11) .

(i) Deduce the value of 4 and of k& with the information provided.

(ii) Sketch the graph of y.

(iii) Find the value of x when y = 9600.

Explain the meaning of this value of x.

(iv) Calculate the population of the town at the end of 2027.

Given that y =2x" +3x* +11x+5,

(i) show that

(a) yis an increasing function for all values of x,
1
(b) y has only one real root at x = 5

(ii) sketch the graph of y,

(iii) hence, calculate the area bounded by y =2x’ +3x” +11x+5, the x-axis and the

linesx=-1 and x=1.

End of paper

(2]




4ESN PRELIM 2018 AM P2 Ans Scheme

1 Xy =270
270

y==-

X
2(x+5+y+5)=87
o7

X+Yy 5 o (2)

Substitute (1) into (2),
270 67
.
X 2
2%* —67X+540=0

(2x-27)(x-20)=0
2x-27=0 or x-20=0
X=13.5 or x=20
When x=13.5,y =20
When x =20,y =13.5
Since X is the length, then X =20 mand y = 13.5 m.

2a 1 <
2(? °§j_5(3):27

Let 3X,
%yz -5y-27=0

2y> —45y-243=0
(2y+9)(y-27)=0

9
=—— or y=27
y > y

3= —% (rejected) or 3 =3’

X=3
2bi 5x—2>0
X>—
2
f(x):3@x—2);5
(5x-2)
15
C5x-2




= 5E(x)+(5x-2)f (%)

7575
5Xx—-2 5x-2
=0 (shown)
3ai | (14 %)™ =1% 4 50x+ ¥C,x2 + C, X 4.+ X%
=1+50X+1225%X> +19600X’ +...+ X
(1-x)" =1-50x+1225x* ~19600X +...— X"
(1+x)™ = (1-x)" =100x + 39200’
ii Let x=0.01,
1.01% =0.99% =100(0.01)+39200(0.01)
=1+0.0392
1.01°° =1+0.0392 +0.99%
>1+0.99"
Hence, 1.01%° is larger.
3b

T="¢, (20 ()

X
— 7Cr 277I‘ kI‘X7f3r

For7 —-3r=-11
r=6




OR

(kY
x''T,,, ="C,(2x) (FJ X'
— 7Cr27fl’ kI’X1873I‘
For 18 - 3r=0
r=6

Term independent of X = 896

Xll(

:
2x+52) — 896

X
'C, 27"k =896
K =64
k=42

Alternative method:

7
x“(2x+£2j

X

27x7+7(2°)kx* +7C,2°K?x + 'C;2*k %

+'C,2°k*x” +7C,2°k°x + 'C 2k x " + kx 7"

Term independent term of X = 896
896 = X' (C 2k x ")
896 =14k°
k® =64
k=42

|




4i

LHS =tan A+cot A

sin A cosA
= +

cosA sinA
_sin® A+cos’ A

sin Acos A
1

1 2sin Acos A
2

2
sin2A
=RHS (shown)

OR
LHS =tan A+cot A

=tan A+

tan A

B tan” A+1
~ tanA
B sec” A
~ tan A

1 cos
“ A Sk
B 1
~ sin Acos A
B 2
~ 2sin Acos A
2
~sin2A
=RHS (shown)

4ii

25

sin2A 2
sin2A= i
5

o =53.13°
2A=53.13°126.87°,413.13°,486.67°
A=26.6°63.4°,206.6°,243.4°




51

y* =16x
AtP, b* =16a

PF =/(a—4)" +b?

—Ja>—8a+16+16a
=J(a+4)
=a+4

il

y* =16x

y =4/x

Equation of tangent at P,

y—b x—a)

-2
a
y:%—2\5+4\/5

:§+2\/§
a

Ja
When x =0, y=2va

- G (0, Vay

il

Mid-point of QF
B (—4 +4 b+ Oj

- 9

2 2
[, Ha
2
=(0, 2Va)

Hence, G lies in the centre of QF.
OR find lengths of QG and GP.




v

Ja

Gradient of normal at P= ——

Equation of normal at P:

6a

o 13
oy

w2

— .

=]
77\

\S]

>

+
Ne—

ol

X

S
o |

6bi

[ezx (cos 3X +%sin 3Xﬂ

=2e** (cos3x+%sin 3X]+e2X (—SSin 3X+%cos3xj

|

= (2cos3x+3sin3x—3sin3x+%cos3xj

= 2e2X cos 3X
2

6bii

'[ e**cos 3x dx =£I Eezxcos 3x dx
13 2

=£e2X c053x+§sin3x +C
13 2

Ti

AABP = XAPQ (alt. segment theorem)
Since PA bisects XQPB,
XAPQ = XAPB
.. £ABP = XAPB (base £s of isosceles triangle APB)
Hence,
AP = AB.




7ii XACB = XAPB («s in the same segemnt)

XACP = £ABP («s in the same segemnt)
= XAPB (shown)

XACB=xACP

Hence, CD bisects £PCB .

7iii | £ACB = £ACP (from ii)
A£CPD = xCAB (£s in the same segemnt)

Hence, ACDX and ACBA are similar.

i Y —bx+a
X

X 1 2 3 4 5 6
y/x 5.1 875 | 125 | 15.13 | 19.6 |22.83

" agE; T O AT 5 0 1! s
P % o T 1 ] I I 9 55 =
M t I i I
1 Bt Tt iy pm
S H S EE 1 i T i s
IBMOIE o I I8 ) - T
- e ! - =
1T ¥ e 5
1 i | I I |
2 i
: 1
: PrH e -
4 - f : g2
| =11 1 =
1 iR 3
Hil S
CLl &
- 8
% 7 & =
(= =
! [ ] :
m Tt
1
i ]
: Ly 3 LE
Sm=s u = - 1
= L § AR =
lae ﬁ—w—#—
1 TLEL
(BT e T P
| EnmwE EESHER
] ;
|| BE W




ii

azl—mwmwt
X

=1.5
b = gradient
135

38
~3.55

iii

(b+5)x=38-a
bx+5x=38-a
bx +a=38-5x

Draw l:38—5x s
X

at point of intersection, x =4.25

9i

OE =5+9cosé
OD =4+9sin8

DE? = OE? + OD?
=(5+9cos6)’ +(4+9sing)’
=25+90cos@+81cos’ O

+16+72sin@+81sin* @
=41+81+90cos@+72sin @
=122+90cos@+72sin @

ii

Let 90cos @ +72sind =Rcos(6-a) .

R=+/90% +72

=+/13284

=115 (3s.f)

0= tan’12
90
=38.65°

DE? =122 +115co0s (6 —38.7°)

OR
122++/13284 cos (6 —38.7°)




iii | DE is greatest when cos(6—38.7°) =1

DE =122 +115

=15.4 units (3 s.f.)

Corresponding € is 38.7°.

10i | A=20000,k=11

i
AY

il When y = 9600,

9600 =20000(1.11)"

9600
gl
850000 ©

=-7.03 (3s.f)

The population of the town was 9600 approximately 7 years ago.

v When x = 10,

y =20000(1.11)"
=56788
The population of the town would be 56788 (or 56800) at the end of 2027.

111 y=2x>+3x> +11x+5

d—y=6x2+6x+11

dx
2
=6| X+ 1 + D
2 2
dy 1Y . . . .
— >0as| X+— | >0 for all values of X, hence y is an increasing function for all
X

values of X.




i

Using long division,

y:(2x+1)(x2+x+5)

But for x> +X+5 , discriminant = -19 <0, hence X* + X+ 35 has no real roots.

Therefore, y has only one real root at

1
X=——.
2

il

£0.5

v

Area required
— J:ll y dx

-0.5
=‘.|.1 2x° +3x* +11x+5 dx

+f X +3x° +11X+5 dx
-0.5

-0.5 X4 11 1
+| —+ x> +—+5x
2 2 05

-1

2+ 12-(-2)
32 32
7

=14~
16

4
:§;+x3+ll+5x

or
=14.4 sq. units (3 s.f.)
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation ax* + bx + ¢ =0,

—b++b* —4dac

2a

X =

Binomial expansion

. e n ! -D....... —-r+l
where 7 is a positive integer and S—_ = n(n =) (n=r+1)
r) ri(n—r)! r!

2. TRIGONOMETRY
Identities
sin> A+ cos’ 4 =1
sec’ 4 =1+tan’> 4
cosec?A=1+cot’ 4
sin(A = B) =sin Acos B = cos Asin B
cos(A £ B) =cos Acos B ¥ sin Asin B

tan A+ tan B
1Ftan Atan B
sin 24 =2 sin 4 cos A
cos24=cos’ A —sin>A=2cos’4—1=1-2sin’> 4
2tan 4
1-tan’ 4

tan(4+ B) =

tan24 =

Formulae for AABC
a b c

sinA:sinB:sinC
a’ =b*+c¢* —2bc cos A

A= lbc sin 4
2



The slope at any point (x, y) of a curve is given by @ = k

dx  (2x+3)

—1 where kis a

constant. If the tangent to the curve at (—1,0) is perpendicular to the line 3y =x+1,

find
(1) the value of £,

(i1) the equation of the curve.

_!
(i)  On the same axes, sketch the curves y =—-8x 2 and y* = %x.

(i1) Find the equation of the line passing through the origin and the point of

intersection of the two curves.

. x+c .
The equation y = Tid’ where ¢ and d are constants, can be represented by a straight
X+

line when xy—x is plotted against y. The line passes through the points (0,4) and

(0.2,0).
(i) Find the value of ¢ and of d,
(i) If (2.5,a)is a point on the straight line, find the value of a .

The roots of a quadratic equation are aand S, where a’+f° =0, aﬂ:a,

a+[>0.

(1)  Find this quadratic equation with integral coefficient.

27

The roots of another quadratic equation x* + px+¢=0 are a—f and f—«.

(i1) Find the value of p and of ¢.

(i)  Prove the identity sin® 2x(cot’ x—tan® x) = 4cos2x.

(ii) Hence find, for 0 < x <27, the values of x for which sin® 2x =

e

cot’ x—tan’ x

[3]
[3]

[2]

[3]

[4]
[1]

[4]

[3]

[4]
[3]



28 cm

h cm

10 cm

(a) The diagram shows a cylinder of height # cm and base radius » cm inscribed in a cone

of height 28 cm and base radius 10 cm. Show that
(1)  the height, # cm, of the cylinder is given by
h=28- 14 r.
5

(ii)  the volume, ¥ cm?, of the cylinder is given by

V= 1472'r2(2—§).

(b) (i)  Given that » can vary, find the maximum volume of the cylinder.

(i)  Show that, in this case, the cylinder occupies g of the volume of the cone.

(1]

[1]

[3]
(2]



7.

10.

(a) A circle with centre P lies in the first quadrant of the Cartesian plane. It is
tangential to the x-axis and the y-axis, and passes through the points 4(4, 18)
and B(18, 16).
Find
(i) the equation of the perpendicular bisector of the line segment AB,
(i) the coordinates of the centre P,
(i11) the equation of the circle,
The tangent at 4 touches the x-axis at R. The line joining 4 and P is produced
to touch the x-axis at S.

(b) Find the area of triangle ARS.

Use the result (\/; +\/;)2 =x+ y+24/(xy), or otherwise, find the square root of

12 ++/140 in the form \/E + \/B , where a and b are constants to be determined.

Given that P(x) = 2x* —=5x" +5x> —x-10 ,
(i) find the quotient when P(x) is divided by (2x—1)(x* +3),

P(x)

1) hence express ——————
@) P oD +3)

in partial fractions.

The velocity, v ms™, of a particle travelling in a straight line at time ¢ seconds after
leaving a fixed point O, is given by
v=2+(1-3k)t+8k -1,
where £ is a constant. The velocity is a minimum at ¢ = 5.
(i) Showthat k=7.
(i1))  Show that the particle will never return to O with time.
(iii) Find the duration when its velocity is less than 13 ms™ .

(iv) Find the distance travelled by the particle during the third second.

[3]
(2]

[4]

[5]

[2]

[5]

(2]
[2]
[2]
(2]



11.

The diagram shows part of curve y=

) intersecting with a straight line
-2x

¥ =2x+3 at the point 4. Find

(1)
(ii)

the coordinates of 4.

the area of the shaded region bounded by the line and the curve.

(2]
[4]



12.

w

In the diagram, two circles touch each other at 4. 74 is tangent to both circles at 4

and FE is a tangent to the smaller circle at C. Chords AE and AF intersect the smaller
circle at B and D respectively. Prove that

(1)  line BD is parallel to line FE, 2]
(i) ZFAC=ZCAE, [3]

END OF PAPER




2018 CWSS Prelim AM P1 Answer Key

10.

() =2 (i) y= X (iii) 45 (iv) 17% mor 17.7m

i) y—— N 1. [ ()A=(=11) (i) 0.352 units?
8

()c=4;d=20 (i) —46 12. | (i)To prove: BD // FE

Proof: Let ZTAF be 6.

(1) 64X’ —72x+27 =0

ZABD = LTAF =@ (alt seg thm)

27
(i) p q o4

ZAEF = ZTAF =@ (alt seg thm)

.. ZABD = ZAEF =46

(i) 0.412, 2.73, 3.55, 5.87

Using property of corresponding angles, BD //
EF (shown)

11200~
27

b(i) cm’ or 1300cm’

(ii)To prove: Z/FAC = ZCAE

Proof: Let /BCE =«

a(i) y =7x—60 (ii) (10, 10)

ZCBD = ZBCE =« (alt Zs, BD//EF)

(iii) (X — 10)’ + (y — 10)* =100

/FAC = ZCBD = « (s in same segment)

b. 337.5 units?

Also, ZCAE = ZBCE = « (alt seg thm)

.. Z/FAC = Z/CAE = a (shown)

V7 +45

(i) X — 2 (ii)
3 7
- +
2x-1) (X*+3)

END




CWSS 2018 AM Prelim P1 Marking Scheme

Qn Solutions Marks
No
1 | 3y=x+1
Ly,
3 3
.. grad of tangent = -3 M1
(l) (2% +3)°
k=-2 Al
d -2
i) | g =]
dx (2x+1)
y = [[-2(2x+1)” —1]dx M1
_2@x+) .
=D@)
= —-X+C M1
(2x+3)
Wheny =0, x=-1 0= +1+cC
—2+43
c=-2
LY== ! A Al
' (2x+3)
2(3i) A\
y Graph
S are
[B1] &
[BI]
oo _l 2 1
(i) | (-8x?*) =—X M1
4
64X =lx
4
256=X’
X=16 or —16(NA) M1
When X =16, y:—_8 =-2

J16




Grad of line = 2 =1
16

8
. 1
" Eqnofhnelsy:—gx Al
3() | y(x+d)=x+cC
Xy—-X=-yd+cC Ml
. c=4 Bl
Grad = —i = -20 M1
0.2
. —d=-20
d=20 Al
(i) | . Xy—x=-20y+4
a=-20(2.5)+4 =-46 Bl
4 a’+ =0
(a+PB)l(a+p) —3ap]=0
2
(a+ Pl(a+pB) _3(6_9] =0 Ml
Since o # —/f3 (0(+,6’)2—ﬁ
’ 64
9 9
a+p=— or ——(NA Al
B 2 8( )
(@) 9 27
degnis X’ —=X+—=0 M1
Quad eqn is g o
64X’ —72x+27=0 Bl

(ii) | Sumofroots=a—-f+pf—-a =0

Prod of roots = (a — ) (f — @)

=affi-a’' - +af

=2af —(a’ + )

=2af -[(a+p) —2ap]

M1
=daf—(a+py
_q4[ 27 (2
64) (8
_108 81 27
64 64 64
. p=0 & q=2! B1, Bl

64




5(i)

To prove: sin’2x(cot” X —tan’ X) = 4cos 2X

Proof: LHS = sin’2X(cot® X — tan® X)

. (cos2 X sin’ Xj
=8in" 2X| —————; M1
sin X  cos’ X
. (cos“x—sin“xj
= s8in” 2X| — > - M1
sin” Xcos” X
_ 4SinzXcosz){(cos X—51.n 2X)(coi X+ sin X)j M1
sin” Xcos” X
= 4(cos’ X —sin’ X) M1
= 4cos2X
= RHS (proved)
(i) | sin’2x(cot’ X —tan’ X) = ¢
4cos2x=¢e M1
COS2X = €
4
2x ~0.8236, 5.4596, 7.1068, 11.743
X=~0.412, 2.73, 3.55, 5.87 Al,
Al
6a(i) Using Similar triangles,
28—h _r
28 10 Ml
28
- 28-h=25;
h{ ; 14
’ h=28—-—r (shown)
(i1) | Vol of cylinder = zr’h
V =zxr’ (28—% rj M1
R 1
V =14rr (Z—ErJ (shown)
dv 14
b(i) | — =56xr ——z(3r’
M| 4 s @3r7)
3
:147zr(4—§r) M1
At stat pt, d—V =0
dr
3
147rr(4—§r) =0 M1




3 2

r=0 (NA), 4—§r=0 = r=6§ Al
dv =567 — 84 zr
dr’
=56r — &ﬁ(6gj
=-175.93(2dp) <0 M1
Since —-<0, .. r= 6— will make V a maximum.
r
Max volume = 147 & & 2—l @
3 3 503
2@72' cm’ or 1300 cm’(3sf) Bl
27
. : 4
(i) | To show: Vol of cylinder = 5 (Vol of cone)
Proof: Vol of cone = %72‘(10)2(28) = @ﬂ' cm’ M1
Vol of cylinder 112007 y 3 _4 Mi
Vol of cone 27 2800z 9
. Vol of cylinder = g (Vol of cone) (shown)
7a(i)
Mid-ptof AB = | 218 18+160 ) 45y M1
2 2
GradofAB= 1016 _ 1
4-18 7
Grad of perpendicular bisector = 7 MI
Eqn of perpendicular bisector is Yy —17 =7(X—11)
y=7x—-60 Al
(ii) | Let the centre P be (m,m).
m="7m—60 Ml
m=10
P =(10,10) Al
(iii) | Eqn of circle is (X —10)* +(y —10)* =100 23
Or X +y*—20x-20y+100=0
(b) | Grad of AP = 18-10
4-10
__4
3




.. Grad of tangent atA:%
, 3
Eqn of tangent at A is y—18=Z(X—4)
3
=—X+15
Y=y
- R =(-20,0) Bl
Eqn of AP is y—lO:—g(X—IO)
4 1
=——X+23—
y 3 3
1 Bl
- S :(17—,Oj
2
1 1
.. Area of AARS :E(2O+175)(18) M1
=337.5 units’ Al
8 | X+yY=12 -moeeee (1) B1
4xy =140 --mmommeeeee () Bl
Fromeqn (1): Yy =12—X substi into eqn (2)
4x(12 - x) =140 Ml
X' —12X+35=0
(X—7)(X=5)=0
S X=7 or X=5
When X=7, y=5 J»Al
When X=35, y=7
V124140 = (V7 +5) Al
9G) | @x—1)(X* +3)=2x"— x> +6X-3
X—2
2X° =X +6X—3)2x' = 5%’ +5X* —x~10
M1
—(2x" = x’ + 6X* —3X)
—4x* —x* +2x —-10
—(—4X’ +2X* = 12X +6)
—3x* +14x-16
Quotient = X—2 Al
P(x —3x*+14x-16
" N X-16
2x-1D)(x*+3) 2x-1)(x"+3)




(-3x*+14x-16) A +(Bx+C)
Qx-D(C+3)  (2x-1) (X +3)

where A, B and C are constants

—3X* +14x-16 = A(X* +3) + (Bx + C)(2x —1) M1
When X:l , =3 1 +14 1 -16=A 3l
2 4 2 4
A=-3 Bl
When x=0, -16=3A-C
-16=-9-C
C=7 Bl
Comparing coeffof X : —-3=A+2B
-3=-3+2B
B=0 Bl
P(x) NP 3 N 7 Al
2x=1)(X* +3) 2x-1) (xX*+3)
dv
10G) | — =4t+(1-3k
ot (1-3k)
L dv
When vel is a minimum, E =0
45)+(1-3k)=0 M1
3k =21
k =7 (shown) Al
(i) | When k=7, v=2t"—20t +55
Discriminant = (—20)* —4(2)(55)
=400 —440
=—40
<0 M1
= there is no real values of t such that vel = 0, also vel > 0 hence particle Al
will never return to O with time.
(iii) | 2t* —20t+55<13 M1
2t —20t +42<0
t?—10t+21<0
t-7)(t-3)<0
\ / .
t oo 3<t<T
3W7 Duration=7-3 = 4s Al




3
(iv) | s=[(2t* —20t + 55)at M1
= {Zi—lOt2 + SSt}
3 )
16
=[18-90+165]—- ?—40+110
2
= 175 m  or 17.7 m(3sf) Al
113)
=2X+3 M1
1-2X
3=(2x+3)(1-2x)
3=2Xx-4x"+3-6X
4%X° +4x=0
4x(x+1)=0
X=0 or X=-1
Forpt A: Whenx=-1,y=-2+3=1
A=(-11) Al
) Area of shaded region = l(1 + 3) — jidx M1, M1
2 $1-2x
:2_[3ln(l—2x)} M1
) |
=2 —[O+éln3}
2
=2-1.6479 =~ 0.352 units’ Al
12(i) | To prove: BD // FE
Proof: Let ZTAF be 6.
ZABD = ZTAF = @ (alt seg thm) | M1
/AEF = ZTAF =@ (alt seg thm)
.. Z/ABD = ZAEF =60
Using property of corresponding angles, BD // EF (shown) Al
(ii) | To prove: ZFAC = ZCAE
Proof: Let /BCE =«
ZCBD = ZBCE =« (alt £s, BD//EF) BI
/FAC = ZCBD = a (4s in same segment) Bl
Also, ZCAE = ZBCE = « (alt seg thm) Bl

.. /FAC = Z/CAE = a (shown)

END




(i) A particle moves along the curve yzln(x2 +1) in such a way that the y-coordinate

of the particle is decreasing at a constant rate of 0.2 units per second. Find the rate at

which the x-coordinate of the particle is changing at the instant when X=-0.5. [3]
(ii) Find the X-coordinates of the point on the curve where the gradient is stationary. [3]
(i) Solve the equation log, (2x+1)—log, (2x—3) =1+log, % [4]
(i) Solve the equation Iny+1=2log, e, giving your answer(s) in terms of e. [5]

Given that y =e*sin X,

, dy d’

i) showthat 2———-=2y. 4
(i) o ae Y [4]
(ii) Hence, or otherwise, find the value of J.Og e*sin x dx. [4]

Given that the first three terms, in ascending powers of y, of the expansion of (a + y)n , where

a and n are positive real constants, are 64+192y +240y" .
1
(i) By considering the ratio of the coefficients of the first two terms, show that a = 3 n. [3]

(i) Find the value of a and of n. [4]

(a) Using the substitution u =2*, solve the equation 4**' =2* +3. [4]
(b) The quantity, N, of a radioactive substance, at time t years, is given by N = Nocfkt , Where
N, and K are positive constants.

(i) Sketch the graph of N against t, labelling any axes intercepts. [2]
(ii) State the significance of N, . [1]

(iii) The quantity halves every 5 years. Calculate the value of k. [3]



6 Solutions to this question by accurate drawing will not be accepted.

The coordinates of the points P and Q are (—5,2) and (7,6) respectively. Find

(i) the equation of the line parallel to PQ and passing through the point ( —2,3) , [3]
(ii) the equation of the perpendicular bisector of PQ. [3]

A point R is such that the shortest distance of R from the line passing through P and Q is J10
units.

(iii) Find the area of triangle PQR. [3]

7 The diagram shows a sketch of the curve y=f (X) The X-coordinates of the maximum and

minimum points are —« and « , where kK > 0.

It is given that f'(X):aX2+bX+C,where a, b and c are real constants. For each of the

following, state, with reasons, whether they are positive, negative or zero.

(i) b*-4ac, [2]
b

(i) —, [2]
a

(iii) — 2]



8 The diagram shows the cross-section of a house with a rooftop BAC. The length of AB and AC
are 10 m and 24 m respectively. The angle between AB and the horizontal through A is €
degrees and Z/BAC =90°.

A
7
10 m
24 m
B
C

The base of the house is of length L m.
(i) Show that L=10cosf+24sin6. [2]
(ii) Express L in the form R sin(9+ a) ,where R>0 and o is an acute angle. [4]
(iii) Find the longest possible base of the house and the corresponding value of 6. [3]

. . 2X

9 (a) The equation ofacurveis y=——.
1+x

(i) Find the equation of the tangent to the curve at point P (1, 1) . [4]

(ii) The tangent cuts the axes at Q and R respectively. Find the area of
triangle OPQ. [2]

(b) A curve has equation yzf(X),Where f(x):§x3—2x2+l3x+5.

Determine, with explanation, whether fis an increasing or decreasing function. [4]



10 (a)

(b)

11 (a)

(b)

(©)

(i) Solve the equation [x* —3x+2[+x=1. [3]
(ii) What can be deduced about the number of points of intersections of the graphs of

y =[x’ =3x+2 and y=-x+1? [1]
(iii) Hence, on a single diagram, sketch the graphs of Yy z‘xz —3X+2‘ and y=—-x+1,

indicating the coordinates of any axial intercepts and turning point. [4]

, where K is a constant.

The diagram shows part of the graph of y = |k - X

)

O X

A line Yy=MX+C is drawn to determine the number of solutions to the equation
k=X =mx+c.
(i) If m=1, state the range of values of ¢, in terms of k, such that

the equation has one solution. [1]

(ii) If c =0, state the range of values of m such that the equation has no solutions.  [2]

State the principal range of sin~' X, leaving your answers in terms of . [1]
1+ tan X

(i) Prove that amzr_ sec2X+tan 2X . [5]
1—tan X

(ii) Hence find the reflex angle X such that 3sec2x+3tan2x =1. [3]

A buoy floats and its height above the seabed, h m, is given by h=acosbt+c, where t is
time measured in hours from 0000 hours and a, b and ¢ are constants. The least height of
the buoy above seabed is 180 metres and is recorded at 0000 hours. The greatest height
of the buoy above seabed is 196 metres and is first recorded at 0600 hours.
(i) Find the values of a, b and c. [3]
(ii) Using values found in (i), sketch the graph of h=acosbt+c¢ for 0 <t<24. [2]
(ii) The buoy floats above the top of a huge rock first at 0500 hours. State the number of
hours in each day that the buoy is above the rock. [1]
END OF PAPER



Question 1

(i) | 0.25 units/s

(i) | x=+1
Question 2

M [,_23

2

(ii) y=e’2 ory=e
Question 3

(i) [ 1.02(3s.£)
Question 4
| (i) [ n=6,a=2
Question 5

(a) X=0

(a)(@)

@)

(ii) It represents the initial amount of radioactive substance.

(i) | 0.139

Question 6
@ y= 1 X+ 3g
3 3
(i) | y=-3x+7
(iii) | 20 units®
Question 7
(i) | b>—4ac>0.
(i) E >0
a
(i) | ¢ <0
a
Question 8

(i) | L=26sin(6+22.6°)

(iii) | Longest possible base is 26 m.




0=67.4°(1d.p.)

Question 9

(a)()

(i)

1 .,
— units
4

Question 10

(2)()

Xx=1

(i)

The line y =—x+1 is tangential to y :‘xz —3x+2‘.

(i)

A \}s\ﬁfb@rz\

(b)(@)

c>—-k

(i)

-1<m<0

Question 11

(@

T . T
—Z<sin'x<=

(b)(i)

x=333.3°(1dp.)

(©)®)

a=-8b=".c=188
6

(iii)

4 hours




1 (i) A particle moves along the curve y :ln(x2 +1) in such a way that the y-coordinate

of the particle is decreasing at a constant rate of 0.2 units per second. Find the rate at

which the X-coordinate of the particle is changing at the instant when x=-0.5. [3]
(ii) Find the x-coordinates of the point on the curve where the gradient is stationary. [3]
@ | dy  2x
dx  x*+1 Bl
dy_dy dx
dt dx dt
2(-0.5
—0.2= (—2) X M1
(—0.5) +1 dt

= % =0.25 units/s Al

a

() | g2y (6 +1)(2)-2x(2x)

= > ‘M1

dx (x*+1)
_2-2%
(x2 +1)2
2

Y9 M1

dx
2-2x*=0

X=xl

Al




2 (i) Solve the equation log, (2x+1)—log, (2x—3) =l+log3§.

(ii) Solve the equation Iny+1=2log, e, giving your answer(s) in terms of e.

[5]

®

log, (2X+1)—log3 (2X—3) =1+log3§

2X+1 2
lo =log,| 3x—
g; 2x_3 g3( 5)

2x+1 6
2x-3 5
10x+5=12x-18
2x =23

23

2

X

B1, Bl

M1 - remove log

Al

(i)

Iny+1=2log e

lny+1=i

Iny
(Iny) +Iny-2=0
(lny+2)(ln y—1)=0
Iny=-2or1

y=e ory=e

B1 — change base

B1

M1 — attempt to solve

A2




3 Giventhat y=e"sinx,

(i)

(ii) Hence, or otherwise, find the value of J.OE e*sinX dx.

2
show that ZQ—d 32/=2 .
dx dx

[4]

:>—eXsinx—excosx+2exsinX=2jeXsinX dx
X . 1 X : X
.'.Je sin X dx=5(e sinX—e cosX)+C

x 1 3
Lf e’sinX dx = [E(e" sin X —e* cos X)}
0

=1.02(3s.f)

() y=e"sinX
_ e’ sin X +e* cos X M1 — product rule
dx B1
2
d_xg =e*sin X +e* cos X —e* sin X+ e* cos X M1 — product rule
=2¢” cos X
d’y . dy .
——= 422 =-2¢e"cosx+2(e"sin X+¢e* cos X
dx*  dx ( ) M1
=2¢e"sin X
dy d*y
2 SV,
dx dx? a.g.
ii) 2
( i Y _ by
dx dx
—%+ 2y = ZI e” sin X dx M1 — integration
X

B1 — making integral the
subject

M1 — substitution of
limits
Al




4 Given that the first three terms, in ascending powers of 'y, of the expansion of (a +y )n , where

a and n are positive real constants, are 64+192y +240y”.

(i) By considering the ratio of the coefficients of the first two terms, show that a = % n. [3]

(ii) Find the value of a and of n.

[4]

—~~
W

SN—
>

|

—
[\
~
e
(9]

1 2
“n==(n-1
sn=5(n-1)
Sn=6n-6
n==6

(i) n . . n(n-1) .
(a+y) =a"+na ly+¥a RART B1 — award for first two
By comparing coefficents, terms
a" = 64 ———(1)
na""' =192 -——(2)
'"(nz_l)a“-2 =240  ———(3)
Q Ezﬁ:l :ln___(4) M1. Al
(2) n 192 3 3 ’
() | (2) 2a _192_4 a=§(n_ )———(5) M1

VM1 - simultaneous eqn

Al
Al




5 (a) Using the substitution U =2*, solve the equation 4*' =2* +3.

[4]

(b) The quantity, N, of a radioactive substance, at time t years, is given by N = N,e™, where

N, and k are positive constants.

(i) Sketch the graph of N against t, labelling any axes intercepts. [2]
(ii) State the significance of N, . [1]
(iii) The quantity halves every 5 years. Calculate the value of k. [3]
@ | 4u”=u+3 B1
4u’>-u-3=0
(4u+3)(u-1)=0
u=1or _3
4 M1
X=0o0r2" = —%(no solutions) Al, Al
(a)(@) B1 — shape
N B1 —t >0 and label No
N
@)
(ii) It represents the initial amount of radioactive substance. B1
(i) |1 N, = N,e @) M1
2
1w
2
K 1
=5 zlnE:—an M1
_In2 Al

t=—~0.139
5




6 Solutions to this question by accurate drawing will not be accepted.

The coordinates of the points P and Q are (—5,2) and (7,6) respectively. Find

(i) the equation of the line parallel to PQ and passing through the point (—2,3) .

(i) the equation of the perpendicular bisector of PQ.

[3]
[3]

A point R is such that the shortest distance of R from the line passing through P and Q is J1o

units.

(iii) Find the area of triangle OQR.

[3]

O = 7f(—25) :% Bl
y-3=—[x—(-2)] M1
y :§x+3§ Al
@ | \idpoint of PO = (‘5; / %) = (1,4) B1
Gradient of perpendicular bisector=—3
y—4=-3(x-1) VM1
y=-3x+7 Al
@) | o= \[(7-(=5)) +(6=2)" =4J10 units M1
Area = %(4@)\/5 M1
=20 units’ Al




7 The diagram shows a sketch of the curve y=f (X) The X-coordinates of the minimum and

maximum points are @ and —«a , where o > 0.

It is given that f '(X):ax2 +bx+c,where a, b and ¢ are real constants. For each of the

following, state, with reasons, whether they are positive, negative or zero.

(i) b?-4ac, (2]
. b
(i) —, (2]
a
(iii) — [2]
() | Since there are two stationary points, f '(X) =0 has two real | M1
Al
roots, therefore b> —4ac > 0.
(i) | Since |a|>|A] and & <0, a+B<0, M1
.'.E=—(a+ﬂ)>0 Al
a
(iii) | Since <0 and >0, aff <0, M1
c
SL—=qf<0
N Al




8 The diagram shows the cross-section of a house with a rooftop BAC. The length of AB and AC

are 10 m and 24 m respectively. The angle between AB and the horizontal through A is &

degrees and ZBAC =90°.

10 m

24 m

A

The base of the house is of length L m.
(i) Show that L=10cosd+24sind.

\ 4

(ii) Express L in the form R sin(9+ a) , where R>0 and « is an acute angle.

(iii) Find the longest possible base of the house and the corresponding value of 4.

(2]
[4]
[3]

(i) | Letthe point vertically above B and C be M and N respectively.
ZACN =90°
AM =10cos@ and AN =24sin& B1, B1
L=MN =10cos 8+ 24sin
(i) | R=4102+24 M1
=26 Al
a=tan"' 10 M1
24
=22.620°(3 d.p.) Al
L=26 sin(ﬁ +22.6°)
(iii) | Longest possible base is 26 m. B1
0 +22.620°=90° M1
0=67.4°(1d.p.) Al




9 (a) The equation of a curveis y = A
1+ X
(i) Find the equation of the tangent to the curve at point P (1, 1) . [4]

(ii) The tangent cuts the axes at Q and R respectively. Find the area of
triangle PQR. [2]

(b) A curve has equation y =f(x), where f(x) =%x3 —2x> +13X+5.

Determine, with explanation, whether f is an increasing or decreasing function. [4]
(a) d 1+x)(2)—(2x)(1
@ [ oy _(1+()-(00) i
dx (1+x)
2
(1+ x)2
dy 1
el B1
dx|,_, 2
Equation of Tangent: y—1= l( x—1)=y= L M1 — substitution of point
2 2 2 Al
@ Q(-1,0) and R (0,%} ™
Area of Triangle= l(1) L units’
£V 2) 7y VBI1
) | £'(x)=x>-4x+13 Bl
= (X — 2)2 —-22413 M1 - complete the square
=(x- 2)2 +9
(x—2)220:>(x—2)2+9>0 M1

~.f'(x)>0, fis an increasing function. Al




10 (a)

(b)

10

(i) Solve the equation ‘xz —3X+ 2‘ +x=1. [3]
(ii) What can be deduced about the number of points of intersections of the graphs of
y:‘x2—3x+2‘ and y=—x+1? [1]
(iii) Hence, on a single diagram, sketch the graphs of y =‘X2 —3x+2‘ and y=-x+1,
indicating any axial intercepts. (4]

The diagram shows part of the graph of y = |k -X

, where K is a constant.

O X

A line y=mx+c is drawn to determine the number of solutions to the equation
k—x|=mx+c.
(i) If m=1, state the range of values of ¢, in terms of k, such that

the equation has one solution. [1]

(ii) If c =0, state the range of values of m such that the equation has no solutions.  [2]

(a) X =3Xx+2=—-x+1 or x> =3%x+2=—(-x+1) M1
() ) 3 2 3

X" =2X+1=0 X" —4x+3=0

(x-1)"=0 (x=3)(x-1)=0

x=1 x =1 or x =3(rejected) Al, Al
(i) | Theline y =—x+1 is tangential to y:‘x2 —3X+2‘. B1




11

(i)

B1 - modulus graph

B1 — axial intercepts &
turning point

B1 — line with intercepts
B1 - line tangent to
modulus

(b)(@)

c>-k

B1

(i)

-1<m<0

Al Al




12

11 (a) State the principal range of sin”' X, leaving your answers in terms of 7. [1]
(b) (i) Prove that % _ cecox+ tan2x. 5]
1—tan X
(ii) Hence find the reflex angle X such that sec2x + tan2X = % . [3]
(¢) A buoy floats and its height above the seabed, h m, is given by h =acosbt +c, where t is
time measured in hours from 0000 hours and @, b and ¢ are constants. The least height of
the buoy above seabed is 180 metres and is recorded at 0000 hours. The greatest height
of the buoy above seabed is 196 metres and is first recorded at 0600 hours.
(i) Find the values of a, b and c. [3]
(i) Using values found in (i), sketch the graph of h=acosbt+c for 0 <t <24. [2]
(ii) The buoy floats above the top of a huge rock first at 0500 hours. State the number of
hours in each day that the buoy is above the rock. [1]
@ | = <sin'x<Z Bl
(b) N sin X
I-tanx _sinX
cos X
X +sin X
_ CosX+ s%n M1
COS X —sin X
(cos x+sin X)2
= o . Ml
cos” X—sin” X
_ 1+2sinXcos X
cos 2X M1 - double angle
1+sin2
_lrsmox M1 — double angle
COSs 2X
=sec2X +tan 2X Al
(ii) | 1+tanXx _l
I-tanx 3 Mi
3+3tan X =1—tan X
4tan X = -2
1
tan X = ——
2
a =26.565°(3 d.p.) B1
x=333.3°(1d.p.) Al




13

196-180
Eic)) 2% _8=a=-8 B1
oo 1964180 oq B1
2w
b =
26 Bl
(ii) B1 — shape
B1 - points
! Ll Y O e gp g W
(iii) | 4 hours B1
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the quadratic equation ax? +bx+c=0,
. —b++vb* —4ac
- 2a

n n n
Binomial Expansion (a+b)" =a" +(Ja“b+(2]a”2b2 +...+( ]a’”br +...+b",
r

_ L n n! n(n-1)....(n—r+1)
where n is a positive integer and = .

r :r!(n—r)! ri

2. TRIGONOMETRY

Identities sin? A+cos®> A=1
sec’ A=1+tan? A
cosec’ A =1+cot” 4
sin(A+ B) =sin Acos B + cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B

tan At tan B
l1xtan AtanB

sin2A =2sin Acos A
cos2A=cos’ A—sin? A=2cos®? A—1=1-2sin? A

tanZA:%
1-tan“ A

tan(A£B) =

a b c

Formulae for A ABC - = — = —
sinA sinB sinC

a’=b?>+c*—2bc cos A

Azlab sinC
2
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1 The function f is defined, for all values of x, by
f(x) = x%e*.
Find the values of x for which f is a decreasing function. [4]
2 A man buys an antique porcelain at the beginning of 2015. After t years, its value, $V, is

given by 77 =15 000 + 3000¢° .

0] Find the value of the porcelain when the man first bought it. [1]
(i) Find the year in which the value of the porcelain first reached $50 000. [3]
L
3 Given the identity cos3x = 4cos®x - 3cosx , find the value of 07 cos® x dx. [3]
6
1
4 (i) Sketch the graph of y =4x3 for x 30. [2]

1
The line y = x intersects the curve y = 4x3 at the points A and B.

(i) Show that the perpendicular bisector of AB passes through the point (5, 3). [4]
5 Solve the following equations:

(i) log, y +log, y=4 [2]

(i) 10" =7(10")+26 [4]
6 0] Show that (cosec x - 1)(cosec x +1)(secx - 1)(secx+1) ©1. [2]

(ii)  Hence solve (cosec x - 1)(cosec x +1)(secx - 1)(secx +1) = 2tan® 2x - 5sec2x for
0£ x £360°. [4]
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7 The function f(x) =sin*x+ 2 - 3cos’ x is defined for 0 £ x £ 2p.
(i) Express f(x) in the form a + bcos2x, stating the values of a and b. [2]
(i) State the period and amplitude of f(x). [2]

(iii)  Sketch the graph of y = f(x) and hence state the number of solutions of the

equation 1~ +cos2x =0. [4]
2 2p

8 A particle moves in a straight line passes through a fixed point X with velocity
5 m/s. Its acceleration is given by a = 4 — 2t , where t is the time in seconds
after passing X. Calculate
Q) the value of t when the particle is instantaneously at rest, [4]

(i) the total distance travelled by the particle in the first 6 seconds. [4]

9 Q) The diagram shows part of the graph of y=1- |2x - 6‘ . Find the coordinates of A
and B. [3]

A line of gradient m passes through the point (4, 1).

(i) In the case where m = 2, find the coordinates of the points of intersection of the
line and the graph of y =1-|2x -] [4]

(iti)  Determine the sets of values of m for which the line intersects the graph of

y:1—|2x—6‘ in two points. [1]
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10 An equilateral triangle ABC is inscribed in a circle. PT is a tangent to the circle at B. It is
given that AS = QC. PQA is a straight line and BS meets AQ at R.

(1) Show that AC is parallel to PB. [2]
(i)  Prove that DABS is congruentto DCAQ. [2]
(iii)  Prove that DPBQ = DBRO. [3]

11 In the diagram, PQRST is a piece of cardboard. PQST is a rectangle with PQ =2 cm and

QRS is an isosceles triangle with OR = RS =4 cm. BRSQ = DRQS = g radians.

R
4cm 4cm
Q 0 0 S
2cm 2cm
P T

(i) Show that the area, A cm?, of the cardboard is given by 4 =8sin2g+16cosqg. [3]
(i)  Giventhat g can vary, find the stationary value of A and determine whether it it is

a maximum or a minimum. [6]
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12 (@)

@)
v
>

v =4dx

The diagram shows part of a curve y* = 4x. The point P is on the x-axis and the point

Q is on the curve. PQ is parallel to the y-axis and k is units in length. Given R is (2, 0),

; d4 _3k*-8
express the area, A, of the DPQOR in terms of k and hence show that a = g

The point P moves along the x-axis and the point Q moves along the curve in such a
way that PQ remains parallel to the y-axis. k increases at the rate of 0.2 units per

second.

Find the rate of increase of A when k = 6 units. [5]

(b) y
y=2x"+3

A (-2, 11)

The diagram shows part of the curve y = 2x?+3.
The tangent to the curve at the point A(-2,11) intersects the y-axis at B. Find the area of

the shaded region ABC. [6]

~ End of Paper ~
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the quadratic equation ax? +bx+c=0,
. —b++vb* —4ac
- 2a

n n n
Binomial Expansion (a+b)" =a" +(Ja“b+(2]a”2b2 +...+( ]a’”br +...+b",
r

_ L n n! n(n-1)....(n—r+1)
where n is a positive integer and = .

r :r!(n—r)! ri

2. TRIGONOMETRY

Identities sin? A+cos®> A=1
sec’ A=1+tan? A
cosec’ A =1+cot” 4
sin(A+ B) =sin Acos B + cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B

tan At tan B
l1xtan AtanB

sin2A =2sin Acos A
cos2A=cos’ A—sin? A=2cos®? A—1=1-2sin? A

tanZA:%
1-tan“ A

tan(A£B) =

a b c

Formulae for A ABC - = — = —
sinA sinB sinC

a’=b?>+c*—2bc cos A

Azlab sinC
2
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1 The function f is defined, for all values of x, by
f(x) = x%e*.
Find the values of x for which f is a decreasing function. [4]
f(x) = x%e*
fo(x) = ¥ (2x) + x*(2¢*)
fo(x) = 2xe™ (1+ x)
For increasing function,
fé(x) <0
2xe”* (1+x) <0

- 2x
Since e >0

x(1+x)<0

Ans: -1<x<0

2 A man buys an antique porcelain at the beginning of 2015. After t years, its value, $V, is
given by =15 000 +3000¢°%".

0] Find the value of the porcelain when the man first bought it. [1]

(i) Find the year in which the value of the porcelain first reached $50 000. [3]

() att=0,
¥ =15 000 +3000¢° = 18 000

(i) 50 000 =15 000 +3000&°*

35 000 = 3000&°*
E = O
3

0.2t= In(%ﬂ

t=12.283...
Ans : 2027
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P
3 Given the identity cos3x = 4cos®x - 3cosx , find the value of 07 cos’x dx. [3]
6

0 cos’x dx

CHSENIES

p

- JE(COS3x+3005x) dx}

Al

6

|
Nl

11
| =
TN
1
°°||—\
+
N
1
S/
Wl
+
N | w
~
| |
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1
4 (i)  Sketch the graph of y =4x3 for x 30. [2]

20

1
The line y = x intersects the curve y = 4x?3 at the points A and B.

(i) Show that the perpendicular bisector of AB passes through the point (5, 3). [4]

x=0 or x=42

x=0 or x=8 (x30)
A(0,0), B(8,8)
mid-point of AB = (4, 4)
gradient AB =1

eqgn of perpendicular bisector ,

y-4=-1x-4)
y=-x+8
whenx=5,y=3.

Therefore the perpendicular bisector passes through (5, 3).
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5 Solve the following equations:

(i) log, y +log, y=4
(i) 10 =7(10%) + 26

(i) log, y+log, y=4

log, v
log, 8

+log,y=4

|Og32y +|ngy:4

4
§I0g2y24

log, y=3
y=8

Gy 10°7=700)+26

10*(10%) = 7(10%) + 26

let p =107,
10p*-7p-26=0
(10p+13)(p-2)=0

-—E or p=2
p 10 p

10" = —E or 10° =
10

(NA) or x=1g2=0.301

[2]
[4]
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6 ) Show that (cosec x - 1)(cosec x +1)(secx - 1)(secx+1) ©1. [2]

(i)  Hence solve (cosec x - 1)(cosec x +1)(secx - 1)(secx +1) = 2tan* 2x - 5sec 2x for
0£ x £360°. [4]

i LHS,
(cosec x - 1)(cosec x +1)(secx - 1)(secx +1)
= (cosec® x - 1)(sec’ x -1)
= (cot® x)(tan’ x)
=1

(i) (cosec x - 1)(cosec x +1)(secx - 1)(secx +1) = 2tan” 2x - 5sec 2x
1= 2tan”2x - 5sec2x
2(sec’2x -1) -5sec2x-1=0
2sec’ 2x -5sec2x -3=0
(sec2x -3)(2sec2x+1)=0

sec2x =3 or sec2x= —E

cost:% or cos2x=-2

basic angle, a =70.529... or NA
2x =a,360°-a,360°-a,720°-a
x =35.3° 144.7°, 215.3°, 324.7°
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The function f(x) =sin*x+ 2 - 3cos’ x is defined for 0 £ x £ 2p.

(i) Express f(x) in the form «a + bcos2x, stating the values of a and b. [2]
(i) State the period and amplitude of f(x). [2]

(iii)  Sketch the graph of y = f(x) and hence state the number of solutions of the

equation 1~ +cos2x =0. [4]
2 2p

(i) f(x) =sin’x+2-3c0s* x
f(x) =sin® x +cos’ x + 2 - 4cos’ x
f(x)=3-2(2cos’ x)
f(x) = 1- 2(2c0s% x - 1)
f(x)=1-2cos2x

(i) Amplitude = 2

Period = 27’0 =p

i) S-* 4cos2e=0
2 2p

1- X -2C0S2x
p

2—£ =1-2c0s2x
p

No. of solutions = 4
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8 A particle moves in a straight line passes through a fixed point X with velocity
5 m/s. Its acceleration is given by a = 4 — 2t , where t is the time in seconds
after passing X. Calculate
Q) the value of t when the particle is instantaneously at rest, [4]

(i) the total distance travelled by the particle in the first 6 seconds. [4]

(i) a=4-2t
v=0(4-21) dt

v=4t-1*+c

att=0,v=5,
5=c

v=4i-12+5

atv=0,
0=4t-1*+5
t?-4t-5=0
(t-5)(+1)=0
tr=5ort=-1
(NA)

(i) s=((4r-1+5) dr
t3
s:212——+5t+c1
3

s=2it =L
3

att=0, s=0
o o100

att=5, 3

att=6, s=30

Total Distance = [2 X %} -30= 3(3%

Methodist Girls” School Additional Mathematics Paper 1 Sec 4 Preliminary Examination 2018



Page 10 of 14

9 Q) The diagram shows part of the graph of y=1- ’2x - 6‘ . Find the coordinates of A
and B. X [3]
A
Ne
2x-6=0 |2x-6=1
x=3 2x-6=1 or 2x-6=-1
A3, 1) x=35 o x=25
B(3.5, 0)
A line of gradient m passes through the point (4, 1).
(i) In the case where m = 2, find the coordinates of the points of intersection of the
line and the graph of y =1-|2x - 6. [4]
(iii)  Determine the sets of values of m for which the line intersects the graph of
y=1-|2x - § in two points. [1]
(i) y=2x+c
at (4, 1),
1=8+c
c=-1
y=2x-17
y=1- ’2x - 6‘
2x-7=1-|2x-¥§ y
|2x -6 =8-2x )
2x-6=8-2x or 2x-6=-(8-2x) S A S
4x =14 or 2x-6=-8+2x 4 . X
x=35 or NA /\B
(i) O0<m<2
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10 An equilateral triangle ABC is inscribed in a circle. PT is a tangent to the circle at B. It is
given that AS = QC. PQA is a straight line and BS meets AQ at R.

(i) Show that AC is parallel to PB. [2]
(i) Prove that DABS is congruentto DCAQ. [2]
(iii)  Prove that DPBQ = DBRO. [3]

(i) PACB=DBAC =60° (equilateral triangle)
DPBC =DBAC (Alternate Segment Theorem)
Since PPBC =DACB,
AC is parallel to PB (alternate angle)

(i)  AS=CQ (given)
PBAS =PACQO =60° (equilateral triangle)
AB = AC (sides of a equilateral triangle)
N\DABS =DCAQ (SAS)

(iii)  let BRBQ =1x,
PRBA=60° - x (equilateral triangle)
PASB =180° - (60° - x) - 60° = 60° + x (angle sum of triangle)

PRBA=DRAS =60° - x (DABS = DCAQ)
PARS =180° - (60° + x) - (60° - x) =60° (angle sum of triangle)

DBRQ =60° (vertically opposite angle)
so, BPBQ = BDBRQ
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11 In the diagram, PQRST is a piece of cardboard. PQST is a rectangle with PQ =2 cm and
QRS is an isosceles triangle with OR = RS =4 cm. BRSQ = BDRQS = g radians.

(i)
(i)

(i)

(i)

R
4cm ! 4cm
0 i 0 S
Q X
2cm 2cm
P T

Show that the area, A cm?, of the cardboard is given by 4 =8sin2g+16cosqg. [3]

Given that g can vary, find the stationary value of A and determine whether it it is

a maximum or a minimum.
0OS = 2(4cosq) =8cosqg

RX =4sing

Area, A = %(4sinq)(8cosq) + 2(8003(])

=16singcosg+16cosqg
=8sin2g+16cosqg

% = (8¢052g)(2) +16(-sing)

dA4 .
— =16 20 -
ag (cos2g -sing)

d4 _
For @ =0,
cos2g-sing=0

1-2sin*g-sing=0
2sing+sing-1=0
(2sing-1)(sing+1)=0
sing=05 or sing=-1

q:% /0524 or NA

4=1243=208

[6]

2
a4 16(-2sin2q - cosq)
dg

=
_P
For q—g /0.524

d?4
— < 0 => max. area
dg
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12 (@)

(2,0)

v =4dx

”

The diagram shows part of a curve y* = 4x. The point P is on the x-axis and the point

Q is on the curve. PQ is parallel to the y-axis and k is units in length. Given R is (2, 0),

; d4 _3k*-8
express the area, A, of the DPQOR in terms of k and hence show that — = g

The point P moves along the x-axis and the point Q moves along the curve in such a
way that PQ remains parallel to the y-axis. k increases at the rate of 0.2 units per

second.

Find the rate of increase of A when k = 6 units. [5]

Y =4x
at Q, k% = 4x
k2
xX=—
4
(i
—k ——2
()k4 J
3
A=Ky
8
d4 _ 3k2
dk 8
d_A_3k2—8
dk 8

d4 _d4. dk
dr dk dr
d4 _(3(6)-8)

at 6,
P= dt

x0.2=25
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y=2x*+3 Y

A (-2, 11)

A

7/

The diagram shows part of the curve y = 2x? +3.

The tangent to the curve at the point A(-2,11) intersects the y-axis at B. Find the area of

the shaded region ABC.

d—y:4x

dx
atA, m=-8

let B (0,Y)
_11-y
mAB - _2 _ 0
-8= 11—_y
-2
y=-5
B (0, -5)

egn AB
y=-8x-5

at C,
y:2(0)2+3:3

C(3, 0)

Area = J‘:[(sz + 3) - (—8x - 5)]

= J-_OZ[Zx?‘ + 8x+8}
0

= {Z—X\% +4x° + Sx}
3 -2

:O—|:_—16+:|.6—:|.6:|:E
3 3

~ End of Paper ~

[6]
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the guadratic equation ax® +bx+c=0,

—b++b? —4ac

2a

X =

n n n
Binomial Expansion (a+b)" =a" + (Ja“b + (Zja“bz +ot [Ja”'br +...+b",

n! _ n(n-1)....(n—-r+1)

n
where n is a positive integer and =
r) ri(n—-r) r

2. TRIGONOMETRY

Identities sin? A+cos? A=1
sec’ A=1+tan’ A

cosec’A=1+cot’ A
sin(A+ B) =sin Acos B + cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B

tan A+tanB
lxtan AtanB

sin2A =2sin Acos A

tan(A+B) =

cos2A =cos? A—sin? A=2cos? A—1=1-2sin* A
tan2A:2ta—nZA
1-tan® A

a b ¢
sinA sinB sinC

Formulae for A ABC

a’=b*>+c?>—2bc cos A

A:Eab sinC
2
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1. The equation 2x* + px+3=0 , where p > 0, has roots o and P.
(i) Given that o® + #* =1, show that p = 4. [3]
(i)  Find the value of o + 5°. [2]
: : . . 200 2P
(iii)  Find a quadratic equation with roots —- and —-. [3]
a
1 8
2. (@) Find the term independent of x in the expansion of 2x(2x——2] . [4]
X

(b)  The first 3 terms in the binomial expansion (1+kx)" are 1+ 5x+?x2 +...

Find the value of n and of k. [4]
3.
A
3+25
B M C
4+645

The diagram shows an isosceles triangle ABC, where AB = AC. The point M is the

mid-point of BC. Given that AM = (3+ 2\/§)cm and BC =(4+6\/§)cm.

Without the use of a calculator, find

Q) the area of triangle ABC, [2]
(i)  AB? [3]
(i) sin ZBAC, giving your answer in the form p%]\ﬁ where p, gand r are

positive integers. [3]
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3_ 2 _
4. ()  Giventhat XX HOX=0 b

, Where a, b and c are integers,

2x% — X 2x2 — X
3 _ 2 _
express ox 15)2( +6x=5 in partial fractions. [5]
2X° =X
3 _ 2 _
(i) Hence find [ OX Z1SXT+0X =3 g, | 3]
2X° —X
5. The term containing the highest power of x and the term independent of x in the

polynomial f(x) are 2x* and -3 respectively. It is given that (2x* + x—1) is a quadratic
factor of f(x) and the remainder when f(x) is divided by (x — 1) is 4.

Q) Find an expression for f(x) in descending powers of X, [5]

(i) Explain why the equation f(x) = 0 has only 2 real roots and state the values.

[4]

6. PQRS is a rectangle. A line through Q, intersects PS at N and RS produced at T, where

QN=7cm, NT = 17cm, «NTS =@, and @ varies.

17cm

Q) Show that the perimeter of PQRS, P cm, is given by P =14cos 8 + 48sin 6.

[2]

(i)  Express P in the form of Rcos(é — ) and state the value of R and « in degree.
[3]
(i) Without evaluating &, justify with reasons if P can have a value of 48 cm. [1]

(iv)  Find the value of P for which QR =12 cm. [2]
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7. Variables x and y are related by the equation X+ 5y

= Xy, where s and t are constants.

The table below shows the measured values of x and y during an experiment.

x| 1.00 | 150 | 2.00 | 250 | 3.00

y | 048 | 065 | 085 | 1.00 | 1.13

(1) On graph paper, draw a straight line graph of X against x, using a scale of 4 cm
y

to represent 1 unit on the x — axis. The vertical X _ axis should start at 1.5 and
y
have a scale of 1 cm to 0.1 units. [3]

(i) Determine which value of y is inaccurate and estimate its correct value.  [1]

(iii)  Use your graph to estimate the value of s and of t. [2]

(iv) By adding a suitable straight line on the same axes, find the value of x and y
which satisfy the following pair of simultaneous equations.

X+sy

X
" y

5y —2x=2xy. [3]

8. The equation of a circle Cy, is x* +y* —2x—-y-10=0.
Q) Find the centre and the radius of the circle. [3]
(i)  The equation of a tangent to the circle C; at the point A isy + 2x =k, where k > 0.

Find the value of the constant k. [4]
A second circle Cz has its centre at point A and its lowest point B lies on the x-axis.

(i) Find the equation of the circle Co. [2]

9. (@) The curve y = passes through the point A where x = 1.

—2X
() Find the equation of the normal to the curve at the point A. [4]

(i) Find the acute angle the tangent makes with the positive x-axis.  [2]

Methodist Girls® School Additional Mathematics Paper 2 Preliminary Exam 2018
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9. (b)  Thecurve y= f(x) issuch that f "(x) =3(e* —e *) and the point P(0, 2) lies
on the curve. Given that the gradient of the curve at P is 5, find the equation of

the curve. [6]

10.  The diagram (not drawn to scale) shows a trapezium OPQR in which PQ is parallel to

OR and ZORQ =90°. The coordinates of P and R are (—4,3)and (4, 2) respectively

Y A

and O is the origin. Q

-

P(-4,3)
R (4,2)
> x

0]
Q) Find the coordinates of Q. [3]
(i) PQ meets the y-axis at T. Show that triangle ORT is isosceles. [2]
(iii)  Find the area of the trapezium OPQR. [2]

(iv)  Sisapoint such that ORPS forms a parallelogram, find the coordinates of S.

[2]

. dy x(5x+2)
11. a Given that y = x?v/2x+1, show that -2 = —~————7 3
@ y dx 2x+1 3]

(b) Hence
Q) find the coordinates of the stationary points on the curve y = x*/2x+1
and determine the nature of these stationary points. [5]

55X° +2X—3

1de. [4]

(i)  evaluate

~~ End of Paper ~~
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

_ —b++/b? —4ac

For the quadratic equation ax? +bx+c=0, X >
a

n n n
Binomial Expansion (a+b) =a" +(Ja“b+(2ja“2b2 + ...+(r]a’”br +...+b",

nt  n(n-1)..(n-r+1)
r!(n—r)!_ ri '

. . n
where n is a positive integer and [rj =

2. TRIGONOMETRY

Identities sin? A+cos? A=1
sec’ A=1+tan? A
cosec’A=1+cot®> A
sin(A+ B) =sin Acos B £ cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B

tanAttanB
1xtan AtanB

sin2A = 2sin Acos A

tan(A£B) =

cos2A =cos®> A—sin® A=2cos? A-1=1-2sin’ A

2tan A
1-tan® A

tan2A =
. . .1 1
sin A+sinB = 25|nE(A+ B)cosE(A— B)
. : 1 .1
sinA-sinB = 2cos§(A+ B)smE(A— B)
1 1
cos A+cosB = ZCOSE(A+ B)cosE(A— B)

cos A—cosB = —25in%(A+ B)sin%(A— B)

a b c

Formulae for A ABC - =— =—
sinA sinB sinC

a® =b*+c?-2bc cos A

A:lab sinC
2
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1. The equation 2x*+ px+3=0 , where p > 0, has roots o and p.
(i)  Giventhat o+ %=1, show that p = 4. [3]
(i)  Find the value of ® + f°. [2]
(ili)  Find a quadratic equation with roots — and ﬂ [3]
0!

(i) a+ﬂ=—§ and q5=§

a2+ﬂ2 =1

(a+ f) —2af =1
2

P 3.1

4

p° =16

p=4 or p=-4
Since p >0, p =4 (Shown)

(i) o’ +f =(a+p)a’ ~af+p)

3
=-20-7)
=1

Giy 22428 _2ALF)

ﬁz a2 azﬂ

_ 8

9
2a 28 _ 4
poat ap

_8

3

Required quadratic equation : x? —gx+g =0 or 9x* —8x+24=0

Methodist Girls® School Additional Mathematics Paper 2 Preliminary Exam 2018
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8
2. (@) Find the term independent of x in the expansion of ZX(ZX—%j . [4]
X

(b)  The first 3 terms in the binomial expansion (1+kx)" are 1+ 5x+%x2 +...

Find the value of n and of k. [4]

(a) For (ZX—%j T, :(8] (2x)%" (—izjr
X r X

For x*, 8—-r-2r=-1
r=3

8
Coefficient of x* = [3] (2)°(-1)%=-1792

8
Term independent of x in 2X(2X—%j =-3584.

n__ n n 22
(b) @+ kx) _1+(1jkx+[2jk X+

_ 2
=1+ nkx+%x2 +..

Comparing coefficients : nk =5.......... (1)

n(n-1k* _ 45

2 4

2n%k2 —2nk?=45........... ()
Subst (1) in (2) : 50 — 10k = 45

.'.k:1 andn =10

2
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3, A

3+2\/§

M

44645

The diagram shows an isosceles triangle ABC, where AB = AC. The point M is the mid-
point of BC. Given that AM = (3+2+/5)cm and BC = (4+6+/5)cm.

4&

Without the use of a calculator, find

Q) the area of triangle ABC, [2]
(i)  AB?, [3]
(iiiy  sin ZBAC, giving your answer in the form P +:|\/§ where p,gand r are
positive integers. [3]
(i) Area of triangle ABC = %(4+6\/§)(3+2\/§)
= (2+3V5)(3+2+5)

= (36+13y5) cm’

(i)  AB%*=(3+2y5)*+(2+35)’
=9+12J5+20+4+12/5 +45
= (78+244/5) cm?

(iii) %(78+ 24/5) sin /BAC = 36+13\5

36+13/5

sin /BAC = 2 1=NV2
39+12/5

36+13\5 39-1265
3041245 39-125
1404 - 432+/5+507+/5 - 780
- 801
6244755

- 801

_ 208+25\5

- 267
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6x° —15x% +6X -5

4, Q) Given that =ax+b ++ , Where a, b and c are integers,

2X% — X 2x2 — X

6x° —15x> +6Xx -5 .

express oy in partial fractions. [5]
3 2 _
(i)  Hence find | ox g’:j _+X6X  dx [3]
3 2 N
Q) Using long division, ox 15)2( +6x 5=3x—6— 25
2X° —X 2X° —X
L -5 A B

et —————=
x(2x-1) x 2x-1

-5=A(2x-1) + Bx

Putx=0: A =5

1 1

Put x==: =B=-5
2 2
B=-10
6x° —15%x%> +6x-5 5 10
> =3X—6+——
2X° =X X 2x-1
i} 6x> —15x% +6Xx—5 5 10
i dx=|(8x—6+—— dx
(i I 2x2 — X J( X 2x—1)
3x2

=7—6x+5lnx—5ln(2x—1)+C

Methodist Girls® School Additional Mathematics Paper 2 Preliminary Exam 2018
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The term containing the highest power of x and the term independent of x in the

polynomial f(x) are 2x* and -3 respectively. It is given that (2x* +x—1) is a quadratic
factor of f(x) and the remainder when f(x) is divided by (x — 1) is 4.

Q) Find an expression for f(x) in descending powers of X, [5]

(i) Explain why the equation f(x) = 0 has only 2 real roots and state the values.[4]
(i) f(X) = (2x* + x=1)(x* +bx +3)
f(1)=4

2(4+b)=4
b=-2

f(X)=(2x* +x-1)(x* —2x+73)

=2X* = A+ 62 +X° = 2x2 +3x—x? +2x -3
=2x* =33 +3x* +5x-3
(i)  f(X) =X +x=1)(x* -2x+3)
= (2x=1)(X+1)(x* —2x+73)
2x-D(x+1)(x* —=2x+3)=0
X= 1 or x=-1
2

x*—2x+3=0
D =(-2)*-4(1)(3)=-8<0
-.f(x) = 0 has only 2 real roots (Shown)
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6. PQRS is a rectangle. A line through Q, intersects PS at N and RS produced at T, where
QN=7cm, NT =17cm, ZNTS =8, and & varies.

N 7cm

17cm

Q) Show that the perimeter of PQRS, P cm, is given by P =14c0s 6 + 48sin 6.

[2]
(i) Express P in the form of Rcos(@ — «) and state the value of R and « in degrees.

[3]
(i)  Without evaluating &, justify with reasons if P can have a value of 48 cm [1]
(iv)  Find the value of P for which QR =12 cm. [3]

0 P =2(7cos @) +2(24sin 6)
=14c0s @ +48siné
14cos @ + 48sin @ = Rcos(6@ — a) = Rcos @ cos o + Rsin #sin o

Rcosa =14and Rsina =48

R =+/14% + 48° = /2500 =50

= 73.7°
14cos @ +48sin @ =50cos(6@ —73.74°)

(i) Since maximum value of P = 50, P can have a value of 48 cm.

Or cos(9—73.74°) = % <1, P can have a value of 48 cm.

When QR=12cm, sind = 12 =

1
24 2
6 =30°,150° (NA - 8 <90°)
. P =50c0s(30°—73.74°)

= 36.1 cm (3sf)

Methodist Girls® School Additional Mathematics Paper 2 Preliminary Exam 2018
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7. Variables x and y are related by the equation = Xy, Where s and t are constants.

X + sy
t

The table below shows the measured values of x and y during an experiment.

x| 1.00 | 150 | 2.00 | 250 | 3.00

y | 048 | 065 | 085 | 1.00 | 1.13

. : : X . :
(1) On graph paper, draw a straight line graph of yagamst X, using a scale of 4 cm to

represent 1 unit on the x — axis. The vertical % —axis should start at 1.5 and have a
scale of 1 cm to 0.1 units. [3]

(i)  Determine which value of y is inaccurate and estimate its correct value.  [1]

(iii)  Use your graph to estimate the value of s and of t. [2]

(iv) By adding a suitable straight line on the same axes, find the value of x and y which
satisfy the following pair of simultaneous equations.

X+Sy _
t
5y —2x=2xy. [3]
(i) X+sy=xyt
X tx—s
y

: X .
Gradient =t and ——intercept =—s
y

(i) Incorrect value of y = 0.65.

From graph, correct value of L 2.2
y

Estimated correct value of y = 0.68

(iii)  From the graph,
s=-1.75 (-1.82 ~ -1.72)
t=0.3 (0.28~0.32)

. . X 5
(iv) Drawthe line: —=-X+—

y 2
From graph, x =0.575 (0.55 ~ 0.60)

and ~=1.93(1.92 ~ 1.95) = y=0.30
y

Methodist Girls® School Additional Mathematics Paper 2 Preliminary Exam 2018
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8. The equation of a circle Cy, is X* +y* —2x-y-10=0.

Q) Find the centre and the radius of the circle.

[3]

(i) The equation of a tangent to the circle C; at the point A isy +2x =k, where k > 0.

Find the value of the constant k.

[4]

A second circle C; has its centre at point A and its lowest point B lies on the x-axis.

Find the equation of the circle Co.

Q) X +y?-2x-y-10=0
1Y 1

x-1)?~1+| y—= | —==-10=0
(x=1) +(y 2] 1

1V .1
~1)° -Z | =11=
(X )+(y 2j 1

J45 35

C.centreof circle= |1, 1 and radius = —— = ——units
2 2 2

(i) X+ (k-2x)°=2x—(k—2x)-10=0

5x% —4kx +k* —2x -k +2x-10=0
5x” —4kx+k* -k -10=0
Since line is a tangent to the circle, Discriminant = 0

(~4k)? —4(5)(k* —k—10) =0

—4k* +20k +200=0
k? -5k -50=0
k=10 or k=-5(NA - k>0)

(i)  Whenk =10, 5x*—40x+80=0

x> —8x+16=0
S X=4 and y=2
A4, 2)

Since lowest point lies on x-axis, radius of circle Cz = 2 units

Equation of circle C2: (x—4)*+(y—2)°=4.

[2]

Methodist Girls® School Additional Mathematics Paper 2
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9 (@) The curve y = ix 25 passes through the point A where x = 1.
—2X
Q) Find the equation of the normal to the curve at the point A. [4]
(i) Find the acute angle the tangent makes with the positive x-axis.  [2]
_ 2X-5
(@) 1-2x
dy _ (1-2x)(2) - (2x-5)(-2)
dx (1—2x)?
_ 2-4x+4x-10
(1-2x)°
-8
(1—2x)?
mtangent =-8
1
mnormal -5
8
y=3
1
-3==(x-1
y 8( )
1 23
=—X+— 0r8y=x+23
y 3 3 y
(i) tand =8
6=82.9° or 1.45rad
10
5
-10 5 0 5 10 15

Methodist Girls’ School
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(b)

the curve. Given that the gradient of the curve at P is 5, find the equation of the

curve.

Page 12 of 6

f'(x) =3e* +e* +C , where C is an arbitrary constant.

f'(0)=5

e’ +e’+C=5
C=1

P =3 +e ¥ +1
f(x)= [ (3e"+e> +1)dx

_ Bex e—3x

+X+ D, where D is an

arbitrary constant.

f(0)=2
3
3——+0+D=2
3

D=-2<
3

Equation of curve:  y=3e

The curve y = f (x) is such that f "(x) =3(e* —e™>) and the point P(0, 2) lies on

[6]

Methodist Girls’ School
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10.  The diagram (not drawn to scale) shows a trapezium OPQR in which PQ is parallel to

OR and ZORQ =90°. The coordinates of P and R are (—4,3) and (4, 2) respectively

and O is the origin.
Y A

Q
-
P(-4.3)
R(4,2)
> x

0]
Q) Find the coordinates of Q. [3]
(i) PQ meets the y-axis at T. Show that triangle ORT is isosceles. [2]
(iii)  Find the area of the trapezium OPQR. [2]

(iv)  Sisapoint such that ORPS forms a parallelogram, find the coordinates of S.
[2]
Q) Gradient of PQ = gradient of OR= 0.5

Eqn of PQ: y—3=%(x+4)

Gradientof QR = —2

Egnof QR: y—-2=-2(x-4)

(1)=(2)
1
—-2Xx+10 = §x+ 5

—X=5

X=2
y=-2(2)+10=6
. Q(2,6)

Methodist Girls® School Additional Mathematics Paper 2 Preliminary Exam 2018
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(i)  Inegn (1), let x=0,y=5, .. OT =5units

RT = /(4-0)2 + (2-5)?
RT =y25=5

Since OT = RT = 5 units
.. AORT is isosceles.

Area of trapezium OPQR

1‘0 -4 2 4 0‘

20 3 6 2 0

=1|—24+4—24—6|
2

-1 50
2

— 25units?

Q(2,6)

R (4,2)

(iii)  LetS (a b)

Midpoint of RS = Midpoint of OP
a+4 b+2) (4 §j
2 "2 )22
a+4=-4 & b+2=3
a=-8 b=1

Hence coordinates of S (-8,1)

v
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. dy x(5x+2)

11. a Given thaty = x>y/2x+1, show that — = ———=". 3
(@) y X V2xil [3]
(a) y =x2y2x+1

dy _ ol - 3
—— =X [=(2x+1) 2(2)]+2x(2x +1)?
dx 2
1
=X(2x+1) 2(x+4x+2)
1
= x(5x+2)(2x +1) 2
dy x(5x+2)
.. — =——="(shown
dx  J2x+1 ( )
(b) Hence

Q) find the coordinates of the stationary points on the curve y = x*</2x+1

and determine the nature of these stationary points. [5]
. 45x% +2x—3
i evaluate | —————— dx . 4
o o il 4]

. ) ) dy x(5x+2)
b)(i) For stationary points, — = =0
(b)(i) Y points, o ===
x=0o0r x= 2
5

Stationary points are (0, 0) and (—%,0.0716)

Using 1% derivative test :

X -05 |-04 |-03 |-01 |0 0.1
d_y >0 0 <0 <0 0 >0
dx
Sketch of .

tangent / \ \ _ /

(—5,0.0716) is a maximum point and (0, 0) is a minimum point.

N 55%% +2x—3 t x(5x+2) 5 1

ii ————— dx =| —=="dx - 3| (2x+1) 2dx

) 1o J2x+1 -1[ V2x+1 -[( )
=[x2\/2x+1]f—3[\/2x+1]:
=76.4

Methodist Girls® School Additional Mathematics Paper 2 Preliminary Exam 2018
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Qn Answer Key Qn Answer Key
1(1) | *+p%=1 7(iii) From the graph,
s=-1.75 (-1.82~-1.72)
t=0.3 (0.28~0.32)
7 _ e
()} 9x~8x+24=0 W) X1 63(1.92 ~ 1.95) = y=030
y
2(a) | Term independent of x in 8(i) . 1
1 8 centre of circle=| 1, E
2x[2x——2j =-3584.
X
radius = @ = %units
2 2
2(b) -k :% andn =10 8(ii) k=10
3(1) | (36+134/5) cm? 8(iii) | Equation of circle C; :
(x—4)%+(y-2)°*=4.
— ; -
3(ii) (78+24\/§) cm S(ai) y:%x+§ or 8y =x+23
3(iii) | 208+ 2545 9(aii) | tano =8
267 0=82.9° or 1.45rad
4(i) e 6+§— 10 9(b) Equation of curve :1 ,
X 2x-1 ysde' -t 4.
3e 3
4(ii 2 10(i 2,6
) 3%—6x+5|nx—5|n(2x—1)+c M| Q@)
5(i) f(x)=2x" —3x* +3x* +5x -3 10(ii) | Since OT = RT =5 units
. AORT is isosceles.
5(i) | x*—2x+3=0 10(iii) | Area of trapezium OPQR
D = (-2)* —~4()(3) =-8<0 = 25units
f(x) = 0 has only 2 real roots (Shown)
6(ii) | 14cos@+48sin @ =50cos(6—73.74°) | | 10(iv) | S(-8,2)
6(iii) | Since maximum value of P = 50, P 11(bi) (—2,0.0716) is a maximum point
can have a value of 48 cm. 5
and
Or cos(f—73.74°) = 48 1 pean (0, 0) is a minimum point.
50
have a value of 48 cm.
6(iv) | 36.1 cm (3sf) 11(bii) | 76.4
7 (ii) | Incorrect value of y = 0.65.
Estimated correct value of y = 0.68
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax* +bx+c=0,
‘= —b++b*—4ac
2a

Binomial expansion

(a+b)"= a"+ (n) a*1p+ (n) a2 p%+ -+ (Z) a™Tp" + -

1 2

| — —
where n is a positive integer and o™ _ n(n-1..(n-r+1)
r) (n-r)ir! r!

2. TRIGONOMETRY
Identities

sin? A+cos®* A=1
sec’ A=1+tan’ A
cosec’A=1+cot? A

sin(A+ B) =sin Acos B + cos Asin B
cos(A + B) = cosAcosB ¥ sinAsinB

tan(4 + B) = tanA + tanB
s L " 1 F tanA tanB

sin2A = 2sin Acos A
cos2A =cos®’ A—sin® A=2cos? A—1=1-2sin’ A

tan2A = ﬂ
1-tan” A

Formulae for AABC
a b C

sinA:sinB :sinC
a’=b*+c’-2bccos A

AzlbcsinA
2

+b™,



(i)

(ii)

(i)

A quadratic curve passes through (0, —1) and (2, 7). The gradient of the curve at x = —2

Answer ALL Questions

On the same axes, sketch the curves y = x% and y? = 128x.

Find the coordinates of the point of intersection of the two curves.

Factorise completely the cubic polynomial 2x3 — 11x% + 12x + 9.

6x°—33x%+35x+51
2x3—11x%2+12x+9

Hence, express

is —8. Find the equation of the curve.

(i)

(i)

The volume of a right square pyramid of length (3 ++/2) cm is %(29 — 2v/2) cm®. Without

using a calculator, find the height of the pyramid in the form (a + bv/2) cm, where a and b are

Show that cos 30 — cos§ = — 2 sin 26 sin 8.

Hence find the values of 6 between 0° and 360° for which cos 360 — cos 8 = sin 26.

integers.

The roots of the quadratic equation 6x? — 5x + 2 = 0 are % and %.

(i)

(i)

Find the value of —— + -2
a+2  f+2

Find a quadratic equation whose roots are ﬁ and

in partial fractions.

B
B+2

[2]

[2]

[3]

[5]

[5]

[3]

[3]

[5]

[5]

[2]



A particle moves in a straight line such that, t seconds after leaving a fixed point 0, its velocity,
vms? isgivenby v = t2 — 5t + 4.

(i) Find the acceleration of the particle when it first comes to an instantaneous rest. [3]

(i) Find the average speed of the particle for the first 5 seconds. [4]

The following table shows the experimental values of two variables, x and y, which are related by

the equation y = ab**1, where a and b are constants.

X 1 2 3 4

y 10.12 10.23 10.35 10.47

(i) On graph paper, plot lg y against x and draw a straight line graph. The vertical
lg y — axis should start from 0.995 and have a scale of 4 cm to 0.005. [3]
(i)  Use your graph to estimate the value of a and of b. [4]

(iii))  Explain how the value of a and of b will change if a graph of In y against x was plotted
instead.

[1]

In the diagram, A, B and C are three points on the circle such that AB is the diameter of the circle and
W is the midpoint of AC. AB and CK are parallel to each other and KL is a tangent to the circle at A.

(i) Prove that OW is parallel to BC. [2]

(i)  Prove that Angle AWO = Angle AKC. [3]



10  Diagram I shows a right angled AABC, with hypotenuse AB of length 4 m. This triangle is revolved

around BC to generate a right circular cone as shown in Diagram |II.

Diagram |

(1) Find the exact height that gives the maximum volume of the cone. [6]
(i) Show that this maximum volume is obtained when BC: CA = 1:+/2. [2]
11 The equation of a curve is y = 4_§f;x2 , X # 5.
(1) Find the set of values of x for which y is an increasing function of x [3]
() " The diagram below shows part of the curve y = 4_§f:x2 , X # 5.
y
A
>
> X
. 4-5x+x? . b .
By expressing ———in the form ax + — where a and b are constants, find the
total area of the shaded regions. [5]



12 Acircle C;, with centre C, passes through four points A, B, F and G. The coordinates of A and B are

(0, 4) and (8, 0) respectively. The equation of the normal to the circleat F isy = —%x + 4.

(1) Show that the coordinates of C is (3, 0). [5]
(i) Hence find the equation of the circle. [2]
Another circle C, passes through the points C, F and G.

(ili)  Given that GF is the diameter of the circle, calculate the radius of C,. [2]

- End of Paper -

Answer Key

1ii) (3,8)
2i) (x — 3)2(2x + 1)

2 1 3
2x+1  x-3  (x—3)2

2ii) 3 +
y=2x2-1
4ii) 8 = 90°,180°,210°,270°,330°
5) (7 — 4vV2)cm
N 17
6|) e
ity L2 _ 17 5 _
6ii) x SXt+t5=0
N 3m
7|) -
7ii) 1.63m/s
8ii) b = 1.01,a = 9.89

8iii) remain unchanged

10i)%§ cm
11i)3<x<7,x#5
11ii) 2.35 units?

12ii) (x —3)? + y2 =25

12iii) 3.54 units
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1i

G1: graphofy = %

y
4 G1: graph of y2 = 128x
> X
1ii 2\?
(x_z) = 128x M1: Equating both functions
- 4
¥ T 128
_ 1
*=3
-y =
(1' 8) Al:award only if written as
2 coordinates
2i Let f(x) = 2x3 = 11x? + 12x + 9
f(3)=0 M1: show 1°* factor using factor
~ (x — 3) is a factor of f(x). theorem
f(x) = (x—3)(2x% —5x —3) M1: Find quadratic factor (by long
=(x-3)22x+1) division/synthetic method)
Al
2ii 6x3 —33x% +35x + 51 —x + 24 M1: Change to proper fraction

+
2x3 —11x2 4+ 12x+ 9 (x—3)2R2x+1)

—-x+24 A B Cc

(x—3)2(2x+1) = 2x+1 + x-3 + (x—3)2

—x+24=A(x—-32?+B(x—-3)2x+1)+C2x+1)

=>» Using substitution/comparing coefficient
A=2,B=-1,C=3

_ 6x3 —33x2% + 35x + 51
" 2x3 —11x2+12x 49
2 1

=3+

—~ +
2x+1 x—3 (x—3)2

M1: Split correctly to respective
partial fractions

M2: Using substitution/comparing
coefficient to find A, B and C

Al




2018 Prelim 1 AM Paper 2

3 y=ax?*+bx+c B1: writing quad egn in a general
Whenx =0,y=-1->c=-1 form
Al: Solving for c
Y _ pax+b
dx ax 4 M1.: differentiate quad function
When x = =2, & -8
dx
—4a+b=-8
b=4a—b-(1)
Suby=7andx =2intoy = ax?+bx—1
Z - ia +22b _21 M1: forming 2 simultaneous
=4-2a-(2) equations and solving it
From (1) and (2),
4a—-8=4—2a
a=2
-b=0
ti f y=2x*—1
equation of curve:y X Al
4i cos 360 — cos
= cos(260 +6) — C_OSQ _ M1: applying addition formula to
= cos 260 cos 0 — sin 20 sin @ — cos 0 cos(26 + 6)
= cos 6 (cos20 — 1) —sin260sinf M1: changi 20 —1=—25sin20
= c0s 20 (—2sin? §) — sin20sin 0 + €hanging cos 29— & = —2si
= —25sin? 6 cos 26 — sin 20 sin #
= (—2sinf cosB)sinf — sin 26 sin 6
= —sin 20 sinf — sin 260 sin 6 A1l: changing —2sin? 6 cos 26 =
= —2sin26sind —sin260sin@
4ii cos 36 — cos8 = sin 260
sin 26 + 2 sin20sin@ =0
sin26(1+ 2sinf) =0 M1 apply hence + factorization
sin26 =0 or sinf =-0.5
26 = 180,360,540 or 6 = 210,330 Al solve sin 26 = 0 correctly
6 = 90,180,270 A1l solve sinf = —0.5 correctly
.~ 6 =90°180°210°,270°,330°
5

%(3 +v2)'h = %(29 —2V2)

_29-202
C11+6V2
(29 -2v2)(11 - 6v2)
B 49
319 - 174V2 - 22v2 + 24
B 49
343 -196V2

49
=(7-4V2)em

M1: forming an equation

2
M1: Calculating (3 + \/f)

M1: Rationalising denominator

M1: Simplifying after expansion
Al
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1 5
— 43 _ 42 4
3t 2t+ t+c
Whent=0,s=0->¢=0

1 5
Ls=ot3—ct? 44t

3 2
11
Whent=1,s=?m
t=4,s = 8
=4,5s = 3m
5
t=5s5s=——m

6

6i 2 N 2 _ 5
a B 6
2(a+p) _5___
5 —e W
M1: applying concept of sum and
2\ (2 1
<_) <_) =— product of roots
a/\B/ 3 AL af
aff =12 ---(2)
a+f=5 '
a 4 B alB+2)+pa+2)
a+2 B+2  (@a+2)(B+2)
_ 2af+2(a+p) M1
T af+2(a+p)+4
_17 Al
13
6ii ( a )( B )_ af M1
a+2/\p+2) (a+2)B+2)
-5
13
B Blation : %% — —x + = 0
~ Equation : x 13x 3= Al
or13x> —17x + 6 =0
7i Whenv =0,
t?—5t+4=0 M1
t—-49Et-1)=0
t=1or t=4
_ dv
a= dt Al: Differentiate correctly
=2t—5
Whent = 1,a = —3m/s? Al
Zi | s=[t*-5t+4dt

Al: integrate correctly
(look out for +c, unless definite
integral)
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e+ (g+3)+G-¢)

~ Average Speed =

M1: Calculating distance in 5™ sec

19 5 M1: formula for average speed
= 15m/s orl.63m/s Al
8
| G1: correct scale
G1: straight line
1_ I R ] 4
y = abx+1
lgy = (x +1)lgb + lga
lgy = xlgb + (lgb + lga)
» 1 2 3 4 M1: table of values
gy 1.005 1.010 1.015 1.020
8ii leb = 1.0175 -1 M1
80 =35
= 0.005
b =1.01 (3sf) Al
Igh+lga=1 M1
lga=1-0.005
8iii | The values of a and b will remain unchanged. B1
9i O is the midpoint of AB and W is the midpoint of AC, M1
By Midpoint Theorem, BC parallel to OW. Al
9ii | Angle AOW = Angle ABC (corr angles, OW //BC)
Angle ABC = Angle CAK (alt segment theorem)
- Angle AOW = Angle CAK M1
Angle BAC = Angle ACK (alt angles, AB//CK) M1
~ Angle AWO
= 180° — Angle BAC — Angle AOW (Angle sum of A)
= 180° — Angle ACK — Angle CAK Al

= Angle AKC (shown)
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10i | LetAC = randBC = h
r? =16 — h? M1: Finding r/s between h and r
1
V= §nr2h
1
=—-m(16 — h®)h
%6 1 M1: finding V in terms of one variable
2y .3
=3 Th 37'[h
v 16 M1: differentiation
— = —n — h?
dh SV M1: Stationary point
When— =0,
en ah 0
16 2
=T
h * ( i h s h > 0)
=— (rej h = —— since
BV
d2v
Jpz = ~2mh M1: Prove Max
8
=——n (<0
NG (<0
4 43
10ii | 4\?
W2
r=—
V3
4
h_3
r M Al
V3
h 1
T2
~ BC:CA=1:2
11i dy 2x —5)(5—x) — (4 —5x + x?)(-1) M1: Applying quotient rule
dx (5 — x)2
_ 10x —2x? + 5x — 25+ 4 — 5x + x?
- (5—x)?
_ —x?+10x — 21
(5 —x)?

Since (5 — x)? > 0, for y to be an increasing function,
—x?>+10x—21>0

x2—10x+21<0

(x=-3)x—-7)<0

3<x<7,x#5

M1

Al
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11ii | Wheny =0
4—-5x+x%2=0
x—-Hx—-1) =0
x=4o0orx=1
x*=5x+4 —x(5-x)+4
5-x (5—x)
C et 4 M1
B 5—x
Area of shaded region
1 4 4 4
=f—x+ dx+U —-x + dx M1, M1
0 5—x 1 5—x
=[-0.5x2 — 4In(5 — x)]} + |[-0.5x2 — 4In(5 — x)]}| M1: correct integration
= 0.39257 + |—-1.95482]
= 2.35 units? (3sf) Al
12i | Gradient of AB = —% o
Midpoint of AB = (4,2) M1: Midpoint
Eqn of perpendicular bisector of AB: )

_ M1: gradient =2
y—2=2(x—4) _ . .
y=2x—6 M1: forming equation

4
Suby =2x —6intoy = —§+4,
4
2x—6= 3 t4 M1: Solving simultaneous
x=23
>y = 0
C (3,0 Al
12ii | Radius = /(3 — 0)2 + (0 — 4)2 M1: Finding radius
= 5 units
Equation of circle: (x — 3)? + y? = 25 Al
Orx>+y?—6x—16=0
12iii | Angle GCF = 90° (Angle in Semicircle) M1
GF? =52 + 52
GF =+/50
1
Radius of C, = EVSO
5
= E\/Eunits Al
or = 3.54 units (3sf)

END ©
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax* +bx+c=0,
‘= —-b++b®—4ac
2a

Binomial expansion
(a+b)" = a™ + (711) a tbh+ (721) av 2 bt 4+ (Z) a™ b + -+ b™,

n I _ _
where n is a positive integer and __n_n(=D.(n=r+l
r) (n—nlr! r!

2. TRIGONOMETRY
ldentities

sin? A+cos? A=1
sec’ A=1+tan’ A
cosec’A=1+cot? A

sin(A=+ B) =sin Acos B +cos Asin B
cos(A + B) = cosAcosB ¥ sinAsinB

tan(4 + B) tanA4 + tanB
an =
- 1 + tanA tanB

sin2A = 2sin Acos A
cos2A =cos? A—sin® A=2cos? A—1=1-2sin* A

tan2A= 2NA
1-tan“ A

Formulae for AABC
a b c

sinA:sinB :sinC
a? =b? +¢? —2bccos A

AzlbcsinA
2



Answer ALL Questions.

3lg3x-2lgx

1. (i) Given = Ig 3, find the value of x. [3]
(ii) Givenlog_zy = 2and log,(x + k) = % , find the value of k if k is an integer. [3]
2. () Show that= [ln (:‘Cr;’;x)] =——. [4]
(i) Hence evaluate [ sin?x + ﬁdx. [4]
3. ltisgiventhat y; = —2cosx + 1and y, = sinzlx.

For the interval 0 < x < 2,

(i) state the amplitude and period of y; and of y,, [2]
(if)  sketch, on the same diagram, the graphs of of y; and y,, [4]
(iii)  find the x-coordinate of the points of intersection of the two graphs drawn in (ii), [3]
(iv) hence, find the range of values of x for which y; < y,. [2]

4. Some liquid is poured onto a flat surface and formed a circular patch. This circular patch is left to dry
and its surface area decreases at a constant rate of 4 cm?/s. The patch remains circular during the drying
process. Find the rate of change of the circumference of the circular patch at the instant when the area
of the patch is 400 cm?. [4]

13
5. (i)  Inthe expansion of (2 + %) (kx3 - %) where k is a constant and k # 0, find the value of k

if there is no coefficient of % : [5]

1

n
(i)  Given the coefficients of i and = in the expansion of (1 - g) are —80 and 3000 respectively.

Find the value of ¢ and of n where n is a positive integer greater than 2 and c is a constant.  [5]



Curve A is such that j—i’ = 27(2x — 1)% and curve B is such that j—z = —27(2x — 1)3,and the

y-coordinates of the stationary points for both curves are —4.

Q) Find the coordinates of the stationary points for curve A and B. [2]
(i) Determine the nature of the stationary points for curve A and B. [4]
(iii)  Find the equations of curve A and B. [4]

The diagram shows a triangle ABC. The mid-points of the sides of the triangle are M(1,5),N(8,1)
and P (— % 2).

i
A
M (1, 5)
B
P(-32)
2 N(8, 1)
N/ B

C
(i)  State and explain which line is parallel to AB. [1]
(i)  Find the equation of the line AB. [3]
(iii) Find the equation of the line AC. [3]
(iv) Show the coordinates of A is (—7%, 6). [3]
(v) Find the area of the quadrilateral AMNP. [2]



8.

Diagram I and Il show two types of isosceles triangular cards, AOAB with LAOB = 6,

OA = 0B =3 cm and AOMN with OM = ON = 2 cm. These two types of cards are connected as

shown in diagram 111 where ZAON = 120°.

o
A 0
3cm 3cm 2cm 2cm
M N
A B
Diagram | Diagram I1 Diagram Il1

Three sets of cards from diagram Il are connected as shown in diagram 1V.

A B

Diagram IV

Q) Show that the area of all the connected cards in diagram 1V, A cm? is given by

A=32—351n6+3\/§cose.

(i) Express A in the form A = R cos(0 — «), where R > 0 and 0° < a < 90°.
(iii) Find the value of 8 for which A = 15, where 0° < 8 < 90".

(iv) Find the maximum value of A and the corresponding value of 6.

[3]

[3]

[3]

[2]



10.

In an experiment to study the growth of a certain type of bacteria, the bacteria are injected into a mouse
and the mouse’s blood samples are collected at various time interval for testing. The blood test result
shows that the population, P, of the bacteria is related to the time, t hours, after the injection, by the

equation P = 550 + 200e*¢ , where k is a constant. It takes one day for the population of bacteria to

double.

Q) Find the population of the bacteria at the start of the experiment. [1]
(i) Find the value of k. [2]
(i) Find the percentage increase of the population of the bacteria when t = 30. [4]

(iv)  Theline P = mt + c is a tangent to the curve P = 550 + 200e** at the point where

t = 30. Find the constant value of m and of c. [3]

(V) At t = 50, an antibiotics dosage is injected into the same mouse to stop the growth of bacteria.
The dosage is able to kill the bacteria at a constant rate of 25 bacteria per hour. How much time
needed for the dosage fully take its effectiveness? Hence sketch the graph of P against t for the

whole experiment. [4]

A curve has the equation of y = p(x — 2)? — (x — 3)(x + 2) where p is a constant and p # 1.

(i) Find the range of values of p for which curve has a minimum point. [2]

Given that the curve touches the x-axis at point A.

(i) Show that p = 2 [3]

16

(iii) Find the coordinates of point A. [4]

(iv) Given that the line y = mx + 2 intersects the curve y = p(x — 2)% — (x — 3)(x + 2) at two
distinct points where one of the points is at point A. Another line of the equationy = mx + ¢, isa

tangent to the same curve at point B. Find the value of ¢ where m and c are constants. [5]

End of Paper

6



Answers
1li)x =3,

1ii) k=-2

1 1 . sinx
2ii) SX = Zstx —2In (1_wsx) +c
3ii)
Amplitude of y1 = 2, Period of y1 =271

Amplitude of y, =1, Period of y, =4m

Y
3
y1= -2cosx+1
T 3

I = r————- -

2=SIN—X
0 >
N L x

3iii) x = 1.39, 4.89

3iv)0<x <139 Or 489 <x<2m

2
4)-k=E
. 2
5|)k=g
5ii)c=5,n=16

1
o (5 =)

(1 ; . . . 1 . ; ;
6ii) (E’ —4) is point of inflexion — Curve A, (E’ —4) is amax stationary point — curve B
6iil) ya= 2 (2x —1)° =4, ys= -2 (2x — 1)* — 4
7i) Line PN is parallel to AB (Mid-Point Theorem)

o2 2
Zii)y = 17x+517

. 12
Ziii)y = X+
7v) A =27

8ii)A =

W15 (o5(8 — 72.5%) =173 cos(8 — 72.5°)

8iii) 42.6°

3v133
2

8iv) Max A = =17.3, 8 =72.5°



9i)750

9ii) k = ~In%2 = 0.0649
24 4

9iii) 160 %

9iv) m=91.1, ¢ =-779

9v)

A
1 (50, 5690)

750
»t

>

|
|
|
|
|
1
50 278

10i) p >1
10iii) 4 (13—‘* o)

10iv) ¢ = =
49
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(1)

3lg3x —2lgx | (1ii) log(x—2)y = 2 1
T =1g 3 y= (x _ 2)2 log(x-2)y 2
3lg 3x -2lg x = 4lg3 1 ] 1
-y — og,(x —2) ==
lg(3x)3 — Ilgx? = Ig3* y2=x-2 1 &( ) =3
3x)3 l +k)== 1
(xz) = 34 0gy(x 1) L 2 logy(x+k)=§
27x = 81 x+k=vy2
x=3 x+ k=x-2 k=-2
k=-2
(2i) sinx 2ii
I ln( )] (210 sin®x + —dx
1 —cosx sinx
= Insinx — In(1 — cosx) 1 —cos2x 2
d ( sinx )] = —dx
—|In(——)| = 2 sinx
dx 1—-cosx 1 1 . sinx
=—x——sm2x—21n( )+c
. [Insinx — In(1 — cosx)] 2 4 1-cosx
_cosx —(—=sinx)
" sinx 1-cosx
_ CoSXx _ sinx
~ sinx 1—-cosx
_ cosx(1-cosx)—sin’x
- sinx(1—cosx)
_ cosx—cos?x—sin®x
- sinx(1—cosx)
_ cosx—1
- sinx(1—cosx)
=~ (shown)
(3) | Amplitude of y; = 2, Period of y; =2 | (3ii) 1
Amplitude of y> = 1, Period of y>=4m 260 ot =y B4 2 ¥
; x 1
(310) A, ~2(1 - 2sin? 2—) +1=sinzx
e
y1= -2C0sx+1 X 1
4sin> ——sin=x—1=0
2 2
1t = __ .1
! sin-x = 0.6403882
0 2= SIN EX 2
2n > a = 0.69500
e T X
1
Ex = 0.69500, T — 0.69500
=0.695 or 2.4466
x=1.39, 4.89
(3iv)
0<x<139 0r 489 <x<2m
(4) A = nr? (4) ar _ -4
dA 2 dt  2nr
ar nr ac _ dc dr
C =2nr dt_drxdt
dc 5 dcC _ —4
dr T dt X 2nr
nr? = 400 -
20 r
r=— —4
T -
dA dr dA <_0)
ar *ar T dt v
dr =¥ cm/s
2nr X — = —4 5
dt =-0.354 cm/s




(51) (5ii) o\t m c n c\2
(-9 =D+
__negnoen &
X 2 X
2\ /13 2\" _
k3= 2) = (kx®)37(=Z) 4 ... -nc=-80
(k=3) = (7) (-3 ne=
= () (D) () oo (-3 n( — D)2
9 x+m 10 X N 3000
512 1024 n?c? —nc? = 6000
= 715k*x1? (—?) + 286k3x9( T ) 802 — 80c = 6000
292864
= —366080k*x3 + ———— k3 +
X c=5,n=16
4 292864
= (2 + —4) (—366080k*x® + " k3 4 ---)
X X
585728k3 1464320
= - k* +
X
585728k3 — 1464320k* =0
k3 (585728 — 1464320k) = 0
2
k=g
(60) Curve A ¥ =27(2x - 1)? (6i) Curve B = -27(2x — 1)°
27(2x—1)2 =0 —272x—-1)3%=0
1 1
x = > x = >
G- G
2’ 2’
(6i)) | Curve A--- x=0.4, x=0.5, x=0.6 | (6ii) | Curve A--- x=0.4, x=0.5, x=0.6
dy dy dy dy dy dy
—>0 —=0 —=>0 —>0 —=0 —=<0
dx dx dx dx dx dx
1 L . . 1 . . . .
(E’ —4) is point of inflexion (E’ —4) is a maximum stationary point
(6iii) _ 27(2x—-1)3 te (6iii) _ —27(2x-1)* te
3(2) 4(2)
c=-4 c=-4
_9 3 27 4
yA_E(Zx_l) -4 VB=—?(2x—1) -4
(7)) | Line PN is parallel to AB (Mid-Point Theorem)
(7ii) Mpn = _21__1 = _%' Mag = _% (i) mMN:% = —é, Mac= —=
:—ix_{_cl y=——7x+C2
Y 2 2=—2Y4c —
5=—-—1)+a a=5- AP Y LG . 122_ 7
2 y=——x+4+—
- 5 =
’ %7x ' 417 12 5 75 d
(7iv) (7v) 1 gy BB
BETAREETR AR A2ld 15 ¢
21fe1_ (_ ﬂ)
x=-7- T2\2 2
_ 4 ( 15) 12 =27
y="7\72)"7
y=26

(—7%, 6) Shown




8i —3[L i 1 i _ ii
80) | 4 =3[2(3)(3)sind + 3 (2)(2)sin(120 - 6)] (8ii) - \/(2)2 + (3V3)2 - 1197 _ 3V133
2 4 2
=3[2sind + (2)(sin120c0s6 — sinfcos120)| 33
tana = =2
3v3
=3[2sin + 2(Z cosd — sind (- )] a = 725198
3 3
= 3[§sin0 ++/3cos6 + sin@)] A= ) cos(8 —72.5°)
= 32—3 sin 0 4+ 3v3cosO (shown) =17.3 cos(0 — 72.5°)
(8iii) 3v133 (8iv) _3V133 _
5— cos(8 —72.5198°) = 15 MaxA=——=17.3
cos(8 — 72.5198°) = 0.86711 cos(® 2;25?18 )=1
cos a;= 0.86711 . _20
1= 29.8755 t10q —
0 — 72.5198 = 29.8755,—29.8755 0 97%5712920_ 0
0 = 102.4 (reject) or 42.6° T
(9) | P =550+ 200e*t (9ii) | 2(750) = 550 + 200ekZ4
P =550 + 200 e24k _ 19
=750 X
24k =In"
k=—In2 = 0.0649
— 24 4
i1 p — 550 + 200 GANT)E ) | 2= = 200kekt
28 — 200kek(30)
P = 550 + 200e (") “ 1,19\ (2n)
=1952.4811 ”1::200(EZ”PZ)3 weo
m =91.053
1952.4811—750X100 - 160 % m =91.1
750
P=mt+c
1952.481 = 91.053(30) + ¢
c=-779
(9v) | pA (9v) | 5688.169-0 _ 75
50—t
(50, 5690)
| t=277.56
| t=278
50 |
|
l o 278 -50=228h
50 278 *t
(10) | y=p(x —2)* — (x = 3)(x + 2) (10i) | OR
d = — 2 _
—y=2p(x—2)—[(x—3)+(x+2)] y=@—-Dx*+x—4px+4p+6
dx (p-1)>0
=dZZp(x —2)-2x+1 (happy face since it is a min quadratic
dx}zl =2p—-2>0 curve)
2p—2>0, p>1 p>1

(10ii)

p(x—2)2 — (x—3)(x+2)
p(x?—4x+4)—(x*—x—-6)=0
px?2 —x?—4px+x+4p+6=0
b2 —4ac=(—4p+1)?—4(p—-1)(4p +6)
=16p? —8p + 1 — 16p? — 8p + 24
= -16p+25

-16p + 25 =0
p= g (shown)

(10iii)

y=px?—x?2—4px+x+4p+6
y=px?—x?—4px+x+4p+6
y=x%-

25 2 _4 (2 25

16 x 4(16)X+x+4(16)+6
_ 9., 2 49
Y= 16¥ T2 ”
9, 21 49
16° 2T "

9x2%2 —84x+ 196 =0
(Bx—14)2=0
_ia
K
A(?"))




(10iv

dy 3
dx 7 s
2p(x—2)—2x+1=—;

2(3)(x—2)—2x+1=—%

_30

=7
9 ) 21 49
y:Ex _TX‘FT
9 /30\2 2130 49
v=u(Z) -5 () +7

-4

V=%

y=--xtc
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c=0,

_ —b++/b%-4ac

2a

X

Binomial expansion

(a+b)" =a" +(T]a“‘lb+(;]a”‘2b2 +...+(:ja”‘rb' +...

n ! nn-1)...(n-r+1
where n is a positive integer and __1n = (=D..( D
r) ri(n-r)! r!
2. TRIGONOMETRY

Identities
sin’ A+cos> A=1

sec’ A=1+tan’ A
cosec’A =1+cot” A
sin(A+ B) =sin AcosB+cos Asin B
cos(A+B) =cosAcosB Fsin AsinB

tan A+tan B
1¥tan Atan B

sin2A =2sin Acos A

tan(Ax B) =

cos 2A = cos> A—sin> A=2cos’ A—1=1-2sin’ A
2tan A

tanZA:—2
1-tan” A

Formulae for AABC

a b c

sin A - sin B B sinC
a’=b%*+c?-2bccos A

A=lesinA
2

n
+b",



3

A rectangle has a length of (6\5 +3)cm and an area of 66 cm?. Find the perimeter of the

rectangle in the form (a+ b\/3 ) cm, where a and b are integers. [3]

On the same axes sketch the curves y?> =225x and y = 15x°. [3]

(i)  Find the exact value of 15*, given that 25*** =36x9'™* . [3]

(ii) Hence, find the value of X, giving your answer to 2 decimal places. [2]

(a) Given that log; y—log; X =1+1log;(X+Y), express Yy in terms of X. [3]

(b) Solve the equation log,(8 —x)+log, x=2log, 15. [4]
X—4

The equation of a curve is y =

J2x+5

(i) Show that j—y can be expressed in the form ax—+b3 where a and b are constants. [3]
X =
(2x+5)2

(ii) Given thaty is increasing at a rate of 0.4 units per second, find the rate of change of X

when X = 2. [2]

The roots of the quadratic equation 4X> +X—m= 0, where m is a constant, are o and .

The roots of the quadratic equation 8x” +nx+1=0, where N is a constant, are % and %
a

(i) Show that m = — 8 and hence find the value of n. [5]

(ii) Find a quadratic equation whose roots are og+2and S+2. [4]

[Turn over



2-2sec?
7. () Show that € X sec’x. 3]
(14+cos x)(1—cos X)

(ii) Hence find, for -t < X < &, the values of X in radians for which
2—2sec’ X
(14 cos X)(1—cos x)

=4tanX. (4]

8.  The temperature, T °C, of a container of liquid decreases with time, t minutes. Measured values
of T and t are given in the table below.

t(min) | 10 20 30 40
TCC) | 585 | 416 | 347 | 319

It is known that T and t are related by the equation T =30+ pe™ ", where p and q are constants.

(i)  On a graph paper, plot In(T —30) againstt for the given data and draw a straight line

graph. [3]
(ii) Use you graph to estimate the value of p and of q. (4]
(iii) Explain why the temperature of the liquid can never drop to 30°C. [1]

9.  Given that y =2xe'™, find

. dy
i —, 2
(1) o [2]
2
i) pforwhich SY+2Y 4 petr o, [4]
dx dx
(iii) the range of values of x for which y is an increasing function. [3]

10. An open rectangular cake tin is made of thin sheets of steel which costs $2 per 1000 cm?.
The tin has a square base of length X cm, a height of h cm and a volume of 4000 cm®.

(i) Show that the cost of steel, C, in dollars, for making the cake tin is given by

x> 32
=t 2]
500 X
Given that X can vary,
(ii) find the value of X for which C has a stationary value, [3]

(iii) explain why this value of X gives the minimum value of C. (3]



11.

12.

5

The diagram shows a kite EFGH with EF = EH and GF = GH. The point G lies on the y-axis
and the coordinates of F and H are (2, 1) and (6, 9) respectively.

) H
G
E
F

0 —» X

I»

The equation of EF is y = g +%.

Find

(i) the equation of EG, [4]
(ii) the coordinates of E and G, (3]
(iii) the area of the kite EFGH. [2]

A B

F

The diagram shows a circle passing through points D, E, C and F, where FC = FD.
The point D lies on AP such that AD = DP.
DC and EF cut PB at T such that PT = TB.

(i) Show that AB is a tangent to the circle at point F. [3]

(ii) By showing that triangle DFT and triangle EFD are similar, show that
DF?-FT?=FT xET. [4]

End of Paper 1

[Turn over
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Paper1

66
63/3 +3
66 6333

Breadth or

22

2J3+1

22 23-1

T 6343 6V3-3
_ 66(63-3)
99
:4\/5—2 cm

Perimeter = 2(6+/3 +3+4+/3 —2)
=204/3+2 cm

X
2W3+1 2431
2(2\3-1)
11

F ¥

y=15x3

y? =225x

(i)

25X+2 =36X917X
2% x9?
(57)3h = per
22 %92
252
22 %92
252
18

15>0, 15 =—
25

(52x)(32x) —

(15%)* =

_18
25

18
xlgl5=1g| —
e15-1 3¢

o3s)
25

115
=—0.12

15"

log; y—log, X=1+log;(X+Y)

[Turn over



log, % =log; 3 +log;(X+Y)

Y _3(x+y)
X

y = 3% +3xy

y—3xy =3x*

y(1-3%)=3x*
3%
1-3x

(b) | log;(8—X)+log, x=2log,15

21 1
log,[x(8 = x)] = 210813
log, 9
2log,15
log.[X(8—X)]=="——"22=
g5 X( )] 210g33
8x—x* =15
x> —8Xx+15=0
(X=3)(x=5)=0
X=3, 5

1

2y ] "2
G | ay @D x-H@x+) Q)

dx 2X+5

1

_(2X+5) 2(2x+5-x+4)

2X+5
X+9
- 3
(2x+5)?
(ii) | When x = 2, d—y=d—y><%
dt dx dt
04— 2+93X%
(4+5)?
a2
dt 11
54

:E or 0.982 unit per second




(i)

(i)

a+pf=——
m
(Xﬂ——z
L1
(af) 8
afp =2
_m_,
4
m=-28
. 1_n
o B 8
a+p n
OF 8
a’+ B =-n

Sum of roots =+ f+4
15
T4
Product of roots =(a+2)(f+2)
=af+2(a+p)+4

:2+2(—l)+4
4

1
2

New equation: X’ —%X+L;=O or 4x* —15x+22=0

[Turn over



10

(i 2-2sec’ X _ 2(sec’ x—1)
(1+cos X)(1—cos X) sin® X
_ —2tan’X
sin’x
.2
) [ sm2x ]
B cos” X
- sin’ X
2
cos’X
=-2sec’ X
2—2sec’ X
(ii) sec =4tan X
(1+cos x)(1—cos X)
—2sec’ X =4tan X
B 1 2sin X
cos’X  cosX
—1=2sin Xcos X
sin2Xx =-1
2x:—£,EZ
272
T 3z
X=——, —
4" 4
(i) t (min) 10 20 30 40
In(T —30) 3.35 2.45 1.55 0.64

(ii)

(i)

T =30+pe ™™

In(T-30)=In p—qt

Inp=4.25

p=e*?=70.1

—( = gradient
_0.65-4.25

40

=-0.09

Since e * >0, T =30+70e""">30
Hence, T > 30 for all values of t.
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(1)

(ii)

(iii)

Y el _oyel
dx

2
% =—2e" ™ -2 4 2xe'*

=4 ™* 4 2xe!™*

2
d—2’+2ﬂ+ pe' ¥ =0
dx dx

x4’y dy

—pe = o +2 ™
= 4™+ 2xe'™* + 226" —2xe' ™)
= —de'"* +2xe'* + 46 —4xe!
=-2xe™

p=2X

When dy >0, 2e"™* —2xe"™* >0

dx
2e"*(1-x)>0
Since e > 0 for all X, 1-x>0
x<1

10.

(1)

(ii)

(iii)

400

X2

x’h=4000= h=

x (X* + 4hx)

1000

2 ( ) 4000]
=——| X" +4Xx—;
1000 X
x> 32

T 500 x

dC  x 32
dx 250 X2
When £=0, X 32
dx 250 x*
x* =8000
x=20

dC 1 o4
=4 —
dx* 250 Xx°
2
When x =20, d(;':i>
dx 250

2
Since, — >0 when x =20, C has a minimum value.

[Turn over
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11.

(i) | Gradient of FH = 9—_; =2
Gradient of EG = —%

o 2+6 149
(ii) | Midpointof FH =|——,——
2 2

=4, 95)

Equation of EG: y—sz—%(x_4)

X
=——+7
y 2

(iii) | —=x+7=2+>

Coordinate of E = (10, 2)

X
=——+7
y 2

When x =0, y=7
Coordinate of G = (0, 7)

(iv) | Area of EFGH
110 2 10 6 O

271 2 9 7

: \
:%[(4+90+42)—(14+10+12)]

=50 unit?

Alternative Method
Area of EFGH :%x HF xGE

:%x\/42 +8 xy/10° +5°

=50 units?
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12.

(i)

DT is parallel to AB. (Midpoint Theorem)
ZAFD = /TDF (alt angles)
=/ FED
Since ZAFD and ZFED satisfies the alternate segment
theorem, AB is a tangent at F.

Z/DFE is common.

ZTDF = ZDCF (base angles of an isos triangle)
/DCF = ZDEF (angles in the same segment)
..DFT and EFD are similar triangles (AA)

DF FT
EF FD
DF*=FT xEF
= FT x(ET +TF)
= FT* +FT xET

DF?—FT?=FT xET
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+c=0,

:—bi\/b2—4ac

2a

X

Binomial expansion

n n n
(a+b)" =a" +[1]a”‘1b+[2ja”‘2b2 +...+[r]a”‘rb' +...

n ! nn-1)...(n—-r+1
where n is a positive integer and __1n = (n=D...C i)
r) ri(n—-r)! r
2. TRIGONOMETRY

Identities
sin? A+cos’ A=1

sec” A=1+tan” A
cosec’A =1+cot’ A
sin(A+ B) =sin Acos B+ cos Asin B
cos(A+£ B) =cos Acos B ¥ sin Asin B

tan A+ tan B
1F tan Atan B

sin2A = 2sin Acos A

tan(A+£B) =

cos 2A = cos> A—sin> A=2cos’ A—1=1-2sin’ A
2tan A

tanZA:—2
1—-tan” A

Formulae for AABC
a b c

sin A - sin B - sinC
a’=b?+c?>-2bccos A

A=lesinA
2

+b",



(@)

(b)

(@)

(b)

(@

(b)

In the expansion of (3x —1)(1—kx)’ where k is a non-zero constant, there is no term in x*.
Find the value of k. [4]

X3

which the power of X first becomes positive. [4]

12
. : : 2 . . .
In the binomial expansion of (—— Xz] , in ascending powers of X, find the term in

Explain why the curve y= px*+2Xx—p will always cut the line y=—1 at two distinct
points for all real values of p. [4]

Find the values of a such that the curve y=ax’ + x+a lies below the x-axis. [4]

The diagram shows two right-angled triangles with the same height X cm.
One triangle has a base of 4 cm and the other triangle has a base of 6 cm.
Angles A and B are such that A+ B = 135°.

I 4 Cm »lg 6 Cm »|

N L ] ”l

A B

T- Xcm - XCcm

Find the value of x. [4]

The current y (in amperes), in an alternating current (A.C.) circuit, is given by

y =170sin(kt), where t is the time in seconds.

The period of this function is % second.

(i) Find the amplitude of'y. [1]
(ii) Find the exact value of k in radians per second. [1]
(iii) For how long in a period is y > 85? [3]

[Turn over



The function g(x)=2x*+ x> +4x* +hx—k has a quadratic factor 2x* +3x+1.

(i) Find the value of h and of k. [5]
(ii) Determine, showing all necessary working, the number of real roots of the equation
g(x)=0. [4]

The function f is defined by f(X) =4+ 2x—3x>.
(i) Find the value of a, of b and of ¢ for which f(X) =a+b(x+c). [4]

(ii) State the maximum value of f(X) and the corresponding value of x. [2]
(iii) Sketch the curve of y = |f (X)| for —1<x <2, indicating on your graph the coordinates
of the maximum point. [3]

(iv) State the value(s) of k for which |f(x)| =k has

(a) 1 solution, [1]
(b) 3 solutions. [1]
. . d
(i) Find &[(ln x)z] 2]

. : : 3x> —5In X
(ii) Using the result from part (i), find j—dx and hence show that
X

e 3
‘[ 3X 51nde=e3—Z, [4]
1 X 2

(i) Show that di(sec X) =secXtan X . [2]
X

tan X

(ii) Given that —%< X <%, find the value of n for which y=e is a solution of the

equation

d’y o dy
Y d+tanx) 2 7
o (1+tan X) i [7]

A circle passes through the points A(2, 6) and B(5, 5), with its centre lying on the line
3y=—Xx+5.

(i) Find the perpendicular bisector of AB. [3]
(ii) Find the equation of the circle. [4]

CD is a diameter of the circle and the point P has coordinates (-2, —1).
(iii) Determine whether the point P lies inside the circle. [2]
(iv) Isangle CPD aright angle? Explain. [1]



10.

11.

2
(i) Given that w = +i+ 5, where A, B and C are constants, find the
X" —6X+9 X-3 (x-3)
value of A, of B and of C. [4]
.. : . . X* —4x+1
(ii) Hence, find the coordinates of the turning point on the curve, y = 6x:9
X" —0X+
and determine the nature of this turning point. [6]

A particle starts from rest at O and moves in a straight line with an acceleration of a ms=, where
a=2t—1 and t is the time in seconds since leaving O.

(i) Find the value of t for which the particle is instantaneously at rest. [4]
(ii) Show that the particle returns to O after 1% seconds. [4]
(iii) Find the distance travelled in the first 4 seconds. [2]

1 1
The diagram below shows part of a curve y = f(X). The curve is such that f'(x) =x2> -x ? and

it passes through the point Q(4, 0). The tangent at Q meets the y-axis at the point P.

y
F 8
L
O Q(4,0)
P
(i) Find f(x). [3]
(ii) Show that the y-coordinate of P is —6. [3]
(iii) Find the area of the shaded region. [4]

[Turn over
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Solution

1 (a)

(b)

(3x-1)(1-kx)’
=(3x=1D(1-=7kx+21k*x* +...)
21k -21k*=0
~21k(1+k) =0

k=0, k=-1

Tr+1 =[12](%j _ (—x7)"
r X
12 o rySr-36
Z( r](z (=17 X

5r-36>0
r>72
r=8

_ 12 24 (— 1) x 4036
L I 27D

=7920x"

(b)

pX> +2x—p=-1
PX* +2X+1-p=0
D =4-4(p)1-p)

=4p° —4p+4
=4(p°-p+1) or  4p’—4p+1+3
=4Hp—lj2+i} 2p-1)°+3

2 4

1Y 2
:4(p—5j +3>0 2p-1)"+3>0

2
Since (p—%j >0 or 2p-1)>=0,

the discriminant > 0, the curve will always cut the
the line at two distinct points for all real values of p.

D=1-4a’<0

D=1-4a’<0 and a<0

(1+2a)(1-2a)<0 or 4a°-1>0
(Qa-1)(2a+1)>0

1 1
a<——ora>-—
2 2

[Turn over



(a) tanAzﬁ,tanBzﬁ

4 6
tan(A+ B) =tan135°
tan A+tanB

l-tan AtanB

X X X[ x
—+—=—14|—|| =
e
6X+4X =-24+X°
x> —10x-24=0
(X—=12)(x+2)=0
x=12, —2 (NA)

(b) y = 170sin(kt)
(i) Amplitude =170 or 170 A

1
ii K=27+—
(ii) V4 50

=120n

(iii) | Wheny =85, 170sin(120xt) =85

sin(1207t) = 8 = 1
170 2
1ort=%, 3%
6 6
1\ O
720" 720
Duration = i — L
720 720

= L seconds
180




g(x)=2x*+ x> +4x> +hx -k
22X +3x+1=2x+1)(x+1)

g(-D)=0
2-1+4-h-k=0
h+k=5 ... )
h_y

2

h=8

k=-3

Alternative method
2x' + X7 +4x% +hx —k = (2X* + 33X+ 1)(X* +bx —k)
Comparing coefficient of X3, 1=2b+3

b=-1
Comparing coefficient of X, 4=-2k +3b+1

k=-3
Comparing coefficient of X, h=b-3k

h=8

(i)

Let g(x)=(2x> +3x+1)(X* +bx +3)
Comparing coefficient of X, 8=9+b

b=-1
g(X) = (2x* +3x+1)(X* = x+3)

g(x)=0
Cx+D(X+1D)(x* =x+3)=0
x=—%, x=—1or X —-X+3=0
b*-4ac =1-12<0
=-11<0
No real roots.
Hence, g(X) =0 has only 2 real roots

[Turn over
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(i)

(i)

(iif)

(iv)(a)
(b)

f(x) =4+2x-3x>

1
Max value :? or 4—

3

1
at X=—
3




11

(i)

i(ln X)> =2In X(l]
dx X

_21nX
X
3_
I3X 51nXdX :J‘3X2dx_J‘51nde
X X
3 5 2
=X —=(nx)"+C
2
¢3x> —5ln x e
1 X 2 1
3 5 2
=e’ —=—(lne) -1
2( )

(i)

(i)

i(sec X) = i[(cos X)_l]
dx

dx
= (=1)(cos X) > (=sin X)
1 sin X
= X
COSX COSX
=sec Xtan X
d d
_y - (etan)()
dx  dx
= sec’ xe™*
d’y d
—Z/ =—(sec” xe™™)
dx® dx
= e (2sec X)(sec X tan X) +sec” X(sec” xe
=sec’ xe™*(2tan X +sec” X)

= (1+2tan X + tan” X)d—y
dx

= (1+tan x)’ dy
dx

S.n=2

tanx)

[Turn over
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(i)

(iif)

Midpoint of AB =| 23 63
27 2
_(z 2)
2°2

Gradient of AB = 5;

5-2
_ !
3

Gradient of perpendicular bisector = 3

Equation of perpendicular bisector, Yy —% =3 (X - Zj

2
y=3Xx-5
From (i) y=3x-5 ... (1)
The centre also lieson 3y=—-x+5 ...... 2)
Substitute (1) into (2),
33x=5)=-x+5
X=2
y=1

Centre of circle, (2, 1)

Radius of circle =+/(2—5)° +(1-5)’

=25

= 5 units

Equation of circle, (X—2)* +(y—1)> =25
Or X’ +y*—4x-2y-20=0

Distance between the Centre and P
= J@2+2 +(1+1)
= 2\/§ units < 5 units

.. P lies inside the circle.

If angle CPD = 90°, P should lie on the circle.
(Right angle in a semicircle)

Hence, angle CPD cannot be 90°
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(i)

X* —4x+1
x> —6X+9

x* —4x+1 1+ 2X—8

Using Long Division,
g -ong C6X+9  (Xx=3)

2x-8 B C

(x-3)° Cox- 3 (x=3)*
2x-8 B(x-3)+C
(x=3°  (x-3)
2x—-8=B(x-3)+C

Let

Comparing coefficient of X, B=2
Let x=3, 6-8=C
C=-2
A=1
dy d -1 )
— =—|1+2(X-3)" —2(x-3
" 1203 -20-3)7 ]
=-2(x=3)7 =2(=2)(x=3)"
=-2(x=3)°(x=3-2)
2(x=5) 10-2x 2 4

When d—y—O, M:

dx C(x=3)
X=5

When X =5, yzg

: : 3
Turning point, (5, E)

or or — +
(x=3)" ~ (x=3)’ (x=3)"  (x=3)’

Alternative Method
Whend—y 0, - 2 >+ 4 ;=
dx (x—3)>  (x-3)
4 2
(x-3)  (x=3)
2(x=3)* =(x=3)°

Since X # 3,
When X=5, y=

: : 3
Turning point, (5, Ej

[Turn over
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d’y _ -2(x=3)’ +2(3)(x=5)(x-3)°

dx? (x=3)°
_ -2(Xx=3)+6(x-5)
(x=3)*
4%—24 4 12
= or —
(x=3)" = (x=3)" (x=3)’
d2
When x =5, a¥=——<0

Alternative method

X 5~ 5 5"
dy
A + 0 —
dx
Slope / — \

( 3} o .
5, > is maximum point.
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10.

(i)

(i)

(iif)

v =J(2t—1)dt
=t*-t+C
Whent=0,v=0, C=0
sv=t?—t
When v =0, t2—t=0
tt*-1)=0
t=0 (NA), 1
S =j(t2—t)dt
3 2
:t——t—+D
3 2
Whent=0,s=0, D=0
t* t?
SLS=———
3 2
3 2
When s=0, t——t—=0
3 2
2t -3t =0
t2(2t-3)=0
t=0, >
2

Hence, the particle returns to O after 1% seconds.

Alternative method

Whent:i, s =————
2
=0

Hence, the particle returns to O after 1% seconds.

3012

When t =1, S Lr_ 1
3 2 6
3 42

When t =4, S :4——4—:13l
3 2 3

Distance travelled

:l3l+2(lj
3 6

:13g m

M1

Al
M1

Al

M1

Al

M1

Al

M1

Al

M1

Al

A0 (If no C)

A0 (If no C)

Answer with
conclusion

Answer with
conclusion

(10 marks)

[Turn over
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11.

(i)

(ii)

(iif)

1
At Q, f’(x):d—y =42 -4 2
dx

1 1

f(X) = X2 =X 2

f(x) = J‘(x; -X %)dx

3 1

~2y oxiac
3
2 3 1
At (4, 0), S@2 =24y +C=0
c=-2
3

22 1 4
f(X)==x2-2x*——
(=73 3

_3
2
Equation of PQ, y= %(X —4)
3
=—X-6
y 2
coatP, y=—6

Area of shaded region

4 3 1
=l><4><6+ 2X2—2X2—i dx or
2 o 3 3

:lx4x6—
2

=12+ 3 -2 Ty

EX .
=12+ <@ =2 (&) 3(4)}

=12-—=
15

_68 unit” or 4% unit® or 4.53 unit?

4 3 1
j gx2—2x2— dx
o\ 3 3

M1

Al

Al

Bl

M1

Al

M1

M1

M1

Al

Difference

Integral + limits

(10 marks)

End of Paper 2
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Madeleine Chew
Solutions


Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+c =0,

b £b* - dac

X =
2a
Binomial Expansion
n n n n-1 n n-2 12 n n-r p.r n
(a+b) =a"+| [d""b+|_|[a""b+..4| |a"TD +..+D
1 2 r
. e n ! -1)..(n-r+l
where 7 is a positive integer and = 1 = n(n ) (n T )
r) ri(n-r) r!

2. TRIGONOMETRY

Identities
sin*A +cos *A =1
sec’A =1+tan’A
cosec A =1+cot °A
sin (A:B) =sin Acos B +cos Asin B
cos(A:B) =cosAcos B Fsin Asin B
tan 4+ tan B
l¥tan Atan B
sin2A4 =2sin Acos A
cos2A=cos’A-sin’A=2cos’ A-1=1-2sin’4
2tan 4
1-tan >4

tan(ArB):

tan2A4 =

Formulae for A ABC
a b c

sin A B sinB B sinC
a’=b*+c*-2bc cosA

A =labsinC
2

Page 2 of 7
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Given that a = \/E —\/5 , find the value of a”, leaving your answer in exact
form. Hence, or otherwise, and without the use of a calculator, find the exact

value of 2a*—16a>+5. [3]

A curve, for which % = kx* -8, has a gradient of — 4 at x = 2.
x

(1) State the value of £. [1]

With this value of &, find

(i) the equation of the normal at point P( 3, -2 ) , [2]
(i)  the equation of the curve y. [3]
(1) Sketch the graph of y* =9x. [2]

(i)  You were going through your old notes and happen to come across the
following graph sketched on a piece of paper. It brought back some
memories of your time in SST because you had to draw that graph in a
Mathematics quiz. However, the equation of the function is missing
from the graph. You decided to complete the equation before putting
the graph back into the pile.

2:5

0.5

-0:5

|
|
|
|
1
|
|
|
|
ols 0 0.5 1 1:5 2 /25 35 4 45
|
|
|
|
|
|
|
|
|

Given that the y-intercept of the graph is gand that the equation is of

the curve is of the form y= +c, where h, k, ¢ are constants

)

that need to be determined, find the value of 4, of k and of c. [3]

Page 3 of 7
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2x* +x+1

Express in partial fractions.

Answer the whole of this question on a piece of graph paper.

[5]

Variables x and y are known to be related by an equation of the form

b :
y=avx +T, where a and b are constants. The table shows experimental
X

values of the two variables.

1.0 1.5 2.0 2.5 3.0

3.5

y 24 3.9 5.1 6.4 7.4

8.3

(1) Plot y\/; against x and draw a straight-line graph.

(i)  Use the graph to estimate the values of a and of b.

[3]

[2]

Given that the roots of the quadratic equation 2x° +x+6=0 are o and .

(1) Find the quadratic equation whose roots are ((x + %J and ( B+

(ii))  Explain why the value for a - f is undefined.

(1) Prove the following trigonometric identity:

1-cosf = (cosec@ — (:0‘[(9)2 .
1+cosO

(1))  Hence, for —7 <0 <1, solve the equation

(cosec@ - cotO)2 =5.

Page 4 of 7

1
EJ' [4]

[2]

[3]

[3]

[Turn over



"

AB is a diameter of the circle with centre O. C is a point on OG produced and
CB intersects the circle at D. OG is perpendicular to AB and OG intersects the
chord AD at E,

(1) Prove that AE x ED = OF x EC. [4]
(i1) Explain why C is at an equal distance from 4 and B. [2]
(ii1) Explain why a circle with BC as a diameter passes through O. [2]

The straight line 3x— y+5=0 and the curve x> +)* —2x—6y+5=0
intersect at two points, 4 and B.

(1) Find the coordinates of 4 and of B. [3]

(1)  Find the equation of the perpendicular bisector of 4B. [3]

(ii)  Find the coordinates of the centre of the circle x>+ y* —2x—6y+5=0
and determine whether the point ( 1, 1 ) lies within, outside or on the [3]

circumference of the circle.

Page 5 of 7
[Turn over



10. A piece of wire of length 680m is bent to form an enclosure consisting of a
trapezium ABCD and a quadrant ADE with AB=y m, DE =x m and

BCD =45°
A ym B
|
|
!
'
l
! 0
o 45
E X m D C
(1) Show that the area 4 m” of the enclosure is given by
2+1
A=3a0x- Y2412 [4]
2
(i1) Find the value of x, correct to 2 decimal places, for which there is a
stationary value for 4 and determine whether it is a maximum or a
minimum. [5]

11. A particle starts from a point O and moves in a straight line so that its velocity,
v m/s, is given by v = (3¢ + 5)(t — 5) where ¢ is the time in seconds after

leaving O.

Find,

(1) the time(s) when the particle is at rest, [2]
(i1))  the time when the particle passes through O again, [3]
(ii1))  the distance travelled during the third second, [2]
(iv)  the time interval during which the velocity is decreasing. [2]

Page 6 of 7
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12.

y
A
)
In the diagram above the line PQ is normal to the curve y = ﬁ at the
x —
: 31
omnt P —,—|.
o )
(1) Find the length of OQ. (4]
(i1) Find the area bounded by the line PQ, the curve y = ﬁ
x —

[5]

and the line x = 3.

END OF PAPER
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax® +bx+c =0,

_ —b=+b*-4ac

2a

X

Binomial Expansion
n

(a+b)"=a"+ " & b+ a7 b+ .+ " a7 b +..+b"
) ) =

n) n! n(n-1)..(n-r+1)

r

where n is a positive integer and
ri(n-r) r!

2. TRIGONOMETRY

Identities
sin*A+cos?A =1
sec’A =1+tan’A
cosec A =1+cot ’A
sin (A: B) =sinA4cos BxcosAsin B
cos(A:B) =cosAcos BF¥sin Asin B

tan 4 +tan B
1F¥tanAtan B
sin2A4 = 2sin Acos A
cos24 =cos’A-sin’*4=2cos’ A-1=1-2sin?4
2tan 4
1-tan’4

tan(AiB) =

tan24 =

Formulae for A ABC
a b c

sinA sinB sinC
a*=b>+c2-2bc cosA

1
~—absin C
2a sSin
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Find the value of the constant k for which y = x’¢"**is a solution of the equation

2
._d__‘).i_g_y_.=k(é).+y)_

a*  x? dx
[4]
. . d Inx
i) Find —(—). : 2
® = ( ~ ) [2]
- Inx
(ij)Hence find f —-dx.
. B3]
The curve y = f{x) is such that f(x) = 2% , for x>0 .
x :
(iii) Explain why the curve y = f(x) has only one stationary point. 1]
The expression 2x’ +ax* +bx—35, where a and b are constants, has a factor of
2x — 7 and leaves a remainder of -36 when divided by x + 1.
(i) Find the value of a and of . [4]
(ii) Using the values of a and b found in part (i), explain why the equation
2%’ + ax® + bx — 35 = O has only one real root. [2]

As part of his job in a restaurant, John learned to cook a hot pot of soup late at

night so that there would be enough for sale the next day. While refrigeration

was essential to preserve the soup overnight, the soup was too hot to be put directly
in the refrigerator when it was ready at 100 °C. The soup subsequently cooled in such
a way that its temperature, x °C after f minutes, was given by the expression

x =20+ Ae™ where 4 and k are constants.
(i) Explain why 4 = 80. [1]

(ii) When 7 = 15, the temperature of the soup is 58 °C.
Find the value of . [2]

(iii) Deduce the temperature of the soup if it is left unattended for a long period
of time, giving a reason for your answer. [1]

(iv) For the soup to be refrigerated, its temperature should be less than 35°C.
What is the shortest possible time, correct to the nearest minute, that John
has to wait before he could refrigerate the soup? 2]

Page 3 of 8 [Turn over



(a) The function fis defined, for all values of x, by
fx) = x*(3-4x).

Find the range of values of x for which f is an increasing function. [3]

(b) A particle moves along the curve y = in such a way that the

(3-4x)

y-coordinate of the particle is increasing at a constant rate of 0.03 units per second.
Find the exact y-coordinate of the particle at the instant that the x-coordinate of the

particle is decreasing at 0.12 units per second. [4]
(a) (i) Sketch the graph of y=10*. 1]

(ii) Given that ;ﬂ = -5-3-;, find the value of 10%. [2]
(b) Solve the equation log, VSx+1+ 2log,3=1log,(2x~3)+log,27. [5]

The population of a herd of deer can be modelled by the function
D =400+ 40sin (—76E t), where D is the deer population in week ¢ of the
yearfor0 < t <24.

Using the model,

(i) state the amplitude of the function, [1]

(iii) state the period of the function, [1]

(iii) find the maximum and minimum values of D, 1]
(iv) sketch the function D =400 +40sin (S t) for 0 < t < 24. 2]

(v) estimate the number of weeks for 0 < t < 24 that the population is greater than
420. 13]

Page 4 of 8 [Turn over



> <

C (3k, 5k+10)

D (2,4

0 4(6,0)

The diagram shows a quadrilateral ABCD in which 4 is (6, 0), C is (3%, Sk + 10)
and D is (-2, 4). The equation of line AB is y = 2x - 12 and angle 4ADC = 90°.

(i) Find the value of £,

Given that the perpendicular bisector of CD passes through B, find

(ii) the coordinates of B,

(iii) the area of the quadrilateral ABCD.

Page 5 of 8

3]

[4]
2]

[Turn over




9

10

(a) The first three terms in the binomial expansion of (1+ px)"are 1-48x +960x°.
Find the value of p and of n. [4]

8
(b) In the expansion of (sz + 3) , where a is a non-zero real number, the ratio of
x

the coefficient of the 3™ term to that of the 5% term is 5 : 2.

(i) Find the possible values of a. [4]
(ii) Explain whether the term independent of x exists for the expansion
8
of (2x2 + f’-) : 2]
_ x
YA
1
T(-1,8)
€, ¢
X
A4, 0) O] B(1,0)

The diagram shows part of the curve y =|ax® + bx +¢| where a < 0.

The curve touches the x-axis at 4 (p, 0) and at B (1, 0).
The curve touches the y-axis at C (0, g) and has a maximum point at 7' (-1, 8).

(i) Explain why p = -3. [1]
(ii) Determine the value of a, b, ¢ and gq. , [4]

(iii) State the range of values of r for which the line y = r intersects the curve
¥ =|ax® + bx +c| at four distinct points. 1]

(iv) In the case where r = 2, find the exact x-coordinates of all points of intersection of the
line y =r and the curve y=|ax’ +bx +c|. [4]

Page 6 of 8 [Turn over



| 1 SRR 0

Sm C

The diagram shows a circular garden. A farmer decides to fence part of the garden.
He puts fences around the perimeter ABCD such that BC=8m,CD=5m,

angle DAB = 90° and angle ABC = 6 where 0° < 6 < 90°.

(i) Given that CM is perpendicular to AB, express CM and 4B in terms of 6. 4]

(i) Show that L m, the length of fencing needed for perlmeter ABCD, is given by
L=13+3cosO+13sin8. 2]

(iiii) Express L in the form 13+ Rcos(6 — o) where R > 0 and « is an acute angle.  [4]

(iv) Given that the farmer uses exactly 26.2 m of fencing, find the possible
values of 6. 3]

Page7of 8 [Turn over



12 (a)Itis given that [ f(x)dx = k cos2x — sin3x + c, where c is a constant of integration,
i 1
and that [ f(x)dx = .

(i) Show that k= —Zl;'- . [1]

(ii) Find f (x). [2]
(b) A curve has the equation y = g(x), where g(x)=2sin’ x—sin2x for O<x <.
(1) Find the x-coordinates of the stationary points of the curve. [3]

(ii) Use the second derivative test to determine the nature of each of these points.[3]

(iii) Given that f g(x)dx = ax + bsinxcosx +cos’ x + k, where k is a constant of

integration, find the value of @ and of b. [4]

END OF PAPER
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax” +bx +c =0,

B -b +b* - 4dac

2a

X

Binomial Expansion
n

n n n n-1 n-2 1.2 n n-r i.r n
(a+b) =a" + a'’” b+ a’ " b+ ..+ a’"b +..+b
1 2 r

n) nt n(n=1) . (n=r+1)

rl(n—-r) r!

where n is a positive integer and (
r

2. TRIGONOMETRY

Identities
sin*A +cos*A =1
sec A =1+tan’A
cosec A =1+cot ’A
sin (AiB) =sin Acos B+cos Asin B
cos(A + B) =cos Acos B Fsin Asin B
tan A+tan B
1¥tan Atan B
sin2A4 =2sin Acos A
cos2A4=cos’A-sin’4=2cos’ A-1=1-2sin’4
2tan A4
1-tan >4

tan(A + B) =

tan24 =

Formulae for A ABC
a b c

sin A - sinB - sinC
a’=b*+c*-2bc cosA

1
=—absin C
2
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1 Find the value of the constant k for which y = x’e'"is a solution of the equation
d’y 2y . [(dv
———==k|=+y]|.
x> X’ (dx d
Solution
y — x2€1—2x
Y _ x*(=2e7) + e (2x)
dx
=-2x"e™" +2xe"™*
=-2y+2xé™" = —2y+2—y
X
2
TV _ Y ox(<2e) 426
dx’ dx
_ W fet e
dx
oY Ay, 2y
dx x x°
dy 2y
> x°
o 4y
dx x
= _2a’_y 2(@ 2y)
X dx
dy
=-4-—=-4
dx 4
dy
=-4(—+
ot
k=-4

4]
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2 (i) Find i(ln—x).

Solution

d dnx)

dx  x
x(—) -Inx
__ X

2
X

_l—lnx

2
X

(ii)Hence find f ln—zxdx.
X

Solution

From (i),

fl—l?xdx=lnx “C
X X

f dx fln—xd ——+C
___fln_xd _ln_x.,_c

—zdx=———+D

flnx -1 Inx
X X X

The curve y = f(x) is such that f(x) = Inx ,for x>0.
X

(iii) Explain why the curve y = f(x) has only one stationary point.

Solution

o) = Inx
X

£(x) = 1- lnx
For stationary point to exist, f ’(x) =0

I-Inx=0

Inx=1

x=e

For x > 0, y = f(x) has only 1 stationary point at x = e.

2]

3]

[1]
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3 The expression 2x° +ax’ +bx —35, where a and b are constants, has a factor of
2x — 7 and leaves a remainder of -36 when divided by x + 1.

(i) Find the value of a and of b. [4]

(ii) Using the values of @ and b found in part (i), explain why the equation
2x’ +ax” + bx — 35 =0has only one real root. 2]

Solution

®
f(x)=2x"+ax’ +bx-35

7
f(5)=0

T o 70 ae
23) + a3y +h(1)=35=0

33,9070 3520
4 4 2

49a 7h 203

4 2 4
49q +14h=-203——————— 1)

f(=1)=-36
2(=1) +a(=1)> + b(=1)-35=-36
2+a-b-35=-36

49(1+b)+14b=-203
49 +63b=-203
63b=-252

b=-4
a=b+1=-4+1=-3

(ii) 2x° =3x*—4x-35=0
2%’ +ax’ +bx -35=2x-7)(x* +2x+5)=0

For X" +2x+5 , since (2)* =4(1)(20) <0 and the coefficient of * is always

. 2 . .
positive, X~ +2X+35 is always positive.

4 As part of his job in a restaurant, John learned to cook a hot pot of soup
late at night so that there would be enough for sale the next day. While refrigeration
was essential to preserve the soup overnight, the soup was too hot to be put directly
in the refrigerator when it was ready at 100 °C. The soup subsequently cools in such
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a way that its temperature, x °C after ¢ minutes, is given by the expression

x =20+ Ae™, where 4 and k are constants.

(i) Explain why 4 = 80.

Solution

Since the soup is ready at 100 °C initially,
Att=0, x=20+A4e’ =100
A=280

(ii) When 7 = 15, the temperature of the soup is 58 °C
Find the value of £.

Solution

58 =20+80e 71
38 =80e™ "
o5 _ 38

80

—15k=ln§
80

k =0.0496

(iii) Deduce the temperature of the soup if'it is left unattended for a long period

of time, giving a reason for your answer.

Solution

For x=20+80e"“, ast - oo, ekt 50
Temperature of the soup approaches 20 °C

if it is left unattended for a long period of time.

[1]

2]

1]
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4 (iv) For the soup to be refrigerated, its temperature should be less than 35°C.
What is the shortest possible time, correct to the nearest minute that John

has to wait before he can refrigerate the soup?

Solution
Inﬁ
~(-29)
20+80e - =35
lnﬁ
80,
80e 5 =15
38
st 15
80
lnﬁ
80 ;_ lnE
15 80
t=33.7
Shortest possible time = 34 minutes

5 (a) The function f'is defined, for all values of x, by
f(x) = x*(3-4x).

Find the values of x for which f is an increasing function.

Solution

f(x)=3x"-4x’
f'(x)=6x-12x
For f to be an increasing function,
f'(x)>0
6x-12x>>0
6x(1-2x)>0

1

O<x<—

2]

3]

[Turn over



5 (b) A particle moves along the curve y =
(3-4x)

—in such a way that the

y-coordinate of the particle is increasing at a constant rate of 0.03 units per second.
Find the exact y-coordinate of the particle at the instant that the x-coordinate of the

particle is decreasing at 0.12 units per second.

Solution

16

R 16(4 - 4x)

y=

128
(3-4x)’

Y _323-4x)7(-4) =

0.03= 128 (-0.12)
(3—4x)3

(3-4x)’ =-512
3-4x=-8
—4x=-11

11

4

-_dla'p 1
Y 4

- i,
(3- 4(1))

4]

[Turn over



6 (a) (i) Sketch the graph of y=10".

(ii) Given that

2x+2

= 5%, find the value of 10" .

Solution

(1) A

/_ |

. 4 3
ii ==
( ) 2x+2 5x

223

2x+2 5x
22x—(x+2)5x = 3
275" =3

2x

2 (5)=3

2 (59

10" =12

(b) Solve the equation log, V5x+1+2log,3=log,(2x-3)+log, 27.

Solution

log, V5x+1+2log,3=log,(2x-3)+log, 27
log, V5x+1=log,(2x-3)+3-1

l 2x-3
log, V5x+1= sz)ﬂogz 2?
log, 2

log, m =log,(2x - 3)% +log, 4
J5x+1=4y2x-3
Sx+1=16(2x-3)
Sx+1=32x-48
27x=49

49

x [ J—
27
or x=1.81 (3sf)

[1]
2]

5]
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7 The population of a herd of deer can be modelled by the function
D =400+40sin (% t), where D is the deer population in week ¢ of the

year for 0 < t < 24.

Using the model,

(i) state the amplitude of the function, 1]
(ii) state the period of the function, 1]
(iii) find the maximum and minimum values of D, [2]
(iv) sketch the function D =400 +40sin (g t) for0 < t < 24. 2]

(v) estimate the number of weeks for 0 < t < 24 that the population is greater than
420. 3]

Solution

(i) D =400+ 40sin (g t) for0 <t <24
Amplitude = 40
(i) Period = 2 =12

6

(i11)) Maximum D = 400 + 40 = 440
Minimum D =400 — 40 = 360

(iv)
D
A
—J—140
=== 2 QrrrsfisrrssosomANgrEEsg 4
—3-360 ' "
I I
I I
I I
I I
I I
I I
I I
I I
I I
| 17
1 1 >
0 12 24

(v) 400+ 40sin (g t) =420

[Turn over



40sin(% £)=20

sin(% £)=0.5

Basic angle =%

T[t_T[ 57 13m 17w

6 66" 6 6
t=1,5,13,17

No of weeks = (5-1) + (17-13) =8

[Turn over



>

C (3k, 5k+10)

B
D(-2,4)
= X
X A4 (6, 0) >
The diagram shows a quadrilateral ABCD in which 4 is (6, 0), C is (3k, 5k + 10)
and D is (-2, 4). The equation of line AB is y = 2x - 12 and angle ADC = 90°.
(i) Find the value of £. [3]
Solution
Gradient of line 4D = 4-0 = 1
-2-6 2
Gradient of line CD = 2
Sk+10-4 )
3k+2
Sk+6=06k+4
k=2

Given that the perpendicular bisector of CD passes through B, find

[Turn over



(ii) the coordinates of B,

Solution

Midpoint of line CD = (%,22—4) =(2,12)

Gradient of perpendicular bisector of CD = —%

Equation of perpendicular bisector of CD:

-1
_12=""(x-2
Y 2( )

1
=——x+13
Y 2

To find intersection point between equation of line 4B with perpendicular bisector
of CD: solve simultaneously

1
=-——x+13
Y 2
y=2x-12
—lx+13=2x—12
2

2.5x =25
x =10,
y=8
B=(10, 8)

(iii) the area of the quadrilateral ABCD.

Solution

Area of ABCD
116 10 6 -2 6

210 8204 0
=2148 4+ 200 + 24 — (48 — 40 + 24)|

T2
=120 units?

4]

2]
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9 (a) The first three terms in the binomial expansion of (1+ px)"are 1-48x +960x°.

Find the value of p and of n. [4]
Solution
n n n
(1+p20)" = () @0 + (]) G0 + ( ) )2 +
=1 + npx + 2= 1)'pzx
Comparing coefficients of
X - np =-48
P — rn=1) 2960
. o -48
Solving by substitution: p=——
n
n(n 1), - ( ) — 960
;1 _2
n 6
6n-6=>5n
n==6
-48
=——=-8
i

8
(b) In the expansion of (2x2 + ﬁ) , Where a is a non-zero real number, the ratio of the coefficient
X

of the 3™ term to that of the 5" term is 5 : 2.

(i) Find the possible values of a. [4]

Solution

General Term, Ty, = (8) (sz)g_r(%)r

2= (5) @) = (5) @@

;
(s

Cl
= (5) o = () @@ 0
28(64)a” 5
70(16)a* 2

35844> = 5600a*
5600a* - 35844 =0
a*(5600a> —3584) =0

, 3584
- : a=—__, 14
a =0 (Rejected) or 5600 == a =t
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8
(i) Explain whether the term independent of x exists for the expansion of (2x2 + ﬂ) . 2]
X

Solution

For term independent of x, power of x =0
Considering the terms in x of the general term,

(XZ )S—r (x)—r — x16—3r

Supposing 16 —3r=0,r = 13—6 (not a positive integer/whole number)

Term independent of x does not exist.

A
y

10 T(-1,8)

C(, g)

A (p, 0) o [BLO > x

The diagram shows part of the curve y =|ax’ +bx +c| where a < 0.

The curve touches the x-axis at 4 (p, 0) and at B (1, 0).
The curve touches the y-axis at C (0, g) and has a maximum point at 7' (-1, 8).

(i) Explain why p = -3. 1]

Solution

The curve is symmetrical about the line x = -1.
x-coordofA=p=-1-2=-3

[Turn over



(ii) Determine the value of each of a, b, c and q.

4]

Solution

y =Im(x+3)(x —1)|
Atx=-1,y=8

8 = [m(2)(-2)|
m=2or-2

For y=|lax’+bx+c| wherea<0, a=-2

y=|-2x"+bx+c|
“2x* +bx+c
=-2(x-1)(x+3)
=-2(x"+2x-3)
b=-4,c=6

Atx =0, y=6. Therefore g = 6.

(iii) State the set of values of  for which the line y = r intersects the curve

y =|ax” + bx +c| at four distinct points.

Solution

0<r<8

[1]

(iv) In the case where r = 2, find the exact x-coordinates of all points of intersection of the

4]

line y = r and the curve y =|ax’ +bx+c]|.

Solution
Line: y =2
Curve: y=|-2x*>-4x+6|
“2x*-4x+6=2 “2x*-4x+6==-2
2x° +4x-4=0 or 2x°+4x-8=0
x*+2x-2=0 x*+2x-4=0

_ —244/22-4(1)(-2) _ —244/22-4(1)(-4)

- 2(1) N 2(1)

—2+V12 —24v20
X = orx =
2 2

x=-1%++3 x=-1++5

[Turn over



11

5m

The diagram shows a circular garden. A farmer decides to fence part of the garden.

He puts fences around the perimeter ABCD such that BC =8 m, CD =5 m,
angle DAB = 90° and angle ABC = 6 where 0° < 6 < 90°.

(i) Given that CM is perpendicular to 4B, express CM and 4B in terms of 6.

Solution
ng = CM
sinb = 3 C
CM = 8sinf
BM
cosO = =
BM = 8cos0
sin@ = bp
5
DP = 5sin@

AB = 5sin@ + 8cosf

4]
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(ii) Show that L m, the length of fencing needed for perimeter ABCD, is given by

L=13+3cosO+13sinl.

Soluti
olution O
cosO = C?P
CP = 5cosf 5
MP = 8sin@ — 5cos0 = AD
C 7]

Perimeter ABCD
=5sinf + 8cosf + 8 + 5 + 8sinf — 5cos0O
=13 + 3cosf + 13sinf

(iii) Express L in the form 13+ Rcos(6 — ) where R > 0 and « is an acute angle.

Solution
L =13+ 32+ 132%cos(6 — a) tana = ?
= 13 ++/178cos (6 — 77.0°) a=770°

2]

4]

(iv) Given that the farmer uses exactly 26.2 m of fencing, find the possible values of 6.[3]

Solution

13 + V178 cos(8 — 77.0°) = 26.2
V178 cos(8 — 77.0°) = 13.2
13.2

cos(@ —77.0°) = —
( ) V178
Basic Angle = 8.4°

6 —77.0° =84°,-84°

6 = 85.4°,68.6°

[Turn over



12 (a) It is given that f f(x)dx = kcos2x -sin3x+c, where c is a constant of integration,

T

6
1
and that x)dx =—.
{f( ) ==

(i) Show that £ = —2% .

Solution

T

[kcos2x — sin3x]g =3

f T T I 0_1
cos 7 — sin- (cos)—3

k_oy_pt
2
_k_4

2 3
re_8_ 52

3 3
(ii) Find f (x).

Solution

f(x)= i(—2zcos 2x —sin3x)
dx 3
= —2%(—2 sin2x)—3cos3x

= ?sian—3cos3x

[1]

2]
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(b) A curve has the equation y = g(x), where g(x)=2sin’x—sin2x for Osx <.

(i) Find the x-coordinates of the stationary points of the curve.

Solutions

y= 2sin® x —sin2x
d_y =4sinxcosx—-2cos2x=0
dx

2sin2x-2cos2x =0
sin2x =cos2x

tan2x =1

. b4
Basic Angle = -

4
2x=£,5—n
4 4
T Sw
X=—,—
8 8

3]

(ii) Use the second derivative test to determine the nature of each of these points.[3]

Solution

2

dy =4cos2x -2(-2sin2x)

2
X

=4cos2x +4sin2x
At x = E,

8
dzy

— = 4cos£+4sinz >0
dx’ 4 4

. . 1
Minimum point at x = 3

At x=5—j[,
8

2
d’y = 4coslo—n+4sin10—ﬂ <0
dx’ 8 8

. . Sw
Maximum point at x = R

[Turn over



(iii) Given that f g(x)dx = ax +bsinxcosx + cos” x + k, where k is a constant of

integration, find the value of @ and of b.

Solutions

f 2sin® x — sin2x dx

=[1— cos2x — sin2x dx
sin2x | cos2x

= 2
2sinxcosx 2cos®x — 1
=Xx— + +C
2 2 )
= x — sinxcosx + cos?x — S+ C
a=1,b=-1

END OF PAPER

4]
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equationax® +bx+c¢ =0,

_ bz Jb? —4ac

2a

X

Binomial Theorem

(a+b)" =a" +G‘)a"‘1b+(gja“‘2bz +...+[nja”"br +...4+b",

r

j: n! n(n=1)...(n=r+1)

>

where n is a positive integer and (r

2. TRIGONOMETRY

Identities

sin®> A+cos® A=1.

sec’ A=1+tan’ A.

cosec’ A=1+cot® A.
sin (A+ B) =sin Acos B +cos Asin B
cos(A+ B) =cos Acos B ¥sin AsinB
tan AttanB
l¥tan AtanB

sin2A =2sin Acos A
cos2A=cos® A—sin®* A=2cos* A—1=1-2sin’* A
2tan A

1-tan® A

tan(A£B) =

tan2A=

Formulae for AABC
a b c

sinAzsinB =sinC

a’? =b*>+c?—2bccos A

A:lbc sin A
2

CHIJ SNGS Preliminary Examinations 2018 - Additional Mathematics 4047/01



1 EXxpress

3 2
3 +X23X+ ;4)( ! in partial fractions. [4]

2 Acylinder has a radius of (1+2+/2) cmand its volume is  7(84 + 2132) cmd.

Find, without using a calculator, the exact length of the height of the cylinder in the form
(a+ b«/ﬁ) cm, where a and b are integers.

[5]
3 (i) Sketchthe graph of y=4—-3sin2xfor 0<x<r. [3]
(if) State the range of values of k for which 4 —-3sin2x =k hastworootsfor 0<x<xz. [2]

Solutions to this question by accurate drawing will not be accepted.

PQRS is a parallelogram in which the coordinates of the points P and R are (-5, 8) and

(6, —2) respectively. Given that PQ is perpendicular to the line y = —%x+3 and QR is parallel
to the x axis, find

(i) the coordinates of Q and of S,

[5]
(if) the area of PQRS. [2]
. : : Inx .
5 (i) Differentiate ~ with respect to x. [3]
N . In x?
(i) Hence find [———dx. [4]
X

CHIJ SNGS Preliminary Examinations 2018 - Additional Mathematics 4047/01
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6 (i) Showthat;zsinze. [3]
tan @ + cot @

(if) Hence find the value of p, giving your answer in terms of r, for which

J'p—4 dx:i,where0< p<’ [4]
0 tan 2x + cot 2x 4 4
Q
7
Y
P
80 cm
X
35¢cm
H 0 ]
A B C
In the diagram XBY is a structure consisting of a beam XB of length 35 cm attached at B to another
beam BY of length 80 cm so that angle XBY =90°. Small rings at X and Y enable X to move along
the vertical wire AP and Y to move along the vertical wire CQ. There is another ring at B that
allows B to move along the horizontal line AC. Angle ABX =@ and @can vary.
(i) Show that AC = (35cos& +80sind) cm. [2]
(if) Express AC in the form of Rsin(6+«), where R>0and 0° < a <90°. [4]
(iii) Tom claims that the length of AC is 89cm. Without measuring, Mary said that this was not
possible. Explain how Mary came to this conclusion. [1]
8 (a) Find the range of values of p for which px® +4x+ p > 3 for all real values of x. [5]

(b) Find the range of values of k for which the line 5y =k —x does not intersect the curve
5x? +5xy+4=0. [5]

CHIJ SNGS Preliminary Examinations 2018 - Additional Mathematics 4047/01



9  The diagram shows part of the graph of y=4—|x+1] .
(i) Find the coordinates of the points A, B, C and D.

(if) Find the number of solutions of the equation 4—|x +]4 = mx+ 3when

(@ m=2 (b) m=-1

[5]

[2]

(iif) State the range of values of m for which the equation 4 —|x +1| = mx+3 has two solutions. [1]

y
A

v

10 The diagram shows a cone of radius r cm and height h cm. It is given that the volume of the cone

is 107 cm®. 0

zAlr® +900

r

(i) Show that the curved surface area, A cm?, of the cone, is A=

(if) Given that r can vary, find the value of r for which A has a stationary value.

(iii) Determine whether this value of A is a maximum or a minimum.

11 The equation of acurveis y = x(2—- x)3.

(i) Find the range of values of x for which y is an increasing function.
(i) Find the coordinates of the stationary points of the curve.

3

(iii) Hence, sketch the graph of y =x(2—x)

CHIJ SNGS Preliminary Examinations 2018 - Additional Mathematics 4047/01
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Answers

Paper 1

1. 3+3-1_°
X X x+1

2. (12-3v2 )cm

3()

pr 3 S AL T S A I s A A S

’
(i) 1<k<4dord<k<7
4 (i) Q(-10, —2), S(11, 8) (i) 160 units®
5 () Lonx (i) 2(—1—'”—’()%
X X X
.y T
6 (i) o

7 (i) 5/305sin(@ +23.6°) cm or 87.3sin(@+23.6°) cm

(iii) The maximum value of AC=87.3cm <89 cm

8 (@ p>4 () -8<k<8
9 () A(50), B(-14), C(3,0),D(03) (i))(a) 1 (b)infinite (iii) 2
10 (i) 2.77 (i) minimum /i’zj
1 127 13216
11 (i) X<2 (i) (2,0) (EE) (iii) :
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equationax® +bx+c¢ =0,

_ bz Jb? —4ac

2a

X

Binomial Theorem

(a+b)n =a" +(f]a“b+(;ja“b2 +...+(nja”rbr +...+b",

r

j: n! n(n=1).....(n-r+1)

>

where n is a positive integer and (
r

2. TRIGONOMETRY

Identities

sin® A+cos® A=1.
sec’ A=1+tan® A.
cosec’A=1+cot? A.
sin (A+ B) =sin AcosB + cos Asin B
cos(A+ B) =cos Acos B ¥sin AsinB
tan At tanB
1+ tan AtanB
sin2A = 2sin Acos A
c0s2A =cos® A—sin® A=2cos’* A—1=1-2sin” A
2tan A
1-tan® A

tan(A+B) =

tan2A =

Formulae for AABC
a b C

sinA:sinB :sinC

a’> =b® +¢? —2bc cos A

A:EbcsinA
2
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3 +2x* +4x -1

X% + x?

Express in partial fractions. [4]

3
x3 4 x? ) 3x3 +2x% +4x—-1
3x3 + 3x2
—x“+4x -1

3x3 + 2x° +4x—1_3 L TRl
2 + X3 - x2(x+1)

—x?4+4x—-1 A B c M1V
x2(x + 1) AT
—x?+4x —1=Ax(x+ 1)+ B(x + 1) + cx? M1y

Let x=—1 —-1-4-1=c¢ M1V
c=-—6

Let x=0 B=-1

—x?+4x—1=Ax(x+1) —1(x + 1) — 6x?
Letx=1 —-144—-1=24A-2-6

A=5
2 +Ax-1_ o 5 1 6 (4] Al
¥2 + x3 r x  x2  x+1
If
X +2x°+4x-1_a B ¢
° N =7 x—2+m Max 3m
3 2
. 3X° +2X +4X—1:3+Ax+B+L 3m
X2+X3 x2 x+1
, X+ +Ax-1_axem | 2m
X2+X3 - x2 x+1
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2 Acylinder has a radius of (1+ 2\/5) cmand itsvolumeis (84 + 21\/5) cm?,

Find, without using a calculator, the exact length of the height of the cylinder in the form

(a+ b\/E) cm, where a and b are integers.

2 (84 +21VZ) = n(1+2vZ) x h
,_ Ba+21V2
(1+2v2)°
_ 84+21V2
C1+4V2+38

(84 + 21V2)(4V2 — 9)
h =
(42 +9)(4V2 - 9)
= 756 — 3362 + 1892 — 168
B 81— 32

. 588 — 1472
- 49
h=(12-3v2 )cm

[5]

Bl

M1

M1V

M1V

Al

surd

Im

expansion

Conjugate

For either
expansion

No unit,
overall -

3 (i) Sketch the graph of y=4-3sin2xfor 0<x<r.
(if) State the range of values of k for which 4 —3sin2x =k has two roots for 0 < x<r.
3 (a) e sine
o Bl any shape
e -ve sine
EEEREEEEEEEEEEEEEEREREN! one pt shape
? B1 e 1 cycle
2nd pt o ,eAmletud
The2 » shift+4
1 pts up
! must be | jgnoring
! differer | no
| nt labelling
r nature | of axes
T T l B1
R A perfect
e
[3]
3(h)  l<k<4ord<k<7 2] gi*
Alternative [5]
l<k<7, k=4 Si *
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4 Solutions to this question by accurate drawing will not be accepted.

PQRS is a parallelogram in which the coordinates of the points P and R are (-5, 8) and

(6, —2) respectively. Given that PQ is perpendicular to the line y=—%x+3 and QR is parallel

to the x axis, find

(i) the coordinates of Q and of S, [5]
(ii) the area of PQRS. [2]
1(i) Since QR parallel to the x axis, y, =-2. Bl
Since PQ is perpendicular to the line y = —%x +3,
gradient of PQ = 2 B1 (L
gradient)
(=2-©) _, M1
Xq —(=5)
-10=2x, +10
X =-10
Q(-10, —-2) Al
Midpoint of PR = Midpoint of QS or by inspection
(-5)+(6) (8)+(-2) | (-10)+x,  (-2)+Y,
- ’ 2 2 ' 2
1=-10+X 6=-2+Y,
X, =11 y, =8
S(11, 8) [5] |B1
(i)  Areaof PQRS
_1}-5 -10 6 11 -5
2/8 2 -2 8 8
= %|(10+ 20+ 48 +88) — (—80—12— 22— 40)| or (5+11)(8+2) VMl
1
=320 [2]
=160 units® [7]1 | Al nounit
overall
-Im
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5 (i) Differentiate

(i) Hence find j

In

2
X
5 dx.
X

Inx .
—— with respect to x.
X

[3]

[4]

() 1 Bl | Either vZ oruZ with
X| = |=Inx dx dx
d(Inx) \x the use of quotient rule
dx\ x ) X2 /product rule
+B1 | perfect
_ 1- I2n X Al
X
[3]
(i) 1-Inx In x M1 | Integration is the reverse
_[ 2 dx = x process of differentiation
In x
Makin dx the
J.izd —fm—zxdx=m—x M1 o | v
X X X subject or split the
_[X_z dx—ln—x _ m—2de expression
X X
-1
X——In—X: m—2de B1 | Integration of x~2
-1 X X
[InX g _1_Inx
X X X
In x? In x
o=
_ 2(_1_m_x) e AL 1 With ¢
X X
[4]
[7]
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6

(i) Show that ——
tan @ +cot @

=Sin 24.

[3]

(if) Hence find the value of p, giving your answer in terms of rt, for which

dx=l,where0< p<% :

J’p 4
0 tan 2x + cot 2x 4

[4]

(i) 2 B ;(sine cose] Bl change to sin and cos
tand+cotd ~ \cosd sing
. sin? @ + cos’ 0 M1 combine terms
| cos@sind
_2.( 1 j
TS ~rcdcing for identity ...to the end.
=sin 20
_ [3]
(i) J-p 4 dx
0 tan 2x +cot 2x
p . B1
=2_[ sin4xdx
0
p
= 2[— cos4x} M1 integrate their sinkx
4 0
1 1 L. .
= _§C°S4p - ‘ECOSO M1 for substitution in their
L L integral
=——C0S4p+—
2 2
Ip;dle
0 tan 2x + cot 2x 4
1 1 1
—=cosdp+===
2 2 4
—lcos4p=—1
2 4
1
cosdp==
P 2
T
4p==
P 3
_ Al
P 12
[4]
[7]
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Y
P
80 cm
X
35¢cm
n % ]
A B C

In the diagram XBY is a structure consisting of a beam XB of length 35 cm attached at B to another
beam BY of length 80 cm so that angle XBY =90°. Small rings at X and Y enable X to move along the
vertical wire AP and Y to move along the vertical wire CQ. There is another ring at B that allows B to
move along the horizontal line AC. Angle ABX =6 and & can vary.

(1) Show that AC = (35cosé+80sind) cm. [2]
(i)  Express AC in the form of Rsin(¢+ ), where R >0 and 0° < a <90°. [4]

(iii) Tom claims that the length of AC is 89cm. Without measuring, Mary said that this was not
possible. Explain how Mary came to this conclusion. [1]

CHIJ SNGS Preliminary Examinations 2018 - Additional Mathematics 4047/01
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7() | AB=35c0s0 Q B1 either AB or BC
ZYBC =90° -4
Z/BYC =6
BC =80sin@
AC = (35co0s 8 +80sin &) cm} Y Ip1
P [2]
80
X -1m overall for no
5cm unit
ml a ]
A B C
7 (i) | Rsin(@+a)=Rsindcosa + Rcosfsina
AC =35co0s +80sin &
Rsina =35 B1
Rcosa =80
R? cos® @ + R? sin? o = 807 + 35?
M1 for R
R = +/80° + 357
R? = 7625
R=87.3 or 54305
Rsina 35
Rcosa 80 35
tana:§ M1  for tana:%
80
a =236
AC =35co0s @ +80sin & Al
35c0sd +80sind = 5\/3755in(49 +23.6°) cm
or 87.3sin(@ +23.6°) cm [4]
7 (iii) | The maximum value of AC=87.3cm
Therefore it is not possible for the length to be more than DB1
that.
Alternative
5305 sin(6 + 23.6°) = 89
. \ 89
sin(6 + 23.6%) 57305
No Solution
Therefore it is not possible for the length to be more than DB1
that. [1]
[7]
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10

8 (@) Find the range of values of p for which px* +4x+ p > 3 for all real values of x. [5]
(b) Find the range of values of k for which the line 5y =k — x does not intersect the curve
5x* +5xy +4=0. [5]

(@) | px®+4x+ p >3 forall real values of x
px® +4x+ p—3> 0 for all real values of x,
D<0 4 —4(p)(p-3)<0 M1 D<0 with substitution
M1 For b% — 4ac
16— 4p? +12p<0
4p*-12p-16>0
p?—3p—4>0
p-HpP+1)>0 M1 For factorisation
p<-1, p>4 DA1+DA1 | Upon correct
NA factorisation
Asp>0 Ignore”and” and no
p>0
[5]
(b) | By=k—x
5x* +5xy +4=0
5x2 + 5x (";x) + 5(k—5y)?+5(k —-5y)y+4 | Ml For substitution
5 -0
4=0
5x%2 +kx —x?+4 5k? — 50ky + 125y? + 5ky —
=0 25y2 +4 =0
42 +kx+4=0 100y? — 45ky + 5k +4 =0
k? —4(4)(4) <0 (—45k)? — 400(5k2 +4) <0 | M1 D<0 with substitution
+M1V For b? — 4ac
2025k? — 2000k? — 1600 < 0
k2 —-64<0
(k—8)(k+8) <0 M1 factorisation
—-8< k<8 DAl Upon correct
[5] factorisation
[10]
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11

9  The diagram shows part of the graph of y=4—|x+1] .

(i) Find the coordinates of the points A, B, C and D.

(i) Find the number of solutions of the equation 4 —|x+1] = mx+3when

(@ m=2 (b) m=-1

[5]

[2]

(iii) State the range of values of m for which the equation 4—|x +]J =mx+3 has two solutions.

y
A
B
D
A C -
O T X
(i) | B(-1,4),D(0,3) Al+Al
4—|x+1=0
lx +1] =4
x+1==4 B1
x+1=4 or x+1=-4
x=3 or x=-5
A(-5,0) C(3,0) [5] | Al +Al
(i) | 4—|x+1=mx+3
(@ | When m =2, the number of solutions is 1 Al
(b) | When m=- 1, the number of solutions is infinite Al
[2]
(iii) | When —1 < m < 1, the number of solutions is 2 Al
[1]
[8]
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12

10 The diagram shows a cone of radius r cm and height h cm. It is given that the volume of the cone

is 107 cm®. 0

z~r® +900

(i) Show that the curved surface area, A cm?, of the cone, is A= —————. [3]
r

(if) Given that r can vary, find the value of r for which A has a stationary value. [4]

(iii) Determine whether this value of A is a maximum or a minimum. [2]

CHIJ SNGS Preliminary Examinations 2018 - Additional Mathematics 4047/01
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13

10(i)

Volume = %ﬂ'l’zh =107

30
h="7 B1
1 =r? +h?
3 2
(%)
» . 900 M1
| =,[r +—

A=rxrl=nxr /r +—
’(r6+900)
A =nr
>_

_mr (r6 +900)
2 Al
2 -
/(% + 900) If put cm® -1m
= _ over all
T
. [3]
(i) | uw=nVre+900 V=T
u_ 1 6 - 5 w _
?ir—Zan(r +900) z X 61 dr—l
u 1
i 3nr>(r® +900)72
Bl Either u— or vj—u
1 1
dA  3mrS(r® +900)"2 — n(r® + 900)z With the use of
— = quotient rule or
dr r? product rule
B1 Perfect
1 M1 A .
When % = o m(ré+900) 2[3r°—r°-900] _ 0 pr —_O Wlth
dr r? substitution
n[3r® —r®—900]
— =
r2 (r® +900)2
2r®—900 =0
r® = 450 With cm -1m
overall
r =277 [4] | Al

CHIJ SNGS Preliminary Examinations 2018 - Additional Mathematics 4047/01
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14

(iii)
r r<2.768 | r=2.768 r>2.768
3_':\ - 0 + M1 For subst with + r
Sketch \ — / dA
Upon correct —
A'is a minimum whenr =2.77 DAl P dr
[2]
[9]
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11  Theequation of acurveis y = x(2- x)3.

(i) Find the range of values of x for which y is an increasing function. [5]
(if) Find the coordinates of the stationary points of the curve. [3]
(iii) Hence, sketch the graph of y = x(2 - x)s. [3]
=x(2-x)’
z ( ) Either
du dv
oA =(2_X)3 (1)_3)((2_)()2 Note: should not see this Bl Vix oruaand
X +B1 the use of product
=(2—X)2[2—X—3X] 2—-x>0 rule
2 —X>=-2 Perfect
=(2—-x)"(2-4x) Al
dy X<2
when—= >0, 2—-4x>0 .
dx g g No [A1] M1 for j—y >0 with
—4x > -2 X
substitution
1 Al
X<=
2
[5] .
M1
when=Y =0, (2-x)’ (2-4x)=0 o
dx L dx
i with substitution
X =2, X=—
2
3 1 1Y
=2(2-2 ==|2-=
y=2(2-2)" vy 2( 2)
0 _z
16 If
127 Al+Al | 2—x)(2 -
Ans (2,0) (2'16) i) =0
[3] don’t penalise]
(1 27\ B1V their max pt
P 1 27
2\ 2 16 ikl
J B1V (2 ' 16)
) (2,0) their pt of
: x B1 inflexion
(0,0)
-2 -1m for less than
perfect
[3]
[11]
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

For the equation ax® +bx+c¢ =0,

_ bz Jb? —4ac

2a

X

Binomial Theorem

nt _n(n-1)....(n-r+l)
(n—r)tr! r!

n
where n is a positive integer and [ j =
r

2. TRIGONOMETRY

Identities
sin” A+cos® A=1.
sec’ A=1+tan® A.
cosec’A=1+cot® A.
sin (A+ B) =sin Acos B +cos Asin B
cos(A+ B) =cos Acos B ¥sin AsinB

tan At+tanB
l1xtan AtanB

sin2A = 2sin Acos A

tan(A£B) =

cos2A =cos? A—sin? A=2cos? A—1=1-2sin* A

2tan A

tan2A= ————
1-tan® A

Formulae for AABC

a b ¢
sinA sinB sinC

a? =b?+c® —2bc cos A

A:EbcsinA
2
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(i) On the same axes sketch the curves y* =64x and y=—-x’. [2]

(if) Find the equation of the line passing through the points of intersection of the two curves. [4]

The roots of the equation x* +2x+ p =0, where p is a constant, are azand 2.
The roots of the equation x* + gx+27 =0, where q is a constant, are «* and £° .

Find the value of p and of g. [6]
(@) Giventhat 32* x52* = 27* + 5" | evaluate the exact value of 15*. [3]
(b) Giventhat log, y =64log, x , expressy in terms of x. [4]

2
(1) Write down, and simplify, the first three terms in the expansion of (1—)(?)n ,in ascending

powers of x, where n is a positive integer greater than 2. [2]

2
(if) The first three terms in the expansion, in ascending powers of x, of (2 +3x2)(1—x7)n are

2 — px 2+ 2x* where p is an integer. Find the value of n and of p. [5]

In the figure, XYZ is a straight line that is tangent to the circle at X.
XQ bisects ZRXZ and cuts the circle at S. RS produced meets XZ at Y and ZR = XR.
Prove that

(a) SR =SX, [3]
(b) acircle can be drawn passing through Z, Y, Sand Q. [4]
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6

The expression 3x® +ax® +bx+4 , where a and b are constants, has a factor of x — 2 and leaves a
remainder of —9 when divided by x + 1.

(i)
(ii)

(@)

(b)

Find the value of a and of b. [4]
Using the values of a and b found in part (i), solve the equation 3x* +ax® +bx+4=0,
+
expressing non-integer roots in the form ¢ _3\/d_ , Where ¢ and d are integers. [4]
Prove that secd+1= tandsin9 : [4]
1-cosé
Hence or otherwise, solve tandsin9 = §sec2 0 for 0<6<2r. [4]
1-cosd 4

The temperature, A °C, of an object decreases with time, t hours. It is known that A and t can be

modelled by the equation A= Aje

~, where A, and k are constants.

Measured values of A and t are given in the table below.

()
(i)
(iii)

t (hours) 2 4 6 8
A (°C) 49.1 40.2 32.9 26.9

Plot In A against t for the given data and draw a straight line graph. [2]
Use your graph to estimate the value of A, and of k. [4]

Assuming that the model is still appropriate, estimate the number of hours for the temperature
of the object to be halved. [2]

2
9 The curve y = f(x) passes through the point (0,3) and is such that f '(x) = (e* + ix) .
e

(i)
(i)

Find the equation of the curve. [4]
Find the value of x for which f "(x) = 3. [4]
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10 Acircle has the equation x* +y* +4x+6y—12=0.
(i) Find the coordinates of the centre of the circle and the radius of the circle. [3]
The highest point of the circle is A.
(if) State the equation of the tangent to the circle at A. [1]
(iii) Determine whether the point (0, —7) lies within the circle. [2]
The equation of a chord of the circle is y =7x-14.

(iv) Find the length of the chord. [5]

11

> <

y=x"—Tx+12
B

A< ¢

The diagram shows part of the curve of y = x* —7x+12 passing through the point B and meeting
the x-axis at the point A.

(i) Find the gradient of the curve at A. [4]
The normal to the curve at A intersects the curve at B.

(if)  Find the coordinates of B. [4]
The line BC is perpendicular to the x-axis.

(ili) Find the area of the shaded region. [4]

12 A particle P moves in a straight line, so that, t seconds after passing through a fixed point O, its

velocity, vm s?, is given by v =cost —sin2t, where 0 <t < % Find

(i) interms of &, the values of t, when P is at instantaneous rest, [5]
(if) the distance travelled by P fromt=0tot= % [6]
(iii) an expression for the acceleration of P in terms of t. [1]
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X

(i) y = —4x

@2  (Oy=x* y=x7°
(i) n=8, p=5

(i) x=2, x="7

(i) 693

(ii) %mz

(i)  The distance of the point from the centre of the cicle =20 <+/25 radius of

(ii) B(5,2)

(iii) 1squnit.

(iii) —sint —2cos 2t

Answers
1 () y
/ y* = 64x
ﬁ:k
y==x

2 p=3,q=-10

. x? n(n-1)
4 @) 1-n(H)+ EExtte
6 (i a=-8,b=2

St

7 by Z2Z

(b) 33
8 (i) A =597, k=01

. 1 1
9 [ =™ +2x—=e > +3

0 y=3 >
10 (i) Centre = (-2, —3), Radius =5 units (ii) y=2

the circle, so the point lies within the circle.

(iv) 542 units
11 0] -1

. T T
12 i -, =

(i) >

(ii) %m
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Formulae
1. ALGEBRA

Quadratic Equation

For the equationax® +bx+c =0,

_ b+ \Jb? —4ac

2a

X

Binomial Theorem

n n _ n _ n B
(a+b) =a" +(1]a” 1b+(2ja” p? +...+[rja” B +...+Db",

: L n n! n(n-1)....(n—r+1)
where n is a positive integer and = =
r) (n-r)ir! rl

2. TRIGONOMETRY
Identities

sin” A+cos’ A=1.
sec’ A=1+tan’ A.
cosec’A=1+cot’ A,
sin (A+ B) =sin AcosB £ cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B

tan A+ tanB
1¥tan Atan B

sin2A =2sin Acos A

tan(A+B) =

cos2A =cos* A—sin® A=2cos* A—1=1-2sin* A

2tan A

tan2A = —_—
1-tan” A

Formulae for AABC

a b ¢
sinA sinB sinC

a® =b%*+c?—-2bccos A

AzlbcsinA
2
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(i) On the same axes sketch the curves y* =64x and y =—x°.

[2]

(if) Find the equation of the line passing through the points of intersection of the two curves. [4]

[2]

(i)
y
Bl +B1
¥’ =64x -1 mark if no label
0 X
y=-x
(i) | y? =64x------- (1)

y ==X - (2)
Sub (2) into (1), Solving Simultaneous
(—x?)? = 64x M1 Equations
x* = 64x
x* —64x=0
X(x* —64) =0
x=0 or x*-64=0
y=0 X =64 B1+B1 | Either 1 pairs of x

B values or y values. [ or

X= 1m for each pair of x
y=-16 and y values ]
-16-0
m=
4-0
=-4
y = —4x (4] DAl Must have (-4,16)
(6]
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The roots of the equation x* +2x+ p =0, where p is a constant, are ccand f.

The roots of the equation x* +gx + 27 =0, where q is a constant, are a® and 5.

Find the value of p and of q.

[6]

X +2x+p=0
a+pf=-2

p=3

(a+pB)(a?—aBf +B?) =—q or(a+p)2—3a?p +3B%a=—q
(@+P)[(@+p)?—2af —af] =—qor(a+p)°-3af(a+p)=—q

or (=2)° —3p(=2) =—¢q

(=2)[4—-9]=—¢

X*+0x+27=0
a’+ B3 =—q
ad3p3 =27
af =3

q=-10

[6]

Bl

Bl

Al

Bl

M1y

Al

For both sum of
roots or

first pair of sum
& product of
roots.

For both
product of roots
or 2" pair of
product and
sum of roots

For a® + B3
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3 (a) Giventhat 3% x5 =27 +5"  evaluate the exact value of 15", [3]
(b) Given that log, y =64log, x , expressy in terms of x. [4]
(a) 32x—2 % 5—2)( — 27X +5><+1

Method (i)

32x—2 X 5—2x — 33x X 5—1—x

32x—2 5—1—x

33x  g-2x

32x-2-3x — g-1-x+2x M1 applying index Law
correctly on either LHS
or RHS

3—x—2 — 5x—1

37 x 372 =5% x 571

3¥x 5% =5"1+372 M1V grouping and making
power of x on one side

Method (ii)

32% x 372 x 572¢ =33 x 57¥ x 571 M1 Applying index law

3¥x5%¥=5"1+3"72 M1+ grouping and making
power of x on one side

15% =2 3] | Al

(b) log, y = 64log, x
log.v = 64log,x Bl change of base
ng - lngy

(logxy)? = 64 M1V

log,y = £8

y = x8 , Y= x_8 [4] Al+Al

[7]
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2

[2]

[5]

4 (i) Write down, and simplify, the first three terms in the expansion of (1—%)” ,in ascending
powers of x, where n is a positive integer greater than 2.
2
(if) The first three terms in the expansion, in ascending powers of x, of (2+3x2)(1—x?)" are
2 — px 2+ 2x* where p is an integer. Find the value of n and of p.
(1 x2\" x? o (x* M1
<1—7> = 1—n<7>+ C2<Z>+ .........
x2\™ x2 n(n—1) \ Bl Or any two
1-——=) =1-n|= |+ —x"+-....... terms 1m,
2 2 8
perfect 2m
[2]
(ii) 2 NG nx?  n(n-1)
(2+3x )(1—?)”= 2+3xH)A-—+——=x"+.)
=2 a2+ 20Dy 3p2 e
4 2
n? —7n
=2—(n—3)x2+< Z >x4+
=2—px?+2x*+ - ...
nt-7n_, M1V
Tt
n?-=7n—-8=0
n=-8)n+1)=0 M1+ | factorisation
n = 8,n=—-1(NA) DA1 | Upon correct
factorisation
—-8+3=-p
p=>5 Al [5]
[7]
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In the figure, XYZ is a straight line that is tangent to the circle at X.

XQ bisects ZRXZ and cuts the circle at S. RS produced meets XZ at Y and ZR = XR.

Prove that
(@) SR =SX,
(b) acircle can be drawn passing through Z, Y, S and Q.

(@ | ZZXQ =ZSRX  (Alternate Segment Theorem) Bl
ZZXQ = ZQXR  (XQ is the angle bisector of Z/RXZ) Bl
ZQXR = ZSRX
By base angles of isosceles triangles, SR=SX } [3] B1

() | Let ZQXR be x

B1
ZRSX =180" -2x  (Isosceles Triangle) B1
ZYSQ =180" —2x  (Vertically Opposite Angles)
/RZX = ZZXR = 2x (Base angles of Isosceles Triangle) Bl
/ZRZX + 2YSQ =180° — 2x + 2x =180°
Since opposite angles are supplementary in cyclic quadrilaterals, Bl
a circle that passes through Z, Y, S and Q can be drawn
Alternative [4]
Similar but use of tangent secant theorem. [7]
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6

The expression 3x° +ax” +bx+4 , where a and b are constants, has a factor of x — 2 and leaves

a remainder of —9 when divided by x + 1.

(i) Find the value of a and of b.

(ii) Using the values of a and b found in part (i), solve the equation 3x° +ax* +bx+4=0,

expressing non-integer roots in the form ¢ i3\/a , Where ¢ and d are integers.
(M | f) =3¢ +ax® +bx+4
x-2is a factor f2)=0
38)+4a+2b+4=0 M1
4a+2b+28=0
2a+ b+ 14 = 0-----——-- (1)
f(-1) =-9
—34+a—-b+4=-9 M1
a—b=—10------ )
1+2) 3a=-24
a=-8 Al
Subinto(2) —-8—-b=-10
b=2 [4] | Al
(i)
3x2 —2x—2
x—2 3x3 —8x%2+2x + 4
3x3 — 6x2
—2x° + 2x
—2x% + 4x
—2x+4
—2x+4
3x3 —8x?2+2x+4=0
(x—2)(3x2—-2x-2)=0 B1
x—2=0 3x2-2x—2=0
= 2E/C2PaxEx2 M1V
2X3
2+v28
X = 6
2(1+V7)
T e
I x=1i3\/7 [4] | AL+AL
[8]
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7 (a) Provethat secd+1= w. [4]
1-cosé
(b) Hence or otherwise, solve tanosin& = Esec2 0 for 0<0<2r. [4]
1-cosé
(a) RHS = & fsin @
1-cosé@
SN0 ring
_Ccosf B1 change tan
1-cosé
sin® @
__Cosd
1-cosé
1-cos® 6 B1 change sin?
~ (1-cos#)cos b to cos?
_ (1-cosf)(1+cos ) identity
(1—cosd)cosd Bl 2% —b?
_1+cos@
cosd
= 1 +1
coso split and
— Bl
=secd+1 bring to
[4] answer
(b) | tangsing 3 _,
——=-—sec” ¢
1-cosfé 4
1+sech = §sec2 0 B1 substitution
4
3sec’ @ —4sechd-4=0 o
(secd—2)(3secd+2) =0 M1 factorization
secd=2 or secld= —%
1 1st DAL for
c0s 6 = 5 o change to
T 51 3 Cos & no
0=—,—  cosd =—— (No Solution) DAL+ soln
3 3 2 DAL
=1.05,5.24 Upon
[4] correct
(8] factorisation
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10

8 The temperature, A °C, of an object decreases with time, t hours. It is known that A and t can be

modelled by the equation A= Ae™, where A and k are constants.

Measured values of A and t are given in the table below.

t (hours)

2

4

6

8

A (°C)

49.1

40.2

32.9

26.9

(i) Plot In A against t for the given data and draw a straight line graph. [2]
(if) Use your graph to estimate the value of A, and of k. [4]
(iii) Assuming that the model is still appropriate, estimate the number of hours for the temperature

of the object to be halved. [2]
8 Q) B1 for correct points, values & correct axes.
B1 best fit line . [2]
t 2 4 6 8
In A 3.89 3.69 3.49 3.29
(i) | A=Ae™
InA=-kt+InA,
—k = gradient
ke 3.39-3.99 M1 gradient
7-1
k =0.1+0.02 Al
In A, =4.09 M1 vertical
intercept
Ab — e4.09
A, =59.7 (3s.f.) +4 [4] | Al
(i) %Ab ~20865  Or 24, =Age ™
1 on VM1
INn29.865=3.396 OR —=¢
From the graph, t = 6.9 t=6.93 (3s.f.) Al +05
[2]
[8]
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4.0

11

3.9

3.8 1

3.7 7

3.6

35

3.3

___________________ (7.3.39)

3.2

3.17

3.0
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2
9 The curve y = f(x) passes through the point (0,3) and is such that f '(x) = (ex + ixj :
e

(i) Find the equation of the curve. [4]
(if) Find the value of x for which f"(x) = 3. [4]
M 1) M1 | knowing
y= _[(ex +_XJ dx
e y= _[f (x)dx
:J‘e2X +2+e 2 dx
e e Bl |ignoreno+c
=—+2X+ +c
2 -2
at(0,3), 3= %e(’ +2(0) —%eo +C M1 | for ubstitution
c=3
Al
y Lo oy Leog
2 2
(4]
(i1 f'(x)=e”+2+e™ f‘(x):(eXJre‘X)2
Bl
f"(x) =2 —2e™ fr(x)=2(e"+e™)(e*—e™)
when f"(x) =3, 2™ —2e* =3
Let e =a, 2a—3=3
a
2a°-2=3a
2a®-3a-2=0
(2a+1)(a-2)=0 M1 factorisation
a:—1 a=2
2
e = L g Upon correct
=75 = +DA1 | PO Eon
nosolution 2x=1In2 factorisation
x=%|n2:ln\/§:0.347 +DA1
[4]
[8]
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10 A circle has the equation x* + y* +4x+6y—-12=0.
(i) Find the coordinates of the centre of the circle and the radius of the circle. [3]
The highest point of the circle is A.
(if) State the equation of the tangent to the circle at A. [1]
(iii) Determine whether the point (0, —7) lies within the circle. [2]
The equation of a chord of the circleis y=7x-14.

(iv) Find the length of the chord. [5]
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() | X +y?+4x+6y-12=0

X* +y? +2gx+2fy+c=0

2g=14 2f =6

g=2 f=3

Centre = (-2, -3) Al

Radius =/g° + f* -C

=J 27+ (232 = (-12) | (X) +2(x) (2 + (22 +(y) +2(y)(3) +(3)* | M1

=12+(2)° +(3)°
(X+2)?* +(y+3)° =25
Radius =5 units [3] | A1 ignore no unit
(ii) | y=2 ( y=theiry coord of centre +radius) [1] | B1Y
(iii) | The distance of the point from the centre of the cicle
M1V their centre
=JO-(-2)" +(7-(=3)f
=J20 <25
DAl

Since it is lesser than the radius of the circle, it lies within the circle”  [2]
(iv) | y=7x-14 - (1)

X2+ Y2 +4X+6y-12=0 ------- )

Sub (1) into (2),

5 5 M1  Solving
X+ (7x-14)° + 4x+6(7x—-14)-12=0 simultaneous
equations

X* +49x* —196X +196 + 4Xx + 42X —84-12 =0
50x* —150x +100 =0

x> =3x+2=0

(x-D(x-2)=0

x=1 or x=2 Subinto (1),

y=—7 or y=0

The length of the chord =./(1—2)? + (—7 — 0)?

= /50
=54/2 units [5]
[11]

M1 Factorizing

B1  Either1l
pair correct
or both x
solutions
are
correct
M1

Al  accept 7.07
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15

P <

y=x>=Tx+12

The diagram shows part of the curve of y = x* —7x+12 passing through the point B and meeting

the x-axis at the point A.

(i) Find the gradient of the curve at A. [4]
The normal to the curve at A intersects the curve at B.

(if) Find the coordinates of B. [4]
The line BC is perpendicular to the x-axis.
(iif) Find the area of the shaded region. [4]
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() | y=x*-7x+12
=(x=3)(x-4) M1
W oy 7 Bl
dx
dy .
whenx =3, v 2(3)-7 M1 | using smaller
=-1 Al | (positive) x
[4] value
(i) | Lm=1
subm =1and(3,0)intoy = mx +c
0=1(3)+c M1 | sub Lmand
c=-3 their(3,0)
equation of normal: y = x -3
X2—7X+12:X—3 or (X—3)(X—4):X—3 Ml Curveand norma|
x> —8x+15=0 X-4=1
(x-3)(x-5)=0 Xx=5
Xx=3 x=5
M1 o
y=2 factorisation
B(5.2)
Al
[4]
(1) | Area = j34x2 —7x+12dx‘+.|‘;x2 —7x+12dx ML | Area :Uydx‘
X 7x? Uk 7 ’ +Iydx
=|| ———+12X | |+| ———+12X
'3 2 J 13 2 . Vtheir limits from
2(16 9 (i) and (ii)
_[84_708) L 1oy | [ Z2T0O) L 1p 5
3 2 3 2
for integration
7(25 7(16
(125 _1(%) )+12(5) _[64_706) )+12(4) Bl
3 2 3 2
1 1 1 1 substitution
= ‘13——13—‘+14——13— M1
3 2 6 3
_‘_1 5
6] 6
=1sq unit Al
[4]
[12]
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12 A particle P moves in a straight line, so that, t seconds after passing through a fixed point O, its

velocity, vm s?, is given by v =cost —sin2t, where 0 <t < % Find

(i) interms of «, the values of t, when P is at instantaneous rest, [5]
(if) the distance travelled by P fromt=0tot= % [6]
(iii) an expression for the acceleration of P in terms of t. [1]
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(i) | v=cost—sin2t
when v =0, cost—sin2t=0 B1 For v=0
cost—2sintcost =0 B1 for double angle
cost(1—-2sint)=0 M1 factorisation
cost=0 sint=l
2
(7 (7
2 6 Al+Al
[5]
(i) s=.[cost—sin2tdt Bl Fors=jvdt
1 B1+B1 L
—sint+=cos2t +¢ Integration ignore
2 1 no +c
whent=0,5s =0 O:Sin0+§cosO+c M1
1
C=——
2
s:sint4r1c052t—l
2 2
/4 .x 1 7 1 M1 Sub either
whent==—, s=sin—+=c0S———
6 6 2 3 2 t=Zort=”
1 1(1) 1 =59t =5
= 4= — |——
2 2\2) 2
_1
4
Whent—Z s—sin—+10057r——
’ 2 2 [6]
1 1
—1+=(=1)==
2( ) 2
=0
Dist t lled=2 L
istance travetled = 2| - For both s for ¢t =
DA1
L Z and t = Z found
= — 6 2
2
(i) a:d—V:(—sint—ZcosZt)m/s2 Bl
dt
[1]
[12]
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8x2 — 2x +19

Express m

in partial fractions. [5]

) On the same axes sketch the curves y = —/x and y = —/32 x>. [2]
(ii) Find the x-coordinates of the points of intersection of the two curves. [2]
(a) Given that 8= sinfl(— g) , express @ in terms of 7.
Hence, find the exact value of sin 26+ tan 6. 4]

(b) R

y

0 T v

P
y = a tan (bx)

The figure shows part of the graph of y = a tan (bx) and a point P(%n, —2)

marked. Find the value of each of the constants a and b. [2]

The equation of a curve is y = e* + 2e™.

(i) Find the coordinates of the stationary point of the curve, leaving your answer
in exact form. [4]
(i) Determine the nature of this point. [2]
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(i)
(iii)
(iv)

(@)

(b)

(@)

(b)

Sketch the graph of y = |4 — §| — 1, indicating clearly the vertex and the

intercepts on the coordinate axes.

State the range of .

Find the values of x for |4 — §| —1=6.

The graph y = |4 - §| — 1 is reflected in the y-axis.

Write down the equation of the new graph.

Find the maximum and minimum values of (1 — cos 4)* — 5 and

the corresponding value(s) of 4 where each occurs for 0° < 4 < 360°.

1 5
A, B and C are angles of a triangle such that cos 4 = ——= and sin B = IS

V5

(i) State the range of values for A4.
(ii) Find the exact value of cos (4 + B).

Hence find the exact value of cos C.

Inx\ 1-Inx

. d
(@) Show that m ( ™ ) =

. Inx .
(i) Integrate ey with respect to x.

Given that [ f(x) dv =8, find [ £ (x) dv — [ [f(x) +3x] dx.

[3]
[1]

[2]

[1]

[4]

[1]

[4]

[3]

[4]

[3]
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d
(a) A curve C is such that ay =8 cos 2x and P G' 24/3 - 3) is a point on C.

(i) The normal to the curve at P crosses the x-axis at Q.
Find the coordinates of Q. [3]
(ii)  Find the equation of C. [3]
(b) Given that y = sin 4x, show that % X % = — 32 sin &x. [4]
(a) Find the range of values of k for which 2x(2x + k) + 6 = 0 has no real roots.[4]

(b) If p and q are roots of the equation x>+ 2x — 1 =0 and p > ¢,

express 1% in the form a + b \/2, where a and b are integers. [5]
A B
X cm
F C
E D

A hexagon ABCDEF has a fixed perimeter of 210 cm.

BCD and AFE are 2 equilateral triangles and ABDE is a rectangle.

The length of BC is represented as x cm.

(i) Express AB in terms of x. [1]

(ii) Show that the area of the hexagon, H is given by

V3
H= (7 - 2) x? +105x. 2]
(iii)  Find the value of x for which H is a maximum. [4]
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ya

y=2x+1

v

P (8, -8)

The diagram shows triangle POR in which the point P is (8, —8) and angle POR is 90°.
13
The gradient of PR is — ry and the equation of OR produced is y = 2x +1.

The line PR makes an angle & with OR produced.

(i)  Find the coordinates of Q. [4]

(ii) Find the value of 6. [3]
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Answers
1 5 3x+1
1—x 4+ x2
2(i)
X
y=—Vx

2(ii)

3) | g= —g 2sin @cos @+ tan 0= —%\/5

3b) | g=2; b=%

4(1) | (In+/2,2v2) (ii) Minimum point

() "

3

6 —»

10 X
(81 - 1)

5)  |y>—1 (i) x=-60r22

StV y=la+d -1

6(a) Max value = —1 when 4 = 180°
Min value = — 5 when 4 = 0°,360°

6(b)i) | 90°<A4<180° or §<A<n

6(b)(ii) | cos (4 +B)=—%g cos C =%g
Ta)(ii) | [ gy —— _1_Inx ;
@G | [Zdx==---"24c (b)39;

8()(1) | 0(12-8v3+7,0) or (-0.809,0)

8(i1) y =4sin 2x — 3

9(a) —\24 <k<+24

9(b) p=—1+/2, g=-1-/2 p—z=-7—5\/§

10() | AB=105 — 2x

10(1i1)) | x=46.3 Maximum H

11G) |0(=2,-3) (i)0=1218°

4047/1/Sec 4 Prelims 2018



2018 Add Math Prelim Paper 1 Mark Scheme

Qn | Working Marks
| 8x% —2x+19 A Bx+C BI correct PF
= +
(1I-X)4+x2) 1-x 4+ «x? M1
8X2=2x+19 = A(4+x?) +(Bx + C)(1 — X)
Subx=1,8-2+19=35A A=5 A2 For all 3correct
Subx=0,19=4(5)+C =-1 A1l For 2 correct
Compare coeff of x>, §=A - B B=-3
8x? —2X +19 5  3x+1 .
= - Al Only if Bl
_ 2 _ 2 y
(1-X)(4+x°) 1—-x 4+x awarded
Total | 5 marks
2(1) Gl
; Gl
y=—vVx
2 32 x3
.| X2 = X

2(ii) X = 32x° Ml
X(1-32x°)=0
x=0or :

5 Al
Total | 4 marks
3(a) | = _g Bl
) B 3\ /1 B1 value of cos &
2sin @cos @+ tan =2 (— 7) (E) + (_\/§) B1 value of tan &
- _33 B1
2

3(b)y |la=2 B1

Period = 2w = % b=% Bl
Total | 6 marks
i d d

40) [ % _ x_ex—p M1 Y=o
dx dx
eX =2 B1 Differentiate
X=In+2 A1l value of X
y= eltV2 4 2p-InV2

2 V2 ..
=V2+ X5 2v2  Point is (In V2, 2v2) Bl oe.

4(ii) i}z/ — X 4 DX M1 Knowing test
ax 42 5 Correct concl
lenﬁ’d_;;:2+ﬁ>0 based on test
Minimum point VAL

Total | 6 marks




2018 Add Math Prelim Paper 1 Mark Scheme

Qn Working Marks
5(1)
vt G1 vertex
Gl x ints
3 Gly int
6\/10 X
(81 - 1)
5(ii) y>-1 Bl

SGi) | [4-2-1=6
2

i3
—X—70r4-%2=_ M1 or by counting
: 2 Al
X=—6o0r22
SV y=la+3 -1 Bl
2
Total | 7 marks
6(a) (1 —cos A’ -5
Max value = (1-(=1))*~ 5= -1 B1
When cos A=-1, A=180° Bl
Min value = (1-1)*-5=-5 Bl
When cos A= 1, A= 0°,360° B1
B1

6(b)(i) |90°<A<180° or §<A<n

6(b)(i1) | cos (A + B) = cos Acos B — sin Asin B
—_1(z\_2 (i)
\/232(13) V5 \13

B1 value of cos B
B1 value of sin A

T T 13vs B1
cos C =cos (180°—(A + B))
=—cos (A+B)
22
1345 VBl e
Total | 9marks




2018 Add Math Prelim Paper 1 Mark Scheme

d
— X d_i = (- 16 sin 4x) (4 cos 4X)

dx?
= —32(2 sin 4X cos 4X)
= — 32 sin 8X

Qn Working Marks
7@ 2 (1) _ alnx
i (hl_x) = * (x) . M1 quotient rule
dx \4x (4x)? M1 diff In x
_ 4-4inx B1 working seen
a5
—InX
= a2 (shown)
7(a)(ii) [ 1—1réx de="* +c B1 use integ'n as
4x 4x reverse of diff
L[ [y, lgnore i
—| =dx=|-x%dx——+¢
4) x? i l 4 B1 rearrange terms
= -4 Bl [x2dx
-4 4x
Inx __1 inx
[ dx== x + B1 must have +c
7(b) 2 5 M1 switch limits
[ readx+ [ 1760 + 3a1dx and —ve
1 2
b +
= flzf(x) dx + fzsf(x)dx + fzs 3x dx ceomes Tve
g+ [ﬁ]s B1 correct integral
2 1z
=8+ > (25) -2 (4)] Al
- % _391
2 2
Total | 10 marks
8(a)(1) | When x = g, % = 80052?71 = -4 Bl
0-(2v/3-3 1
0-@V3-n) _ 1 M
x—g 4
Q(12-8V3 + g ,0) or (—0.809,0) Al
8(i1) y =4sin 2X + ¢ B1 ignore if +¢
sub(2,2v3-3)  2V3-3=4sinZ+c missing
2v3-3=4(2)+c M1
y = 4sin 2x — 3 Al
8(iii) Y_ 4 cos 4x Bl Lsin x = cos x
d)(2 dx
d—JZI =— 16 sin 4X 4
ax B1 —7C0S X= —C0S X
2
dy B1 use of chain rule

B1 2sindxcos4x seen

Total

10 marks
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Qn Working Marks
9(a) 2X(2Xx+K)+6=0
4x* +2kx +6 =0
Discriminant < ( Bl ForD <0
(2k)> = 4(4)(6) <0 M1 correct sub
k2—24<0 (k —v24) (k +/24)<0 M1 Solve ineq
24 <k<+24 Al (MO ifk < +v24)
9(b) X*+2x-1=0
X = —2+4/22-4(1)(-1) M1
2
p=-1+/2, q=-1-V2 Al p>q
q_ 22
PP (1+v2)
12 342V2 o
e X 312v2 M1 rationalise
_ —3-2(2)-3v2-2v2 o
= 9-2(2) M1 simplify
=-7-5V2
7-5V2 Al
Total | 9 marks
10(1) 4x +2(AB) =210
AB =105 — 2x Bl
10D | H=2(3)xsin 60 + (105 — 2x)x Bl Area of A
2 .
= B1 sub & working
= X2 +105x = 2x?
— (£~ 2)x? + 105x (shown)
10GH) | & _»(E —2)x + 105 Bl
A
gl M1
X
X =46.3 Al
d?H .
dx? V3-4<0 Maximum H B1 test & concl
Total | 7marks
11(i) Eqn of PQ:y — (- 8) = — %(X ~8) B1 correct mpq
y=—X—4 e (D B1 form eqn
QR: y=2x+1 = - (2)
Solving simultaneously Ml
Q(=2,-3) Al
11(i1) tan o =2 M1 use grads to
o =63.43° Find angles
tan B = % 0
B=58.39° PN

0 =63.43° + 58.39°(ext £ of A)
=121.8°

M1 manipulate s
Al

Total

7 marks
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Mathematical Formulae
1. ALGEBRA
Quadratic Equation

For the equation ax* + bx + ¢ =0,

_ —b++b* -4ac

2a

X

Binomial Theorem

(@a+b=a"+ (TJaﬂ b+ (2} a“2b2+...+(:ja”fbf+...+b“,

: o n n! =D....... -
where n is a positive integer and = _ D =D....n-r+)
r (n=r)!r! r!

2. TRIGONOMETRY
Identities

sin® A+ cos’A=1
sec’ A=1+tan’ A
cosec? A=1+cot’ A
sin (A+B)=sinAcosB+cosAsinB

cos (A£B)=cos Acos B+ sin Asin B

tanA + tanB
tan (A+B) = ————
1+tanAtanB

sin 2A=2sin A cos A
cos 2A=cos’ A—sin?A=2cos’A—1=1-2sin* A

tan 2A = 2ta—n;°\
1—tan” A

Formulae for AABC
a b c

sinA:sinB:sinC
a’=b*>+c>-2bccos A

=lesinA
2
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Answer all questions.

1

The amount of energy, E erg, generated in an earthquake is given by the equation
E=102"PM_ where a and b are constants and M is the magnitude of the earthquake.

The table below shows some corresponding values of M and E.

M 1 2 3 4 5

E (erg) 20x 108 | 63x10" | 20x 10" | 63 x 107 | 2.0x 10"

(i) Plot Ig E against M.
(ii) Using your graph, find an estimate for the value of a and of b.

(iii) Using your answers from (ii), find the amount of energy generated, in erg, by an
earthquake of magnitude 7.

(i) Write down the expansion of (3 — X) in ascending powers of X.

(ii) Expand (3 + 2x)%, in ascending powers of X, up to the term in X°.

2

(iii) Write down the expansion of (3 — x)* (3 + 2x)® in ascending powers of X, up to X>.

(iv) By letting X = 0.01 and your expansion in (iii), find the value of 2.99° x 3.028,
giving your answer correct to 3 significant figures.
Show your workings clearly.

(v) Explain clearly why the expansion in (iii) is not suitable for finding the value of
23 x 58,

(i) By writing 30as (26+ ), show that sin (36) =3 sin 8- 4 sin® 6.

(ii) Solve sin (38) =3 sin Hcos A for 0° < § <360°.

The equation X* + bx + ¢ = 0 has roots « and 3, where b > 0.

(i) Write down, in terms of b and/or c, the value of « + fand of af.

(i) Find a quadratic equation with roots & and 32, in terms of a and b.

(iii) Find the relation between b and ¢ for which the equation found in (ii) has two
distinct roots.

(iv) Give an example of values of b and ¢ which satisfy the relation found in (iii).

2]

[3]

2]
[1]
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5 In the diagram, A, B, C and D are points on the circle centre O.
AP and BP are tangents to the circle at A and B respectively.
DQ and CQ are tangents to the circle at D and C respectively.

POQ is a straight line.
D
A
P
Q
B
C
(i) Prove that angle COD =2 x angle CDQ. [3]
(ii) Make a similar deduction about angle AOB. [1]
(iii) Prove that 2 x angle OAD = angle CDQ + angle BAP. (4]
6 (i) Differentiate y = 2€** (1 — 2X) with respect to X. [3]
(ii) Find the range of values of x for which y is decreasing. [1]

(iii) Given that X is decreasing at a rate of 5 units per second, find the rate of change
of'y at the instant when x = —1.5. [3]

7 (i) By using an appropriate substitution, express 2°3 ! — 223" 2 4 23 35 3 cubic function. [3]
(ii) Solve the equation 232 %1 - 22a*2 4 2a =, [5]

(iii) Find the range of values of k for which 232*! —22a*2 4 k(22) = () has at least one
real solution. [3]

4047/2/Sec4Prelim2018 [Turn over



8

The diagram shows the graphs of y = f(x) and y = {'(x).
yA

24

16

A

The function f (X) = ax® + bx? + 24x + 16 has stationary points at X = p and X = 4.

(i) Find an expression for f'(x), in terms of a and b.
(ii) Find the value of a and of b.

(iii) Find the value of p.

State the range of values of k, where k > 0 and y = f(X) — k has only one real root.

(iv) Find the minimum value of the gradient of f(X).

The diagram shows the graph of y 4 A
= -~ (x=2)*+ 16,
AB and AC are tangents to the
curve at B and C respectively.
B lies on the y-axis and AB = AC.
B C
/ 0 \

(i) Find the gradient function of the curve.

(ii) Find the equation of the tangent at B.
Hence, state the coordinates of A.

(iii) Find the area of the shaded region.

v

[3]

[3]

[1]

[3]
[6]
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10 A particle, P, travels along a straight line so that, t seconds after passing a fixed point O,
its velocity, V m/s is given by
v =(12e k'+ 18), where k is a constant.
(i) Find the initial velocity of the particle. [1]

Two seconds later, its velocity is 40 m/s.

(ii) Show that k = 0.3031, correct to 4 significant figures. [3]
(iii) Sketch the graph of v=12e kKt + 18, for 0 <t<4. [3]
(iv) Explain why the distance travelled by P during the 4 seconds does not exceed

180 metres. [2]
(v) Find the maximum acceleration of P during the interval 0 <t <4. [2]

11 A circle, Ci, with centre A, has equation X> +y? — 8x — 4y — 5 =0.

(i) Find the coordinates of A and the radius of Ci. [3]
(ii) Show that (1, 6) lies on the circle. [1]
(iii) Find the equation of the tangent to the circle at (1, 6). [3]

The equation of the tangent to the circle at (1, 6) cuts the X-axis at B.

(iv) Find the coordinates of B. [2]

Another circle, Cz, has centre at B and radius r.

(v) Find the exact value of r given that circle Cz touches circle Ci. [3]
End of Paper
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Answers:
1 i)a=11.7t011.9,b=1.49t0 1.51 (iii)E=2.0><1022Erg

2 (i) 27-9x+3x2-x3 (i) 6561 +34992x + 81 648x> + 108 864x> + . . .
(i) 177 147 + 885 735x + 1 909 251x*> + . . .
(iv) 186 000
(v) For 23 x 58 need touse x =1
Since 1 is large in comparison to 0.01, the value is inaccurate because a
significantly large value is removed after the 3rd term.

3 (i) 104.5°,255.5°, 180°

4 () at+tp=-b,apf=c (i) x> —(b*-2c)x+c*=0 o.e
(iii) b? — 4¢ > 0 (iv) b=5c=2 o.c.
6 (i) = =2e"(1-6x) (ii) x> 1 (iii) —1.11 units/sec
7 () 2¢-42¢+x  (oe) (ii) a=0.7771 or —1.77 (iii) k<2
8 (1) f'(x)=3ax>+2bx+24 (i) a=2,b=-15
(i) p=1,k>27 (iv) -13.5
9 (i) % = 2(x - 2)} (i) EqAB:y=16x+8, Ais(2,40)

(iii) 38.4 units?

10 (i) 30m/s (iii) 4V

(4, 58.3)

(iv) area of trapezium < 0.5(30 + 60) x 4 = 180 /
30

60
30

4 >t (s)

.. distance travelled < 180 m
(v) maxa=1223 m/s?
11 (i) Ais(4,2),Radius=5units (ii1) 4y —3x =21 (o.e.)

(iv) (-7,0) (v) r=5V5-5
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Qn Key Steps Marks / Remarks
1(1)
M 1 2 3 4 5 B1 TOV
InE | 133 | 148 | 163 | 17.8 | 19.3
InE
B1 Line passes through pts
M
(i) | lgE=a+bM
a = vertical intercept = 11.8 B1 11.7t0o 11.9
b = gradient (their rise/run) Ml working for gradient
=15 Al 1.49to 1.51
(iii) | Ilg E=11.8+1.5(7)=22.3 M1
E=2.0x10%*Erg Al 1.34x10% to 2.95 x 10?
7
210) | B=x)* =27 -27x+9x* - x* B1
(i) | B +2x)®
— 18 8 7 8 6 2 8 5 3
=3+ 1 (3)'(2x) + ) (3)°(2x)" + 3 (3)°(2x) B3 Im for each term (2nd to 4th)
—1m if 1st term missing
=6 561 +34992x + 81 648x% + 108 864x° + . . . BO is all not evaluated
(iii) | (3 —x)* (3 +2x)®
= their (i) x their (ii) M1 choosing correct pairs
=177 147 + 767 637x + 2 854 035x* + . . . Al
(iv) | 2.99* x 3.02"
=177 147 + 767 637(0.01) + 2 854 035(0.01)* B1 Subn must be seen
=185108.7735
=185 000 Bl reject 184 956
(v) | For 23 x 58 need to use x = 1 B1 x=1 seen
Since 1 is large in comparison to 0.01, the value is | Bl o.e. "big" or "large" seen

inaccurate because a significantly large value is
removed after the 3rd term

10
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Qn Key Steps Marks / Remarks
3(i) | sin (0 + 26)
= sin @ cos 20 + cos 6 sin 26 Bl Use compound angle
=sin 6 (1 — 2 sin?> 0 ) + cos 0 (2 sin 6 cos ) B1 Any double angle seen
=sin 6 (1 — 2 sin?> 0 ) + 2 sin O cos? §
=sin O (1 —2sin? §) + 2 sin & (1 — sin’® 0) Bl Use identity
=3sinf—4sin* 0 AG
(i1) | sin (38)= 3 sin O cos O
3 sin 6 — 4 sin®* @ =3 sin O cos O
sin (3 —4 sin> @ -3 cos §) =0
sin 0 =10 . 0=180° Bl 0= 180° seen
or
3 _45in20—3cosf=0 Ml Solve a quadratic
3—4(1 —cos? ) —3 cos O =0 Bl Use identity
4cos’0—-3cosf—-1=0
(4cos@+1)cosf—-1)=0
cos 0= —i orcos 8=1(NA)
Hence, 6 = 104.5°, 255.5° B2 —Im for extra answer
41) | a+ f=-b af=c Bl Both correct
() | 2+ B? =(a+ p)Y-2ap
=h2_2¢c B1 Correct sum
alpi=c? Bl Correct product
Equ: = (b =26 + 2 =0 < | Bl Equation seen
(ii1) | For 2 distinct roots,
(b*>=2c)* —4c*>0 \/\ Bl Correct D
b*(b* —4c)> 0 ok if [<(b? — 2¢)]? or (b* — 2¢)?
Since % > 0, hence b* —4c¢ >0 Bl o.c.
(v) | b=5,c=2 </ | Bl 0.e.
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Qn Key Steps Marks / Remarks
51) | Let ZCDQ =a
Z0DQ =90° (tan L rad) B1 with reason
S ZLODC=90°-a Bl
. ZLCOD =180° - 2(90° — a) (Lsum, ACOD) Bl with reason
(i1) | ZAOB =2 x /BAP B1
(i11) | From (1) and (i1),
2(£LCDQ + £BAP)= £COD + LZAOB B1 attempt to use (i) and (ii)
ZCDQ+ £BAP = % (£LCOD + ZAOB)
=ZAOP+ £ZDOQ (Lpropofchord) | BIB1  1m for reason
=180° - LAOD
=2/L04D BI
6(i) | y=2€> (1 - 2x)
dy . 5 . B1 Product Rule
e 2e (=2) T 6e™ (1 - 2x) B1 Diff exponential fn
=26 (1 - 6x) Bl Simplify, ok if not factorised
@) For decreasing function, Q <0
dx
L 1=-6x<0
1
x> g \/\ B1
() | . dy . . .
Given that yn = — 5 units/s Bl with negative seen
x
d d d
?); = d_J; X ?J; B1 with subs seen

=2 (1 - 6x)(=5)
=239 (14 6 x 1.5)(=5)
=—1.11 units/sec

B1
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Qn Key Steps Marks / Remarks
7() | 23t _p2a*2 4 da Let2¢=x Bl Use of: 2774 =2r x 24
=2 x2% —4x2% 420 B1 Use of: (27)7 =24
=20 —4x* + x Bl
(i) | 22 —4x>+x=0
x(2x* —4x+1)=0
x=0, 5.29=0 (rej) Bl x =0 seen
or2x*—4x+1=0
_ —4EV16-4x2x1 M1 Solving quad with working seen
4
= 1.707 or 0.2929 Al Both x
24=1.707 or 0.2929
1g1.707 1g20.2929 .
a=2 or -2 MIl Using log (any base)
g2 g2
=0.7771 or—1.77 Al Botha
(iil) | 23¢*1 —22a*2 4+ (k)2¢ = 0 has at least one root
. 2x* — 4x + k= 0 has at least one root M1 Using quad part of eqn
2 16-4x2xk>0 B1 Correct D with subs
k<2 Al
11
8(1) | f(x)= ax’ + bx* +24x + 16
' (x) =3ax> + 2bx + 24 B1
(i1) | Sub (4, 0) into f' (x) =0
3a(16) +2b(4) +24=0 B1 Sub into their f' (x) and f(x)
c A8a+8b+24=0 oot (1)
Sub (4, 0) into f (x)
a(64) + 165 +24(4)+16=0
5. 64a+16b+96+16=0......ccco...... (2) Ml Solve Slmul eqn
a=2,b=-15 Al Both
(i) | £'(x) = 6x* —30x + 24
=6(x> —5x +4)
=6(x—1)(x—-4)
Lp=1 B1
Atx=1, f(x)=2(1)-15(1)+24(1) + 16 =27 M1 Using their p
Hence, k> 27 Al
(iv) | Min value of f' (x) = 6(2.5)* — 30(2.5) + 24 Ml Use x=2.5
=-13.5 Al
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Qn Key Steps Marks / Remarks
) y=—=z(x-2)+16, . Y _ —2(x-2)* Bl 0.e.
2 dx
(i) | Grad of AB=—-2(-8) = 16 </ |BI Grad 4B seen
AtB, x=0,..y=8
Eqn AB: y=16x+38 B1 Eqn 4B seen
5 Ais (2, 40) Bl
(i11) | Area OBACD = (8 +40)x2 M1 Using composite figures
= 96 units* Al
Area bounded by curve and axes
= J. 4(_%( x-2)"+ 16) dx B1 Knowing to use integral for area
0
- (—%(}C—Z)S + 16x)2 B1 Correct integration
=(—15 x32+64)— (55 x32) B1 Subs seen
=57.6
. shaded area — 96 — 57.6 = 38.4 units’ Bl
10
10(G) | vo=12¢ *@ + 18 =30 m/s Bl Sub need not be seen
(i) | v2 =40 5 40=12e%@ + 18 Bl Sub into eqn
el2k=1
6
2k=1n (&) Bl Using logarithm
k=0.303 1 Bl
il
(i) v (m/s)
/(4, 58.3) Bl Shape
30 Bl Label y-intercept
B1 Label (4, 58.3)
1(s)
(iv) | Area under curve < Area of trapezium B1  Find relevant distance
Area of trapezium = 0.5(30 + 60) x 4 = 180 travelled using any suitable
method
60
30
) 4
.. distance travelled < 180 m
B1  Making conclusion
(v) | Max accn occurs at £ =4 where the gradient is most steep
Max acen =0.3031 x 12 ¢ *3031 @ Ml Knowing to differentiate
=12.23 m/s? Al 11
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Qn Key Steps Marks / Remarks
11G) [ ¥ +)*-8x—4y-5=0

Ais (4,2) Bl
Radius = V4> +2° +5 =5 (units) MIAI

(i) | 12+ 6*—8(1)—4(6) -5=0
Hence, (1, 6) lies on the circle. B1 Subs seen and statement

(iii) | Gradient of line joining (4, 2) and (1, 6)

_ 4 Bl 1 grad seen
3

Eqn of tangent at (1, 6) is Bl Find eqn
y-6=- % (x-1)
4y —3x=21 B1 0.c.

(iv) | AtB,y=0 MI Finding x
Lx=—

Bis (-7,0) Al Ordered pair seen
(v) | Distance between centres
=11* +2 M1 Find dist between centres
= /125
s.radiusof C; =125 -5 M1 Using sum radii = distance
Al

=65 -5

12
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2
Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the quadratic equation ax? +bx+c =0,

—b++/b? —4ac

2a

X =

Binomial Expansion

(a-%b)"==a"i—(n)a”‘lbi—(n)a"‘zbz+~~-F(Z)aﬁ_rbr+~~-kb".

1 2
! —1)eeeees —r+1
where n is a positive integer and (Z) = (n_nr)'r, — ar-l) rl(n r+1) :

2. TRIGONOMETRY

Identities
sin® A+cos® A=1
sec’ A=1+tan® A
cosec’A =1+cot® A
sin(A+ B) =sin Acos B + cos Asin B
cos(A+ B) = cosAcosB FsinAsinB
tanA + tan B
1¥ tanAtanB
sin2A = 2sin Acos A
cos2A =cos® A—sin® A=2cos”* A—1=1-2sin* A

tan(4 + B) =

tan2A = Zta—n?
1-tan“ A

Formulae for A ABC
a b C

sin A B sinB B sinC
a?=b%?+c?—-2bc CosA
Area of A:%bc sin A

Yishun Town Secondary School 4E5N/AMaths(4047/01)/2018/Prelim



3

1 Find the range of values of a for which x? + ax + 2(a — 1) is always greater than 1. [4]

2 Find the distance between the points of intersection of the line 2x + 3y = 8 and the curve

y = 2x2, leaving your answer in 2 significant figures. [5]

x? —2x—6 : : 5

3 Express —————— as a sum of 3 partial fractions. [5]
X(x“—Xx—6)

4 Triangle ABC is an right angled isosceles triangle with angle ABC as the right angle. The [5]

W2

height from point B to the base AC is ———=. Without using a calculator, express the
g Y \/§+\/€ g p

area of the triangle ABC in the forma + b V2, where aand b are integers.

B

A ]

C
5 (1) Given sin(A + B) + sin(A — B) = k sinA cosB, find k. [2]
(i) Hence, find the exact value of .[Zsin 2XCOosX dx . [4]
0
6 (a) State the values between which the principal value of tan—tx must lie. [1]

(b)  The function f is defined by f(x) =3cosax +1, where a is a positive integer and

—T<X<T.

(i) State the amplitude and the minimum value of f. [2]
(i)  Given that f(x) = 1 when x = % find the smallest possible value of a [1]
(ili)  Using the value of a found in part (ii), state the period of f and sketch the [4]

graph of y = f(x).

Yishun Town Secondary School 4E5N/AMaths(4047/01)/2018/Prelim
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4
7 The function f is defined by f(x) = 6x3 — kx? + 3x + 10, where k is a constant.
(i) Given that 2x + 1 is a factor of f(x), find the value of k. [2]

(i) Using the value of k found in part (i), solve the equation f(x) = 0. [4]

8 Solve the equation
(1) 3log; x—log, 3=2, [5]
(i) 2log,(1—2x)—log,(6—5x)=0. [4]

. . 2x?
The equation of acurve is y = 1 x> 1.

(1) Find the coordinates of the stationary point of the curve. [4]

(i)  Use the second derivative test to determine the nature of the point. [3]

10  The diagram shows part of the graph y =c —|ax + b| where a> 0. The graph has a
maximum point (12, 2) and passes through the point (18, —1).

(12, 2)
/\ o

o) N

(18, -1)

Ya

y =c—|ax+b|
(i) Determine the value of each of a, b and c. [4]

(i) State the set of value(s) of m for which the line y = mx + 4 cuts the graph
y = —|ax+b] at exactly one point. [3]

Yishun Town Secondary School 4E5N/AMaths(4047/01)/2018/Prelim
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el
B
A
D > X
0 5 g
-10 f¢
The diagram shows a triangle ABC in where points B and C are on the y-axis. The line AC
cuts the x-axis at point D and the coordinates of point C and D are (0, —10) and (5, 0)
respectively. AD = % AC and points A, B and D are vertices of a rhombus ABDE.
(i) Show that the coordinates of A is (7, 4). [1]
(if)  Find the coordinates of B and E. [5]
(iii) Calculate the area of the quadrilateral ABOD. [2]
12

» X

@)

The diagram above shows part of the curve y = x? + 1. P is the point on the curve where
X=p, p>0. The tangent at P cuts the x-axis at point Q and the foot of the perpendicular
from P to x-axis is R.

3 1

(i) Show that the area A of the triangle PQR is given by A= pT + g + T [5]
p

i Obai ion £ dA

(i) ain an expression or%. [1]

(iii) Find the least area of the triangle PQR, leaving your answer in 2 decimal places. [4]

End of Paper
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1 2<a<b
2 2.8 units
3 x*=2x—-6 1 1 1
x(x2 — x — 6) _;_S(x—3)+5(x+2)
4 118—-12V2
5(0) |k=2 5(ii) %
6(a) —g <tan"lx < gor —90° < tan™'x < 90°
6(b)(i) | Amplitude = 3, minimum value = — 2 6(ii) a=2
(iii) | Period=n
Y= 352_05 2x+1
X
___:____7I__
70) | k=31 7(ii)x:50r§or—%
8() |x=0.6930r 3
(i) |,=_2
4
9(i) | (2, 8)
ii dy 4 : .
(i) = I Min point
100) |a=-b=-6c=2
() 'm=-2orm>lorms<t
6 2 2
16) | (7, 4)
(i) |B(0,5), E(12, - 1)
(iii) | 27.5 units®
12(i)) |44 _3. 2,1 _ 1 T o2
> 2 ST s 12(ii) 0.77 units
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the quadratic equation ax® +bx+c =0,

_ —b++b*-4ac

X =
2a

Binomial Expansion

(a+b)" =a" +(2]a”_1b+{nja”_2b2 to +(nJa”_rbr +...+b"

. . n
where n is a positive integer and ( j =
r

2. TRIGONOMETRY

Identities
sin? A+cos? A=1
sec’ A=1+tan? A
cosec’A =1+cot® A
sin(A+B) =sin AcosB +cos Asin B
cos(A+B) =cosAcosB xsin AsinB
tanAx+tanB

1¥tan AtanB
sin 2A = 2sin Acos A

cos2A =cos® A—sin? A=2cos* A—1=1-2sin’* A

tan(A+B) =

tan2A= ﬂ
1-tan“ A

Formulae for A ABC
a b c

sin A B sinB B sinC
a’? =b%+c?-2bc cosA

Area of A = %bc sin A

Yishun Town Secondary School 4E/5N/AMaths(4047/02)/2018/Prelim
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1. (@) Given that the roots of the equation x* —6x+k =0 differ by 2, find the value of k. [3]

(b) If o and S are the roots of the equation x* +bx+1=0, where b is a non-zero constant,

show that the equation with roots % and £ is ¥ ~(b*-2)x+1=0. [4]
(24
2. If the first three terms in the expansion of [1—%) is 1-6x+ax?, find the value of nand of a.  [4]
: 3 1
3. (@) Solve the equation ,[4+— =—+2. [5]
Voxo U
n-2
(b)  Given that i(3x)2 (gizj = ﬂz where x =0, find the values of the constants m and n. [4]
n X X
4. A precious stone was purchased by a jeweler in the beginning of January 2003. The expected

value, $V, of the stone may be modelled by the equation V =6000(4')-1000(16'), where t is
the number of years since the time of purchase. Find

Q) the expected value of the stone when t = % [1]

(i) the value(s) of t for which the expected value of the stone is $8000. [3]

(iii)  the range of values of t for which the expected value of the stone exceeds $8000. [1]
5. The equation of a circle, C, is x> + y* —4ux + 2uy + 5(u2 —~ 20) =0 where u is a positive constant.

(@) Given that u =6, find the coordinates of the centre and the radius of the circle C. [3]

(b) Determine the value of u for which
(i) the circle, C, passes through the point (—4,4), [2]

(i) theline x=2 is a tangent to the circle, C. [4]

Yishun Town Secondary School 4E/5N/AMaths(4047/02)/2018/Prelim [Turn over
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6. The variables x and y are related by the equation mx+ny —3xy =0, where m and n are non-zero

1. .1 T : : .
constants. When — is plotted against —, a straight line is obtained. Given that the line passes
y X

through the points (1,0) and (-5,9), find the values of m and of n. [6]
7. (i) Prove that sin*@—cos* 8 =1-2cos’ 6. [3]

(ii)  Hence solve sin*@—cos* @—-3cos@ =2 for 0<O<2r. [4]
8. In the diagram, OS =3 m, OR =7 m and angle SOR = angle SPO = angle RQO =90°.

It is given that angle SOP is a variable angle & where 0° <& <90°. The point T is on the
line RQ such that ST is parallel to PQ.

R
Q) Show that PQ =7sinéd +3cosé . [1]
(i)  Show that the area of triangle RST is %cos 20 +10sin 26 . [3]

(iii)  Express the area of the triangle RST as k cos(260—«), where k>0 and 0° <& <90°.  [4]
(iv)  Hence find the maximum area of triangle RST and the corresponding value of 4. [3]

Yishun Town Secondary School 4E/5N/AMaths(4047/02)/2018/Prelim



9.

10.

11.

5

The diagonals of a cyclic quadrilateral PQRS intersect at a point U. The circle’s tangent at R
meets the line PS produced at T.

If QR =RS, prove the following.

Q) QS is parallel to RT.

(i) Triangles PUS and QUR are similar.

(iii) PU?’-QU?=(PUxPR)-(QU xQS).

It is given that y = xe™ —2e™>*,

: . dy
i Find —=.
() i

(i) If x and y can vary with time and x increases at the rate of 1.5 units per second at the
instant when x =In 2, find the exact value of the rate of increase of y at this instant.

A curve has the equation y = |n_2X_ 2.
X

()  Showthat &Y -1=2Inx
dx X

(i) (@) The x-coordinate of a point P on the curve is 1. Find the equation of the tangent

to the curve at P.

(b)  The tangent to the curve at the point P intersects the x-axis at Q and the y-axis
at R. Calculate the shortest distance from the origin O to the line QR.

(iii)  Given that another curve y =f(x) passes through the point (1,-0.25) and is such that

f'(x) _Inx find the function f (x).

X2

[3]
[3]
[3]

[2]

[3]

[2]

[2]

[4]

[3]

Yishun Town Secondary School 4E/5N/AMaths(4047/02)/2018/Prelim [Turn over
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12.  The diagram shows the graphs of y=¢e* -1 and y =e—x . P is the point of intersection

of the two graphs.

y y=¢ -1

A

A P
B
> X
0]
y=e—x

Q) Show that « =1is a root to the equation e(l— e"’l) —a+1=0. [1]
(i) Hence, find the coordinates of P. [2]
(ili)  Find the area of region A, which is enclosed by the two graphs and the y-axis. [4]

area of region A

area of region B
the two graphs and the x-axis. [2]

(iv)  Find the exact value of , given that the area of region B is enclosed by

13. A particle moves pass a point A in a straight line with a displacement of —4 m from a fixed
point O. Its acceleration, a m/s? , is given by a = % where t seconds is the time elapsed after

passing through point A.
Given that the initial velocity is —1 m/s, find,
Q) the velocity when t =2, [3]

(i) the distance travelled by the particle in the first 5 seconds. [5]

END OF PAPER
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1(a) k=8 9(i) Show QS is parallel to RT
1b) | show x* —(b*-2)x+1=0 9(ii) | Show Triangles PUS and QUR are
similar
2 n=12 a=>3 o(iii) | Show
2 PU?-QU? =(PU xPR)—(QU xQ3
3(a) « 21
4 .
10(') ﬂ _ _ —X -2X
N P g (1) 146
10(ii
AG) | $8970 W |dy _9 3.,
4(ii) 1 dthw, 4 4
t=51 1) | dy_1-2inx
Gy | 1 dx X
Z<t<l 11(ii)@) | y=x-3
5(i) Centre is (12,-6) 11(ii)(b) he 32 units
Radius = 10 units
5(ii)(@) | u=2 11(iii) f(x)=_1+2Inx
5(i)(b) | u=6 %
6 m=2, n=3 12(ii) | P(1e-1)
7(i) | Show sin*#—cos*@=1—2cos?
Wiy | ,_2r 4z L2001 Area of Region A:g units®
_ 33 12(iv) | Areaof RegionA 3
8(i) Show PQ =7sin@+3cosé Area of Region B :e2—3
801 | Show Area = %cos 26 +10sin 20 13(i) | Velocity =0 m/s
8(iii) 29 . 13(i) Total distance travelled = 8i m
Area = 7cos(29—43.6 ) 12
8(1v) Max area of triangle RST = 2—29 m?,
0=21.8°
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax”> +bx+¢c =0,
(b= b? — 4ac
2a

Binomial Theorem

n n n
(a+b)n :an +(1jan_1b+(2jan_2b2 +...+(rjan—rbr _}_.”_}_bn’

o nin-1)...(n—r +1)
(= r

n
where n is a positive integer and (I’J

2. TRIGONOMETRY

Identities
sin® A+cos* A=1.
sec’ A=1+tan’ A.
cosec’A=1+cot’ A.
sin(A + B) = sin Acos B = cos Asin B
cos(A = B) = cos A cos B F sin Asin B
tan A + tan B
1 F tan Atan B
sin 2A = 2sin Acos A
cos 2A = cos> A—sin> A =2cos> A—-1=1-2sin’ A

tan(A + B) =

tan 2A = %
1—-tan” A
Formulae for AABC
a b c

sinA sinB sinC
a’=b%+c?-2bccos A

A:labsinC
2
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Answer all the questions

4
B (1+345 yem

AB is parallel to EC and AB = (1+3\/§) cm. E is a point on AD such that AE : ED = J5:3.

Find
(1)

(i)

The equation of a curve is y = (k +2) x> =10x+ 2k +1, where k is a constant.

(i)

(i)

(2)

(b)

A_E in the form of a+ b\/g , where a and b are rational numbers.

the length of EC in the form of C+ d/5 , where C and d are integers.

In the case where k =1, sketch the graph of y =(k+2)x* —10x+2k +1, showing

the X- and y- intercepts and its turning point clearly.

Find the range of values of k for which the curve meets the line y = 2x + 3.

3

Express in partial fractions.

X2

Solve the equation ‘21 —18X‘ —‘7 — 6X‘ =4x-1.

The equation of a curve is y =2X(X—1)’.

(1)
(i)

(1)
(i)

Find the coordinates of the stationary points of the curve.

Determine the nature of each of these points using the first derivative test.

1

On the same diagrams, sketch the graphs y = iz ,Xx>0and y=3x2, x>0.
X

Find the value of the constant k for which the X —coordinate of the point of

intersection of your graphs is the solution to the equation X’ =K.

[Turn over
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6. (1)  Prove that 21 =0 0 . [2]
3tan” 0+3 3
K2 2
(if) ~ Show that | se¢ 6¢0s20 4g_ NER [4]
0 3tan” 0+3 12

7. Solutions to this question by accurate drawing will not be accepted.
A

B (2, 8)

C (8, 6)

A 3y =4x -14

JV><

D

The diagram above shows a quadrilateral ABCD. Point B is (2, 8) and point C is (8, 6).
The point D lies on the perpendicular bisector of BC and the point A lies on the y-axis.
The equation of CD is 3y = 4x —14 and angle ABC = 90°. Find

(1)  the equation of AB, [2]
(i1)  the coordinates of A, [1]
(iii) the equation of the perpendicular bisector of BC, [3]
(iv) the coordinates of D, [3]
. d 2
8. (1) Show that d—(x InXx—-3X) =X+2X Inx-3. [2]
X
(ii) Evaluate f X1n X dx. [4]

: : . 1 : .
9. A curve is such that the gradient function is 1+ PR The equation of the tangent at point P
X

on the curve is y = 3X +1. Given that the x-coordinate of P is positive, find the equation of

[7]

the curve.

[Turn over



10.

11.

A right circular cone, ABC, is inscribed in a sphere of radius 10 cm and centre O.

The perpendicular distance from O to the base of the cone is X cm.

[Volume of cone = %ﬂ'l’zh:l

(1)

(1)
(iii)
(iv)

(@)
(b)

Show that volume, V, of the cone is V = %7[(1 00— x*)(10+X).

If X can vary, find the value of x for which V has a stationary value.
Find this stationary volume.

Determine whether the volume is a maximum or minimum.

Find, in radians, the two principal values of y for which 2tan’ y+tany—-6=0.

The height, h m, above the ground of a carriage on a carnival ferris wheel is modelled

by the equation h =7 —5cos(8t), where t in the time in minutes after the wheel starts

moving.
(1)  State the initial height of the carriage above ground.

(i) Find the greatest height reached by the carriage.

(ii1) Calculate the duration of time when the carriage is 9 m above the ground.

END OF PAPER
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4E5N 2018 Prelim AMath paper 1 Marking Scheme

11 AABD is similar to AECD.
_CE DE
"BA DA

CE_ 3

BA 3445
3 3-45
“3445 35
9-345
- 3%-5

9-35

[M1] ratio seen

[B1] correct conjugate surd

[Al]

4
§ EC=9_:\/§X(1+3\/§) [MI1]
=i[9(1+3\6)—3ﬁ(1+3£)]
=%(9+27«/§—3\/§—9x5)
:%(—36+24\/§)

—9+6y5 [Al]

[M1] expansion seen

2i | Whenk=1,
y =3x>—10x+3

=3 xz——j+3

Al

=3 X——

2

3

Wheny=0,x=30r%

=5
Turning point (g , —Ej (% -6

[B1] y-intercept
[B1] x-intercepts

[B1] turning point




i

(k+2)x* —10x+2k +1=2x+
(k+2)x* —12x+2k-2=0
b*—4ac>0
(-12)> —4(k +2)(2k —2)> 0
144—8(k> +k—2) >0
—8k* -8k +160>0
k*+k-20<0
(k+5)k—4)<0

3 [M1] substitution

[B1]

[M1] factorisation

-5<k<4 and k=#-2

[Al]

[AT]

3i

By long division [M1]

3x* -5 3x-5

> =3X+—;

x -1 X —1
3x-5 A N B

(x+D)(x-1) x+1 x-1

3x—5=A(X—1)+B(x+1)

x=1: 3(1)-5=2B
B=-1

—3-5=-2A
A=4

3 -5 4 1

- 3IX+—m———
X =1 Xx+1 x-1

X=-1:

[AI]

[A1] correct A and B

[Al]

il

21-18X|—|7—6X| = 4x—1
3(7-6x)|—|7—6X| = 4x—1
3|7 -6x|—|7-6xX =4x-1

[B1] factorise 3

2|7-6X =4x-1
| 7 6x| _ 4x—1
7—-6X= 4X2_1 or 7—-6X= —xrl [B1] either one seen

15 13

X=— or X=—

16 8

[A1] [A1]

Zhonghua Secondary School 4047/01/Prelim/2018
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4i y =2Xx(x—1)
ﬂ:zx[3(x—1)2}+2(x—1)3 [M1] product rule
dx
=6x(x—=1)" +2(x~-1) [Al]
=2(x—1)" (3x+x-1)
=2(x—1)" (4x-1)
For Yy _ 0
dx
2(x—1)" (4x—-1)=0 [M1]
Xx=1 or X= 1
4
27
=0 or =——
Y y 128
(1,0) and l, _27
4 128
[Al] [Al]
il By first derivative test, [M1]
(1,0) is a point of inflexion and (%, —122—75;) is a min. point [Al], [Al]
51
L0+
1
y=3x? [Bl]
5 4
4
y=—> [BI]
WL I X
5
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il 1
[M1] substitution

>
)
Il

2
j [M1] squaring

|
— TN WA WA ><N|_,;

N WA

61 LHS:;
3tan’ 0 +3
B 1
- 3(8602 0—1)+3
B 1
 3sec’d
_cos2(9
E
=RHS

[B1] apply correct identity

[B1] able to simplify

i | 7 gec? % cos?
j3wde j3c°s 9( 12 jcosZ@dH [M1] substitution of

0 3tan’ 6+3 o 3 \cos’@ 3tan” 6 +3
_1 % 2
_EIO cos20 do [B1] sec” @ = Y
:% sm229}3 [B1] correct integration of cos26
L 0
:l sinz—ﬁ—sian
6 3
=l sinz—Oj
6 3
1[5 (B1] sin %= Y3
6| 2 3 2

3
=— (shown
B ( )
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71 | Grad. BC
_8-6
2-8
_ 1
3
Grad. AB=3 [B1]
Eqn AB is
y__8: 3
X—2
Sy =3x+2 [B1]
i Whenx=0,y=2
A(0,2) [B1]
iii | Grad. of perpendicular bisector = 3
Midpt. BC = (#, 8L26j [M1] midpoint formula
=5, 7)
. y=17
Eqgnis s =3 [M1]
y=3x-8 [A1]
v 3y=4x-14
33x—8)=4x-14 [M1] substitution
9Xx—-24=4x-14
5x=10
X=2 [A1]
y=3(2)-8
=-2
D (2,-2) [A1]
8i
i(x2 In X —3X) =x2(lj+2xlnx—3 [B1] 1 seen
dx X X
=X+2xInx-3 [B1] product seen
ii .[14 X+2XInx-3 dx = [Xz Inx— 3XI1 [M1] reverse differentiation
["x=3 dx+ [ 2xInx dx =4 In4-3(4) - (0-3)
X2 4 . X2
{7—3X} +2.L XInx dx=16In4-12+3 [Al] [?—SX} seen
1
4 4 1 . .
2J.1 XInx dx=16In4-9—- ?_3(4)_5+3 [A1] simplification
15
:16ln4—? or —14.7 (3s.f)) [A1]
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9 dy 1
2 .
dx 2X
:l+lx’2
2
1
= || 1+=x7 [dx [MI
y j( . j [M1]
1 x!
=X+—| — |+C
2 -1
1
=X——-C [Al]
Since ﬂ—3
dx
43 [M1]
2x°
1
2x?
x =1
4
X—+l (reject —1) [Al]
2 ! 2
1
When x=—,
2
1
=3 — |+1
g @
5
=2 Al
5 [Al]
At (l,éj, §=l— +C [M1] attempt to find €
2°2) 2 2 2(05)
c=3
1
y=x——+3 [A1]
2X
101

Radius of cone = V10 — X

= +/100—x* [B1]

Volume of cone

= l71'|’2h
3
:%ﬁ(\/IOO—XZ )2(x+10)

| [B1] application of formula and substitution
=—x(100-x*)(x+10
L (100 ) 10

Zhonghua Secondary School 4047/01/Prelim/2018




i

av 1
— == 2x(x+10)+100—x* M1] product rule
dx 3[ ( ) ] (M1
:lﬁ[—20X—2x2+100—x2]
3
=17z(—3x2—20x+100)
3
For stationary V, z—V:O [M1]
X

l7r(—3x2—20x+100)=0
3

3%% +20x—100 =0
(x+10)(3x—10)=0

X =-10 (rejected), X = ? [AT1]
" vzln(loo—@j[QJrloj
3 9 3
=1241.123
=1240 cm’ (3s.f) [B1]
v o dv 1
=—7(-6x—-20 M1
o 3 ( ) [MI]
2
Since <0, Visamaximum. [Al]

X2

Ila | 2tan’ y+tany—6=0 o
[M1] factorisation
(2tany—3)(tany+2)=0
tan y =% or tany =-2 [A1] either one
a3 4
y = tan (Ej y =tan"' (-2)
=0.9827 =-1.1071
~ 0.983 (3s.f) ~—1.11 (3s.f))
[A1] [A1]
bi | Initial height=2m [B1]

i1

Greatest height =7 — 5(-1)
=12m [Al]

Zhonghua Secondary School 4047/01/Prelim/2018




il 7—5cos8t=9 [M1]
cos8t = —Z
5

a=1.1592
8t =1.9823, 4.300
t=0.2477, 0.5375 [A1]
Duration = 0.5375-0.2477
=0.2898
~ 0.290 minutes (3s.f.) [Al]

Zhonghua Secondary School 4047/01/Prelim/2018



ZHONGHUA SECONDARY SCHOOL

zggggggzi PRELIMINARY EXAMINATION 2018

)/ SECONDARY 4E/5N
Candidate’s Name Class Register Number
ADDITIONAL MATHEMATICS 4047/02
PAPER 2 14 September 2018

2 hours 30 minutes

Additional Materials: Writing paper, Graph paper (1 sheet)

READ THESE INSTRUCTIONS FIRST

Write your name, class and register number on all the work you hand in.
Write in dark blue or black pen on both sides of the paper.

You may use an HB pencil for any diagrams or graphs.

Do not use staples, paper clips, glue or correction fluid.

Answer all the questions.

Write your answers on the separate Answer Paper provided.

Give non-exact numerical answers correct to 3 significant figures, or 1 decimal place in the
case of angles in degrees, unless a different level of accuracy is specified in the question.
The use of a scientific calculator is expected, where appropriate.

You are reminded of the need for clear presentation in your answers.

At the end of the presentation, fasten all your work securely together.
The number of marks is given in brackets [ ] at the end of each question or part question.
The total number of marks for this paper is 100.

For Examiner’s Use

100

This question paper consists of 6 printed pages (including this cover page)



Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax”> +bx+¢c =0,

_ —b++b’ - 4ac

X =
2a

Binomial Theorem

(@a+b)" =a" +[Tja"“b +(2Ja"‘2b2 + ---+(:ja"‘rbr +-+b",

nj n! nn-1)...(n-r+1)

r

where n is a positive integer and
(n—-n'r r

2. TRIGONOMETRY

Identities
sin® A+cos* A=1.
sec’ A=1+tan’ A.
cosec’A=1+cot’ A.
sin(A + B) = sin A cos B + cos A sin B
cos(A = B) = cos A cos B F sin Asin B
tan A £ tan B
1F tan Atan B
sin 2A = 2sin Acos A
cos 2A = cos® A —sin> A =2cos> A—-1=1-2sin”> A

tan(A + B) =

tan 2A = ﬂ
1—tan” A
Formulae for AABC
a b c

sinA sinB sinC
a’=b?>+c?—-2bccos A

A:labsinC
2



(1)
(if)

(iii)

(i)

(i1)
(iii)

3

Given that u = 4%, express 4* =9 — 5 X 41™* as a quadratic equation in U.
Hence find the values of X for which 4* =9 — 5 x 417* giving your answer,
where appropriate, to 1 decimal place.

Determine the values of k for which 4* = k — 5 X 417* has no solution.

By using long division, divide 2x* + 5x3 —8x? —8x +3 by x?+ 3x — 1.
Factorise 2x* + 5x3 — 8x%2 —8x + 3 completely.

Hence find the exact solutions to the equation

32p* + 40p3 — 32p%? — 16p + 3 = 0.

1 1
The roots of the quadratic equation 8x? —4x+1=0 are — and —. Finda

a2ﬁ aﬁz'

quadratic equation with roots o® and /3’ .

(1)

(i)

(iii)

(@)

Write down the general term in the binomial expansion of

10
(2X2 —BJ , Where p is a constant.

X

10
Given that the coefficient of x* in the expansion of (ZX2 —Bj is
X

negative % times the coefficient of X’ . Show that the value of p is % .

Showing all your working, use the value of p in part (ii), to find the constant term in

10
the expansion of (2X—1)(2X2 —Bj .
X

(i) Show that sin3x = sinx(4cos?x —1)

(i1) Solve the equation 3sin3x = 16cosxsinx for0 <x < 2m

(b) Differentiate cos2x (tan?x — 1) with respect to X. No simplification is required.

2]

[4]
[3]

2]
2]

[4]

[7]

[1]

[5]

[3]

[3]
[5]

[3]
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The equation of a curve is y = x3 — 4x2 + px + q where p and  are constants. The

equation of the tangent to the curve at the point A(—1,5) is 15x —y + 20 = 0.

(1)  Find the values of p and of q. [4]
(1))  Determine the values of X for which y is an increasing function. [3]
(ii1) Find the range of values of x for which the gradient is decreasing. [2]

(iv) A point P moves along the curve in such a way that the x-coordinate of P increases
at a constant rate of 0.02 units per second. Find the possible x-coordinates of P at

the instant that the y-coordinate of P is increasing at 1.9 units per second. (4]

&

The diagram shows two intersecting circles, C; and C,. C; passes through the vertices of the
triangle ABD. The tangents to C; at A and B intersect at the point Q on C,. A line is drawn
from Q to intersect the line AD at E on C,.

Prove that
(i)  QE bisects angle AEB, [4]
(iiy EB=ED, [2]

(iii)) BD is parallel to QE. [2]



10.

5

The number, N, of E. Coli bacteria increases with time, t minutes. Measured values of N

and t are given in the following table.

t 2 4 6 8 10
N 3215 3446 3693 3959 4243

It is known that N and t are related by the equation N = N, (2)*¢, where N, and k

are constants.

(1)

(i1)
(iii)

at 3.40 and have a scale of 2 cm to 0.02.
Use your graph to estimate the values of N, and k.

Estimate the time taken for the number of bacteria to increase by 25%.

A man was driving along a straight road, towards a traffic light junction. When he saw

that the traffic light had turned amber, he applied the brakes to his car and it came to a stop

just before the traffic light junction. The velocity, vV m/s, of the car after he applied the

1

brakes is given by v=40e S 15 , where t, the time after he applied the brakes, is

measured in seconds.

(1)
(i1)
(iif)

(iv)

Calculate the initial acceleration of the car.

Calculate the time taken to stop the car.

Obtain an expression, in terms of t , for the displacement of the car, t seconds after
the brakes has been applied.

Calculate the braking distance.

The points P(4,6), Q(—3,5) and R(4, —2) lie on a circle.

(i)

(ii)
(iii)
(iv)

Find the equation of the perpendicular bisector of PQ.
Show that the centre of the circle is (1, 2) and find the radius of the circle.
State the equation of the circle.

Find the equation of the tangent to the circle at R.

Plot g N against t and draw a straight line graph. The vertical Ig N axis should start [3]

[4]
2]

2]
2]

[3]
[1]

[3]
[3]
[1]
[3]
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11.  The diagram shows part of the curve y = x (1—16 x? — 1). The curve cuts the X-axis at

P(4, 0). The tangent to the curve at P meets the vertical line x= 6 at T(6, 4).

Showing all your workings, find the total area of the shaded regions. [6]
y
T (6,4)
1 2
y=x(T=x- 1)
x=6
P (4,0) X

End of paper



1@ | u2=9u+20=0
@) | x=1
x=12
(iii) | —v/80 <k < V80
21 G | 242 —x-3
(i) | (x*+3x=1)(2x=3)(x+1)
-3+
p= 3413 Ml
4
(ii1)
p——orp——l
2
3 X +4Xx+8=0
10 r '
4| @ ( ](2x2)l° (_Bj
r X
10 26
4 Xi_
~ 10 23 10 P
Gy | |
p=— AG
(i) | -15
5a | (ii) | X=0, 7, 27r or Xx=174 or 4.54
5b 2 cos 2X tan X sec’ X—2sin2x(tan2 X—l)
6 | (G |p=4 q=14
(1) [x < g or x > 2
4
(1) | x < 3
(iv) | X==—orx=7




(i)

N, = 2992 accept also 2990

k=0.05

(iii)

time taken= 6.4 mins

(1)

(i)

(iii)

1
— _120e * —15t+120

(iv)

30.9m

10

(1)

y=-7Xx+9

(i)

r = 5 units

(iii)

(x—=1) + (y-2)" =25

(iv)

3
= —X-5
y 4

11

25 -
— units
4
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax”> +bx+¢c =0,

_ —b++b’ - 4ac

X =
2a

Binomial Theorem

(@a+b)" =a" +[Tja"“b +(2Ja"‘2b2 + ---+(:ja"‘rbr +--+b",

nj n! nn-1)...(n-r+1)

r

where n is a positive integer and
(n—-n'r r

2. TRIGONOMETRY

Identities
sin® A+cos* A=1.
sec’ A=1+tan’ A.
cosec’A=1+cot’ A.
sin(A + B) = sin A cos B + cos A sin B
cos(A + B) = cos A cos B F sin Asin B
tan A £ tan B
1F tan Atan B
sin 2A = 2sin Acos A
cos 2A = cos® A —sin> A =2cos> A—-1=1-2sin”> A

tan(A + B) =

tan 2A = ﬂ
1—tan” A
Formulae for AABC
a b c

sinA sinB sinC
a’=b?>+c?—-2bccos A

A:labsinC
2



Answer all the questions

1. |[(i) |Giventhat u = 4%, express 4* =9 — 5 X 417 as a quadratic equation in u. [2]
(ii) |Hence find the values of X for which 4* =9 — 5 X 417* giving your answer,
where appropriate, to 1 decimal place. [4]
(iii) | Determine the values of k for which 4* = k — 5 X 417* has no solution. 3]
1 Solutions Remarks
. . _o_ 4
(1) (1) u=9-5x - M1
[2] u?—9u+20=0 Al
(i1) (i1) u-4)m-5)=0 M1
[4] u=4 or u=>5
4* =4 or 4* =
x=1 Al or xlg4 =1g5 M1 taking Ig
-_— lg_s =
X =0y 1.16 Al
(i) | (i)  w=k— 2
[3] u?—ku+20=0
For no real roots, (—k)? —4(1)(20) <0 Bl
(k —+/80)(k ++/80) < 0 M1

—V80 <k < /80

Al




4

2. |(i) |By using long division, divide 2x*+ 5x3 —8x%> —8x+3 by x?+3x—1. [2]

2 1@ 2x2 — x—3 M1 Al

[2] [x?+3x—1) 2x*+ 5x°—8x% —8x+3

— (2x* + 6x3 — 2x?)

— x3 — 6x%—8x

—(—x3—-3x% +x)

—3x% — 9x+3
—(—3x% — 9x+3)
0
(ii) |Factorise 2x* + 5x3 — 8x% —8x + 3 completely. [2]
2| (i) | 2x* 4+ 5x% —8x? —8x +3 = (X" +3x-1)(2x’ —x-3) Bl
2] = (X*+3x=1)(2x=3)(x~+1) Al
(ii1) | Hence find the exact solutions to the equation [4]

32p* + 40p3 — 32p%? —16p +3 = 0.

2 [dii) | Letx=2p

[4] 2(2p)' +5(2p)’ -8(2p)’ —8(2p)+3=0

((2p) +3(2p)-1)(2(2p)-3)(2p+1) = cither ~ BI

1
T

(4p*+6p-1)(4p-3)(2p+1)=0

(4p>+6p-1)=0o0r (4p-3)=0or (2p+1)=0

_ —61./36—-4(4)(-1) M1

2(4)

p =%or p= —% [A1 for both ans]

~3+413

4




: - 2 _ _ 1 BET-Y
3. The roots of the quadratic equation 8x“ —4x+ 1 =0 are oy and wp Find a

[7]

quadratic equation with roots o® and /3’ .

1 1 1
3. [7] Y + a2z (1) =
1 1
a3ps 8 — )

From (2), ef=3/8=2 BI

From (1), 252

1
a+ﬂ:§><4
=2 B1
a+p=(a+p)a’ -af+p) Bl
_(@+P)|(a+p) -3ap)]

Bl
= 2[2°-3x2)]
= 4 Bl
a3ﬂ3 — 8
Equation is x*>+4x+8=0 Al
4. (1)  Write down the general term in the in the binomial expansion of
10
(242 =3)
* [1]

) [10} NI p '
411 (i) General term = (2¢) (——] Al
r X




) Given that the coefficient of x* in the expansion of (sz —BJIO is
" [5]
negative % times the coefficient of x> . Show that the value of p is % .
4 (ii) For x*, x¥72"" =x*%,
[5] 20-3r=8
r=4 X" seen or any method (M1)
For x*, x**" " =x’,
20-3r=5
r=>5 Al for any correct value of r
(S 4 - (e ()
Bl Bl
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=8in X cos 2X + cos X sin 2X

= sin X(2cos” X —1) +cos X x 2sin X cos X

using cos2X = 2cos?x — 1
or sin 2X = 2 sinX cosX B1

=sin X(Zcos2 X —1+ 2 cos? X)

Factorisation Bl

=sin X(4cos2 X—l)

(iii) | Showing all your working, use the value of p found in part (i), find the constant
4 D 10
term in the expansion of (2x — 1) (2)62 — ;) (5]
1 10
4 (iii) [5] (ZX2 ——j
2X
For x°, 20-3r=0 )
r= ? (not an integer) _ | B1
1 10
No constant term in (ZX2 ——J
2X —
4(ii) For x', 20-3r=-1
r=7 } MI
10 3 1Y
2x+1 2X°) | —— | +......
eot| (e (-5 +-)
B1
10),. ,of 1Y
constant term = 2X (2X ) -—— M1
7 2X
= —15 Al

5.(@) | (i) |Show that sin3x = sinx(4cos?x —1) [3]
5() (1) [3] LHS= sin(x+2x) Addition formula M1
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(i1) |Solve the equation 3sin3x = 16cosxsinx for0 < x < 2w

[5]
5(a) (i) [5] 3sin3x = 16cosxsinx
3sin X(4cos2 X—l) =16cos Xsin X
sin X(lZcos2 X—16cos X — 3) =0 factorisation with sin X seen M1
sin X(6cos x+1)(2cosx—3)=0 correct factorisation of quad exp B1
sinX =0 or COS X = —% or COSX = %(rejected) Al
Xx=0, 7, 27 or X=7x-1.40335, 7+1.40335
=174 or 454
Al Al
5(b) | Differentiate cos 2x (tan?x — 1) with respect to X. No simplification is required [3]

5(b) [3] (fx[cos2x tan? X — 1]

= cos2X(2tanXsec X)+(tan2X—1)(—2sin2X) M1 product rule
Bl Bl

= 2cos2Xtan Xsec’ X—2sin2x(tan2 X—l)
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6 The equation of a curve is y = x3 — 4x2 + px + q where p and  are constants. The

equation of the tangent to the curve at the point A(—1,5) i1s 15x —y + 20 = 0.

(1) |Find the values of p and of q.

[4]

6 (i) [4] %:3x2—8x+p Bl

At A(—1,5), equation of the tangent is y = 15x + 20
gradient = 15

3(-1)° -8(-1)+ p=15 MI

11+p=15

p=4 Al

substitute p=4, x=-1, y=135 into equation of curve
5=-1-4-4+q
q=14 Al

(i) | Determine the values of X for which y is an increasing function.

[3]
6(i1) [3] For y to be an increasing function,
Y50
dx
3> —8x+4 >0 B1(with value of p substituted)
Bx—-2)x—-2)>0 Ml
AV
3
x<:  orx>2 Al
6 (ii1) | Find range of values of X for which the gradient is decreasing. [2]

6(iii) [2]  For decreasing gradient,

d?y
dx?

<0 either

or Ml
6x—8<0

x <= Al
3
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6 (iv) | A point P moves along the curve in such a way that the x-coordinate of P increases
at a constant rate of 0.02 units per second. Find the possible x-coordinates of P at
the instant that the y-coordinate of P is increasing at 1.9 units per second. [4]
. dy dy dx
6(1lv) [4 —=—Xx—
(v) 4] dt dx dt
1.9 =d—y><(0.02) M1
dx
dy 1.9
dx 0.02
=95
3x* —8X +4=95 M1 (quadratic equation in X)
3x*=8x —91=0

(3x+13)(x=7)=0

Xz—? orx=7 A2
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from Q to intersect the line AD at E on C,.
Prove that

&

The diagram shows two intersecting circles, C; and C,. C; passes through the vertices of the

triangle ABD. The tangents to C; at A and B intersect at the point Q on C,. A line is drawn

(i)

QE bisects angle AEB

[4]

(i)

EB = ED.

[2]

(i)

BD is parallel to QE.

[2]

7.()[4]

Let ZQEA=X’
ZQBA = ZQEA (angles in same segment in C,) Bl
=X
QB = QA (tangents to C, from external point Q) Bl
ZQAB = ZQBA (base angles of isosceles triangle) Bl

= XO
ZQEB = ZQAB (angles in the same segment in C,)
= Xo
B1
- ZQEB = ZQEA

Hence QE bisects angle AEB.
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7(i1) ZQBA= X" (from (i))
ZADB = ZQBA (angles in alternate segment in C,) either
=X
ZAEB =2X" (from (1))
/DBE = ZAEB — ZADB (exterior angle of triangle BDE) or B1
= 2X'=X
= X°
.. ZADB = ZEDB = ZDBE = x"(base angles of isosceles triangle BDE) B1
Hence EB = ED

(ii1) [2] From (i) «EBD = ZQEB=x" Bl
.. Z/EBD and ZQEB are alternate angles of parallel lines. (alternate angles are equal) B1
BD is parallel to QE
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The number, N, of E. Coli bacteria increases with time, t minutes. Measured values of N

and t are given in the following table.

t

2

4

6

8

10

N

3215

3446

3693

3959

4243

It is known that N and t are related by the equation N = N, (2)*t , where N, and k

are constants.

(i)

Plot Ig N against t and draw a straight line graph. The vertical 1g N axis should start

[3]

at 3.40 and have a scale of 2 cm to 0.02.

(i)

Use your graph to estimate the values of N, and k.

[4]

(iii)

Estimate the time taken for the number of bacteria to increase by 25%.

[2]

8. (1) [3]

8(i1) [4]

(i) [2]

On graph paper

N =N, (2)"

IlgN =1gN, +ktlg2
lg N -intercept = 3.476
IlgN, =3.476

N, =2992 accept also 2990 Al
3552-3476

Ml

gradient = M 1(with points used to find gradient labelled on graph)

= 0.0152

klg2=0.0152
o 0:0152

g2
= 0.05 Al
when N =125% of 2992
= 3740 (to 4 sf)
lg N =1g3740
= 3.573(M1)

From graph, time taken= 6.4 mins Al
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9. | A man was driving along a straight road, towards a traffic light junction. When he saw
that the traffic light had turned amber, he applied the brakes to his car and it came to a stop

just before the traffic light junction. The velocity, v m/s, of the car after he applied the

1
brakes is given by V = 40e 3t — 15, where t is the time after he applied the

brakes, is measured in seconds.

(1) Calculate the initial acceleration of the car. [2]

(i) | Calculate the time taken to stop the car. [3]

(i11)) | Obtain an expression, in term of t, for the displacement of the car, t seconds after

the brakes has been applied. [3]

(iv) | Calculate the braking distance. [1]

9 [9]

1

(i) v=40e * —15

1
a:ﬂz—ﬂe : Bl
dt 3

Initial acceleration = — ? m/s® Al

(i) whenv =0
1

408 3 —15=0 Ml

1
e = 3
8
t 3 . .
-3 = lng (M1 taking logarithm)
t=-3 lnE
8
= 2.94s (Al)

1
(i) s = I(40e g —lsjdt M1
L
= —120e * -15t+c Bl
when t =0, s = 0, where s is the displacement from the point where the brakes was applied.
c=120

1

s= —120e * —15t+120 Al

(iv) Substitute t =-3 hl%’ Braking distance = —120 (%) —-15 (—3 In %j +120

= 30.9m (to 3 sf) Al
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10. | The points P(4,6), Q(—3,5) and R(4, —2) lie on a circle.
(1) Find the equation of the perpendicular bisector of PQ. [3]
(i1) Show that the centre of the circle is (1, 2) and find the radius of the circle. [3]
(ii1) | State the equation of the circle. [1]
(iv) | Find the equation of the tangent to the circle at R. [3]
10. [10] (1) midpoint of PQ = (%,1—21) B1

gradient of PQ = %

gradient of perpendicular bisector of PQ = -7 Bl
Equation of perpendicular bisector of PQ is

11 1
__:_7 X——
a ( 2j

y=-7Xx+9 Al
(i1) Equation of perpendicular bisector of PR is y =2
Bl
Alternatively use :Equation of perpendicular bisector of QR is y = X+1
Since perpendicular bisector of chords passes through centre of circle,
for centre of circle, substitute y =2 intoy = -7X+9

2=-7x+9 M1 solving simultaneous equations
X =17
Xx=1

centre = (1,2) AG
Alternative method : centre = (a, —7a+9) Bl
RC =PC M1 forming an equation in a
I = distance between centre and P

J(4-1)+ (6-2)

= 5 units Al

(iii) Equation of circleis (x—1)"+ (y—2)"=25 Al

. : 2-(-2) 4
(iv) gradient of normal atR = ———== -3 M1

1-4
gradient of tangent at R = % MI

Equation of tangent at R is y +2 = %(X —4)

3
= —X-5 Al
y 4
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1. | The diagram shows part of the curve y = x (1—16 x?— 1). The curve cuts the x-axis at

P(4, 0). The tangent to the curve at P meets the vertical line x= 6 at T(6, 4).

Showing all your workings, find the total area of the shaded regions.

[6]

|
y=x(Tex= 1)

3

: af X 6 X 1
Area of total shaded regions = —j-o (E— Xj dx + L (E— Xj dx — Ex 2x4

B1 B1 B1
4 2 4 278
= —Lxx—+x— + i><X——X— — 4 M1 correct integration
16 4 2| 16 4 2],
4 2 4 2
LI VYE PN LN N (e I
64 2 64 2 64 2

MI correct substitution of upper and lower limits
- B units’ Al
4

End of paper
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